Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Michigan 

Preservation Office 

Storage Number: 



ABU7012 

UL FMT B RT a BL m T/C DT 07/18/88 R/DT 04/30/99 CC STATmmE/Ll 
035/1: ; | a (RLIN)MIUG86-B6826 
035/2: : | a (CaOTULAS)160206447 
040: : | a MiU | c MiU 
100:1 : I a Potts, Robert, | d 1805-1885. 

245:00: | a Elementary arithmetic, with brief notices of its history... |cby 
Robert Potts. 

260: : | a London, | b Relfe bros., | c 1876. 
300/1: : | a 12 pts. in 1 v. |c23cm. 
650/1:0: [a Arithmetic | x Early works to 1900. 
998: : |cSMB |s9124 



Scanned by Imagenes Digitales 
Nogales, AZ 

On behalf of 

Preservation Division 

The University of Michigan Libraries 



Date work Began: _ 
Camera Operator: 



y Google 



y Google 



y Google 



ELEMENTAEY AEITHMETIC, 
WITH BfilEF NOTICES OF ITS HISTOET. 



SECTION I. 
OF MUMBEES. 



BY ROBERT POTTS, M.A., 



LONDON; RELFE, BROTHERS, 
6, Charterhouse Buildings, Aldersgate, E.C. 



y Google 



CONTENTS AND PETCES 
Of the Twelve Sections. 

Section L Of Numbers, pp. 28 3rf. 

Section II. Of Money, pp. 52 6rf. 

Section- III. Of WeigtitB and Measures, pp. 28 , ,3rf. 

Section IT. Of Time, pp. 24 

Section V. Of Logarithms, pp. 16 2(?. 

Section VI. Integers, Abstract, pp. 40 5(i. 

Section TII, Integers, Concrete, pp. 36 

Sectioit Till. Measures and Multiples, pp. 16 . . 

Section IX. Practiona, pp. 44 5ii. 

Seofion X. Decimals, pp. 32 4i7, 

Section XI. Proportion, pp. 32 

Section XII. Logarithms, pp. 32 

W. ItETCALB^ AND SON, TRINITY STREET, CAMBRIDGE. 



NOTICE. 

As the Book-post affords great convenience for the prompt transmission 
of Books to persons living at a distance from, towns, copies of Mr. 
Potts' publications can be supplied by Messrs. W. Metcalfe and Son, 
through the Book-post, within the United Kingdom, on receiving 
orders "with prepayment in postage stamps, . post office oi'ders, or 
otherwise. 



y Google 



rNTGODUOTION. 
NUMBERS. 

It hns been remarked, tliat one of the most impoi-tant, aiicl yet 
one of tlie most neglected branches of eYeiy ecieiice, is ifa hiatorj-. 
TIio following brief notices of the histoiy of the science of numbei- 
make no pretence to completeness. If they invest tiio subject with 
interest to the mind of the intelligent student, and lead him to further 
inquiries, the object of tlio writer will have been answered. 

In what age of the world the science of number had its origin — 
who first devised the method of counting by tens — who first invented 
symbols of notation, and separated the idea of number from tUo 
qualities of objects with which it was associated, are questions more 
easily proposed than answered satisfactorily. 

It is higiily probable tbat the origin of number was coeval with 
^6 origin of spoken language, and that, long' before figures wera 
invented, some rude methods of reckoning were devised, at first 
limited, but aftonvards extended and improved as the wants and 
necessities of human society increased. The classifying by pairs 
would seem to suggest the simplest mode of reckoning, The counting 
by fives was probably the next step iu numeration, and the practice 
of numbering by the five fingers on the two hands was the origin of 
countiug by tens, as almost all children may bo observed to do in 
their first efforts in counting. In the oldest writings which have been 
preserved to modem times, there is found a full recognition of this 
principle of counting by tens, tens of tens, tens of hundreds, and so on. 
Language still betrays by its structure the original mode of pro- 
ceeding, and it is probable that the primitive words denoting numbers 
did not exceed five. 

It was by abstrafiting or separating the idea of number from the 
ideas of the qualities of the things themselves, and expressing this 
absti'action iu language, that the names of numbers have arisen, and 
the names of numbers being thus separated, could afterwards be 
applied to things with other qualities. The information, however, 
wMeb can be collected from what remains on tliis subject, is both 
scanty and unsatisfactory. Some ancient languages recognised a dual 
number in the names of things, and the English words ^ai> and hracs 
are employed not universally, but only to some particular things ; 
the same remark may be made on the word leash, applied to three 
particular things. 

It is uncertain whether the earliest forms of written language woro 
Meroglyphical or alphabetical, whether the letters denoting elementary 
sounds wore formed from bieroglyphical characters ; it is, however, 
certain that the initial letters of the names of numbers were in very 
early times employed as symbols of numbers. The brief notices 
here given of the early history of numbers, will be restricted to those 
peoples who have chiefly contributed by their discoveries and writings 
to our civilisation and advancement in knowledge. 

In the fifteenth section of his Problems, Aristotle puts forth the 
following questions, touching the opinions held by philosophers of his 
time, as to the origin of counting by tens ; — 
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■2 nTTEODTOTrOH. 

" "Why do all men, 3)aibaviat>s as well aa Greeks, numerate up to 
ten, and not to any other number, as two, tliree, four, or five,' and then 
I'epeating one and fi.Yo, two and five, as they do ono and ten, two and 
ten, not counting beyond the tens, from which they again bogia to 
repeat? For each of the numbers which precedes is ono or two, and 
■then some other, but they enumerate however, still mating the 
number ten tlieii' limit. For they manifestly do it not by chaneo, hut 
always. The truth is, what men do upon all occasions and always, 
-they do not from chance, but from some law of nature. "Whether ia 
it, because tea is a perfect number? For it contains all the species of 
aiiimber, the even, the odd, the square, the cube, the linear, the 
j)lane, tho prime, the composite. Or is because the number ten is a 
principle ? For the nuinbers one, two, three, and four when added 
together produce the number ten. Or is it because the bodies which 
,are in constant motion, are nine? Or is it because of ten numbers in 
continued proportion, four cubic numbers^ are consummated, out of 
which numbers the Pythagoreans'* say that the universe is constituted ? 
Or is it because all men from the first have tea fingers ? As therefore 
mca have counters of number their own by nature, by this set, they 
numerate all other things." 

Besides the idea of the division of numbers by tens, the names of 
the first ten numbers as they have descended to modern times are 
suggestive of questions for oonsideratioa to the student. The follow- 
ing list contains the names of the first ten numbers as preserved in 
seventeen languages, some of them being no longer spoken : — 

1. Hebrew: ecliad, shnayim, sUoshn, arbiut, khamialiR, sliisha, shivo, elimono, 

2. Aratio : WiQiad, ethnan, thiJathat, arbaat, khamsat, sittat, sabaat, thamaniat^ 

tessaat, aaslierat. 

3. Syriao; chml, treyn, tlotliO, arbo, chamislio, sliitho, shavo, tjnonyo, tcslio, 

i. Persian : yul:, du, sili, cbabar, panj, sliasli, haft, hasht, cnli, dali. 

E. Sanscrit ; eko, dwi, tri, chatur, panchan, ^asli, saptan, aslitan, novan, dnsau. 

6. Greek ; lis, S6o, TpSii, Ttoo-apes, irivrt, if, imh, iin-ii, ivyin, Sskh. 

7. Latin ; unus, duo, trea, qnatuor, quinqu^ sex, seiitem, octo, novem, dciiGro, 

8. Italian : un, due, tre, quattro, cinqae, sei, sette, otto, novo, dieci. 

9. Spanish: uno, doa, tres, quatio, cenco, seis, siete, oclio, nnove, diea. 

10. Frenoli; un, deux, trolE, ijaatre, cinq, sii:, eept, hnit, neuf, dii. 

11. Wdsh; un, dau, tri, pedivar, pump, ohwech, snatli, wyth, naw, deg. 

' This refers to the quinary scale of notation, instances of which are found in 
llomer, Odya: iv. 412 ; in jEschylus, Eumen. 738, and in other Gfreek writei's. 

' In Eucviii. 10, it is demonstrated that if, beginning with unity, ten cumhorg 
are formed in continued proportion, four of these numbers will be cubic numbers. 

' The Pythagorean philosophers indulged in fancies the most absurd, in the 
■cstraordinarj- poHCrs they attribtited to numbers ; and am«ng other absurdities they 
mainbuned that, of two combatants in the Games, the victor would be that man the 
letters of whose name, numerically estimated, expressed the greater number. In 
later times they were fond of forming words so that the numerid value of the letters 
should be equal to the same number, and there is an instance in the Greek Anthology 
(vol. ii., p. il2, Jscoba) in which a poet has applied the idea to describe a pestilent 
fellow. Having observed that the letters of his name iiana-fifm (mob orator) and 
Aoi/tbs (pestilsnce) denoted, in the Greek notation, the same number, tie following 
epigram declares, thtit when weighed in the balance, the latter was found to be tha 
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INTKODUCTIOX 3 

12. Gaelic: aoa, da, iri, oeitlio]', ko!g, aia, seaoh<I, oehi, nai, dcicb. 

13. Erse: aen, da, tri, keathair, Jtuig, ae, seoliti, ocht, noi, deich. 

14. M(e3o-Gotliio; aics, tivai, thi-ios, fidwor, fimf, saihs, eibuii, alitan, niliuii, 

taihQii. 
13. High Glermaii : ein, tne, thrl, fiuiiar, finfe, sclis, sibxm, olito, nigtini, tehan. 

16. AnMo'Saxon: an, twa, threo, feower, lif, six, seofon, eahta, njgon, iyn. 

17. English: oue, tivo, thiee, four, five, six, seven, eight, nino, ten. 

On examining and comparing these names of tho first ten 
numerals, it will "be apparent tliat in some there is a complete oi- 
partial identity, and in others a diversity with more or lesa re- 
semblance.' The use of the same or somewhat similar sounds to 
express the same ideas by the suceeasive generations of men, suggests 
the high probability that they had a common origin, while the diver- 
sities are such as might arise from some confusion at a veiy remote 
period in the original language. The resemblances and diversities 

' The close relatioa of the English names of the first ton numbers with Uiosa of 
the Anglo-Saxon, High Gavmau, and Mceso-Gothis is obvious. "With respect to the 
names of numbers greater tlian ten, it may be remarked that the yiordclcinm, Anglo- 
Saxon, endtufon, signifies leave mm {that is above ten) being derived from em., one, 
and the old verb libm, to remain. The word twelve is of like derivation, and means. 
leam two. 

The words ftirierai, fourleejt, tc, to nineleen, are formed from— threo and ten, 
four and ten, &c. 

The word iiventy is derived from the High German twmiig, his dseera, or front 
the more distant Mojso-Cotliio tiEaintegum. In the same way ace formed thirty, 
foi-ty, &e., to ninety. 

Hundred is a form of the Low German huiidei-t, and is related l« the High Ger- 
man and Anglo-Saxon hand. 

Thonaand : Anglo-Saxon, thii^end, German, tauscnd, from the Mteso-Gothie, tigos- 
hiMid, or (aihuns kimd, ten times a hnndred. 

Million comes from the Italian laillimte. The introduction into Italy of the 
Indian figures brought in a knowledge of numbers which neither the Latin nor the 
Italian language had names to eiprosa. This circumstance rendered some additions 
to the names o? number Jiecesaary. The word miliwnie has its origin in the Latin mille, 
and by the analogy of the Italian language the word milliom ineana a great thousand, 
or, in a numeried. sense, a thonaand thousands. The units of the ftigher ordei^ 
billione, triU'i'me, &c, ore obviously formed from the word millione, ivita the Latin 
bH, iris, &c., prefixed, and tlins forming a, series of numerical words, of which eacli 
Bucoeeding term ia a million times that which immediately nreeedes it. 

The niimeiical langoago of the ItaUana proceedins by ikouamds and by milHims 
led to the custom of dividing numbers into periods ofthree figures and of six figures, 
and this mode of nnmeration being adapted to moat of the languages of Europe, came 
into nnivei'sal ase irith the terms million, billion, bo., borrowed from the Italian, 
Bp. Tons-bdl in his work " J)o Arte anpputandi," Wblished in 1522, spoaks of the 
word nwHioii na a word in common use, and Dr. fiobert Recorde, in his " Grounds 
of Artes," published in 1542, employs the word without any.further remark than 
explaining its moaning, and dividing numbers into periods of three figures. The 
French system of numeration dilfera from the English by malting the billion eq^ual to 
a thousand millions, a trillion, a thousand billions, and so on. 

The name d^tr, (Tf^v) ^ borrowed from the Arabic tsapliara, vhich metma 
blank or void, and is identical with the Sanscrit wold snnya. In the Sanscrit 
notation the cipher was denoted by a point or by a small circle, which latter it 
appears from Planijdes was preferred. The word cipher (Italian ira^ti, JrenchiAi^) 
iias several eriuivalents in use, as luylhing, noaght, zero. It was written zefro by 
the Spanish Moors, and might easily be changed into terro or a>ro, at the time 
when tlie notation was translated from the Ai'abic by Spanish Moora and Jewish 
merchants. 

The word cipher, from its importaneeinthe system, has received a more extended 
meaning than its original sense. All the nine digits have been subjected to tlio 
general name of oiphei's, from which the verb to dp/icr has been formed, having the 
same sense as M calculate with these figures. 
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4 iMTEOBiroTiotr. 

(iro too numorous, both in the nTimerals and in oilier iragmeiits of 
:;lenieiitary names, to bo regarded as merely accidental. And con- 
sidering the remote period alluded to, being above four thousand years, 
the mind is naturally led to the conclusion that the fragments of these 
primeval names are derived by each language from one of its 
cognates, or by all from one common source. 

Little is knowa respecting the origin and the early history of 
arithmetic of the ancient Hebrews or tSyrians.^ It 3ias been conjec- 
tured that they woro indebted to the PhcenieianB, their neighbours, 
for what they knew of the art of numbering. The most ancient 
books— the writings of Moses — afford no evidence of the use of any 
iiumorieal system of notation. In the text of the writings of Moses 
all numbers are expressed in words at .length, and the counting is 
made by tens, hundreds, &c. 

It is clear from the second chapter of the Second Book of the 
Chronicles that the Hebrews had commercial intercourse with the 
Phfenicians above a thousand years before the times of the Messiah. 
And the ancient tradition of the Greeks also tends to favour the 
opinion that Cadmus [mp], a man from the East, was the first who 
introduced the use of letters into Greece from the PhcenLcians, And 
it may be added that Proolus, ia his Commentary on the First Book 
of Euclid's Elements, states that the Phcsuiciaus, by reason of their 
traffic and commerce, woro accounted the first inventors of arith- 
metic. 

The ancient Hebrew and Samaritan alphabets consisted of twcuty- 
two letters, and were employed to denote the nine digits, the nine 
tens, and the first four of the nine hundreds. The remaining five 
hundreds wero represented by combining the symbols of the first four 
liundreds. In later times the final capk, mem, »«((, pe, Uadi were 
added to mate up the nine simple characters for the hundreds. All 
other numbers were expressed by placing together tho simple cha- 
racters denoting the component numbers reijuired to make up their 
amountj with some few exceptions. The number 15 is denoted 
by ita, or 9 and 6, and not by rr, 10 and 5 ; because n'. Jab, being 
one of the names of God, it was imagined that such a use of the 
name would infringe the third commandment. For the same reason, 
perhaps, the number 1030 was not expressed by the characters ^^, 
which form another of the names of the Deity. 

The following are the characters of the Hebrew and Greek Alpha- 
bots, as they are applied to denote numbers ; — 



■n 
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1 




H<^brci7. 
Gi-eak. 
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° 




Hebreir. 
Greek. 


1 




1 


1 


I 


Hebrew. 
Greek. 



Hundreds [ ' 

' In tha third volume of the new series of the Journal of Sacred Literature, Dr. 
W, Wiight, the Prol'esaor of Arabic nt Cambridge, liai e>:plained iu lii.i notice , 
(pp. 128—130) of tlie Aupcdota Syriaen of Dr. Laud, a system of aritlraieticiil nota- 
tion emplovGd in many of the oldest Syriao manuscripts not later than the ninth 
ceutniy. There are simple characters to denote 1, 2, S, 6, 10, 20, 100 ; and tliosa 
appear to have been combined to express other numbci-s, in some respects like the 
liomun notation. 
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IKTEODUOTIOS. 5 

A compai-ison of the Greek with the Hebrew numerical letters will 
(suggest at ouce their common origin, and that the alphabets o£ both 
languages are derived from the same source, or that one is deriTed 
from the other. The fact of the correspondence of the order, the 
powers, and the names of the letters of both alphabets, is an argu- 
ment in favour of this opinion. But the difference in form of the 
characters presents a difficulty, and it is uncertain whether tho 
Greeks derired their numeral system from the same source as theii' 
alphabet. The system of the Greeks possesses an interest which 
does not attach either to that of the Romans or of the Hebrews, both 
from the improvements and estensioHs it receiyed. A Jtnowledge of 
these is essential for every one who may wish to read and understand 
the mathematical and astronomical writings of the Greeks, 

The founders of the Eoman name in Italy appear to have derived 
their descent from a colony of Pelasgi, who transported their language 
thither in its earliest and rudest form. For many ages, among a 
people incessantly occupied with war and conquest, their dialect con- 
tinued almost unchanged till after the Punic wars, and tho structure 
of the Latin language carries us back to a period anterior to any 
distinct vestige of the Greek language. The names of numbers must 
necessarily have been foi-med before any regular system of abbreviated 
numerical notation could have existed. There are no ancient writings 
extant which afford any satisfactory account of the origin of the 
Eoman numerical symbols. From the large existing remains of 
Eoman literature, besides monumental and other inscriptions, there is 
ample evidence of their universal use wherever the Eoman arms and 
Eoman language prevailed. Niebulir informs us (vol. i. p. 134) that 
"what we call the Eoman numerals are Etruscan, and they frequently 
occur on their monuments. They are remnants of a hieroglyphical 
mode of writing, which was in use before the age of the alphabetical, 
and like the numerals of the Aztecans, they represent certain objects, 
that were associated with particular numbers. They are indigenous,, 
and belong to the time when tho west was subsisting with all itai 
original peculiarities, before it received any influence from Asia.'* 
Notwithstanding this opinion of Niebuhr, that the Etruscan signs of" 
numbers existed prior to the age of alphabetical writing, it must be- 
considered doubtful, as Kttle beyond conjecture can be attempted in 
the absence of evidence with respect to their origin and primary- 
meaning. It is scarcely possible to discover what alterations in the- 
KJgns took place after their adoption, or what additions or substitu- 
tions were made, except so far as they appear in the inscriptions on 
ancient monuments. The Eomans employed seven elementary charae-- 
tora, as the primary signs of number, whose values are successively 
increased fivefold and twofold, beginning with unity. This was. 
probably suggested by the two hands and the five fingers on eaehj 
baud ; or, as it is expressed by Ovid, Fast, iii-, 126, 

"Sen quia tot digit! per quos mimeraresolemus." 

These seven cliaractera are I, V or A, X, L, 0, D or 10, M ; denoting 
respectively!, 5, 10, 50, 100, 500, 1000. Other numbers are expressed 
in different ways by means of these seven symbols. A symbol 
repeated two or three, &c., times, denotes the double or treble of its 
value, as HI stands for 3, and XX for 20. The symbols I, X, 
are iu general found repeated not more than four times; jaut in 
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iascriptions I ia found repeated sis times, as linilVIE, for sevir or 
sextumvir. V and L are not found repeated. A symbol of less value 
poatfixed to one of greater value inoieases the gi-eater by tKat valae, 
as VI means 5 increased by 1 ; and LX, 60 increased by 10 ; but if 

Srefixed, it diminishes the greater by that number, as IV stands for 5 
iminished by 1 ; and XL, 50 diminished by 10. This mode of nota- 
tion by deficit waa peculiar to the Eomans, and is in accordance with 
the forms of their numerical ivords. Instead of octodecim for 18, 
dieir writers use duodcTiginti, and undeviginti instead of novendecim. 
The letter M, the initial of mille, denoting 1000; 2000, 3000, 4000, 
&c., were denoted by IIM, IIIM, IVM, &o. ; and by placing a line 
over the_8ymbola their value was increased a thousand times, thus : 
I, L, U, M, &c., denote respectively 1000, 50,000, 100,000, 1,000,000, &c. 
The latest improvement in the Eoman notation was devised at a 
late period for the expression of large numbers. The method of pro- 
ceeding was perfectly analogical. Taking the symbol for 100, and 
10 for 500, by postfising once, twice, thrice, &c., to E) ; the eymbola 
lOOi 1000' lOOOO' &c., were assumed to denote 6000, 60,000, 
500,000, &c, tespeotively ; and by prefixing once, twice, thrice, &c., 
to lOi lOOi IOiX)> &c., respectively, their values become doubled, and 
the symbols CIO, CCIOO, CGCIOOO, COOOIOOOO, &o., denoted 1000, 
10,000, 100,000, 1,000,000, &c. 

The Eoman numerals are incapable of any material improvement. 
Thoy could serve to register numbers, but could not afford the slightest 
aid in performing numerical calculations. In fact, they never were 
employed for that purpose. In the calculations which their accountants 
{calculatores, rationarii) had occasion to make, they were obliged to 
have recourse to a meohaaical process, employing pebbles or counters. 
A box {hcuhis) of pebbles (calcuU), and a board {taiwla) on which the 
pebbles were placed in rows, formed their instruments of calculation. 
(Hor. Lib. I. Sat. vi. 74.) The terms caleulate, ealculaidon, are closely 
related to ealculus, and in their primary meaning had reference to count- 
ing by means of pebbles. The board on which arithmetical operations 
■were performed was also called abacus, and was divided fi.'om the right 
to the loft by lines or grooves, on which the pebbles were placed to 
denote units, tens, &o, The operations of the abacus were rendered 
more commodious by substituting small beads strung on parallel 
threads, and sometimes by pegs stuck along grooves. With such an 
instrument, it ia not difficult to perceive how addition and subtraction 
might bo performed with ease and expedition, but to perform multi- 
plication and division must have been a work of tedious labour. 

The Roman notation was employed throughout the extent of the 
Empire for recording all accounts, whether fiscal or mercantile, and 
continued in use in Eui-ope after its dissolution. The Eoman nota- 
tion was sanctioned by the almost universal employment of the Latin 
language in all subjects of literature and science, which for ages con- 
tinued to be the language of the learned. It was employed iu 
England from the time the Eomans held possession of the i^and, and 
during the rule both of the Saxon and the Norman. The accounts in 
the Domesday Book are registered in the Eoman characters. The 
dotation of the colleges of Oxford and Cambridge, and the annual 
accounts, were all recorded in the Eoman characters long after the 
Indian notation had been introduced. It BtQl continues to hold a 
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position of oonsideraWe importance in the recording of dates, indexes, 
and monumental inscriptions in "Western. Europe. 

In the early period of the history of the Hellenic race, before their 
wants and necessities called for the use of large numbers, the initial 
letters of the names of numbers were employed to express the numbers 
themselves. Thus, the letters, 1, 11, A U, X, M, being the initial letters of 
the words'lof (for lie), Uivrc, Aiica, 'HiKaroy, XiXini, Mipioi, were employed 
to express 1, 5, 10, 100, 1000, 10,000. The other numbers were 
expressed by repeating or combining these six characters. Abbre- 
viated combinations were also employed ; as when any of these 
numeral letters were wi-itten within the capital letter n, they denoted 
a number five times as great, as A written within n denoted 60. This 
method was probahly the first step towards a system of numerical 
notation, and, except for inscriptions, was superseded for the more per- 
fect system formed with the letters of the alphabet. At a subseciuent 
period the Greeks employed the letters of their alphabet with three 
supplementary symbols to express the first order of digits 1 to 9 ; 
the second, 10 to 90 ; and the third, 100 to 900. The fourth order of 
thousands was formed by subscribing an i to each of the uaits of the 
first order. The fifth, sixth, &c., orders were formed by affixing 
M. or Mu. for Mipioi, 10,000, to each character of the first, second, 
&c., orders. 

Of the three supplementary symbols employed in the Greek 
nnmerieal notation, there being no letter coiTesponding to the Hebrew 
van, the character t is used for the number 6, and called kwlotiitov 
/3nS, indicating vau. The other two symbols were h for 90, and for 
900, the former called tmcriyioV iLOTrjra and the latter iwiarnior /rapTrl, 
that is, indicating Koph, and indicating Tsadi. By combining these 
symbols any other numbers could be expressed as oa denotes 41 ; va, 
401 ; 2,H, 4001 ; a,irXS, 1234; AiT.Mw, 370,000. Neither the order nor 
the number of the characters had any effect in fixing the value of any 
number intended to be expressed. The value of the same combination 
of symbols is the same in whatever order they are placed f in general, 
however, they were writteu from right to left, according to their 
increasing value. 

The oldest arithmetical writings of the Greets which have descended 
to modern times are to be found in the seventh, eighth, ninth, and 
tenth books of the Elements of Euclid, who lived between b,c. 323 
and 284. These four books contain complete treatises on numbers, 
their properties, proportions, commensurable and incommensurable, 
and their application to geometry. Diophantus, who has been placed 
by some writers as early as a.o. 280, by others as contemporary with 
the Emperor Julian, was the author of thirteen books on arithmetic 
and algebra. Only six of the thirteen hooks are known to be extant. 
The first four were translated into French by Simon Stevin, and the 
other two by Albert Girard. The six books are printed in the col- 
lected works of Stevin, revised and augmented by his friend Albert 
Girard in 1634. 

The progress of astronomical and mathematical science occasioned 
the necessity of larger numbers than could be expressed by the Greek 
notation thea in use. Archimedes, who lived between n.o. 287 and 
212, improved and extended the Greek method of notation. In hia 
work entitled ^a/tijirris or Avenarius, he proposed to express a number 
which should exceed the number of the grains of sand that might bo 
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contained in tho sphere of the universe as conceived by Aristarchus. 
He assumed a scale o£ numeration whose radix or base is a myriad of 
myriads, or ten thousand times ten thousand, the number which then 
formed the limit of the Ga-eek numerical language. All numbers less 
than this radix be called primary numbers, and the radix itself ho 
made the unit of secondary numbers; he IJien proceeds to ternary, 
quaternary, and other numbers of higher orders, forming successive 

According to the Indian notation, the units of Archimedes, the 
primary, secondary, ternary, quaternaiy, q^iiinary, &c., orders of 
numbers, will consist of I ; 1 with 8 ciphers; 1 with 16 cipbers; 1 with 
24 ciphers ; 1 with 33 ciphers, &c., respectively. And the unit of th& 
ten thousand times ten thousandth order would consist of 1 with 
799999992 ciphers. 

His method for determining the number of places in any recLuircil 
number is the following. He supposes a series of numbers beginning 
with imity, in continued proportion, and shows that the product of any 
two torma of this series is equal to that term whose place reckoned 
from the first, is less by unity than the sum of the two numbers which 
indicate the places of the two terms ; as the 7th term of the series 
is equal to the product of the 3rd and 5th terms. He then assumes 
the series I, 10, 100, 1000, &g., in which each successive term increases 
tenfold, or where the common ratio is 10. The first 8 terms of this 
series (omitting the first term) are primary numbers; the next 8 terms, 
secondary numbers ; the third 8, teraary numbers, and so on ; and tha 
question is to determine that tei-m in the series which is eqnal lo tha 
product of any two assigned terms, or the term whose place is tho' 
sum (less by unity) of the two numbers which indicate the places of 
the two assigned terms. The classes themselves he calls octades, on 
periods of eight, from each class requiring eight symbols, or eight 
places of figures of common notation, to express the numbers included 
in each class. He then shows, without finding or assuming the number 
itself, that the number requiring for its expression not more than eight 
of these octades, or, in our notation, not excepding 6-1 places of figures, 
will exceed the number of the grains of sand m the sphere of 
Aristarchus, each grain of sand being so small thit 10,000 of them 
are less than one seed of poppy. 

ApoUonius, about 240 i.e., adopted tho plan of Archimedes of 
classi:^ing numbers, but instead ot the odadfs of Archimedes, he 
adojjted Uirads, reducing the radix from ten thousand times ten thou- 
sand, to ten thousand. The units after the first class he designated ia 
order, the single myriad, the double myriad, the treble myriad, &c., 
which ho denoted by Mo, M/3, My, &c., respectively. His chief object, 
however, appears to have been to simplify the process of multiplica- 
tion, and to make the multiplication of all higher numbers dependent 
on the product of any two of the first nine digits. The work of 
Apollonius has perished, and even the name of its title is unknown. 
It is highly probable that the substance of it was embodied in the first 
two books of the mathematical collections of Pappus. Only a frag- 
ment of the latter portion of the second part is known to be extant, in 
which are exhibited several examples of the method of Apollonius. 
This fragment was published by Dr. Wallis with a Latin translation 
and notes in 1638, and is reprinted in tho tliird volume of his works, 
pp. 596— G14. 
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It seems oTdtIous that had Arcliimedea and Apolloaius proceeded 
on tlie same principle for all niimfeers, their arithmetic would have 
been greatly improved. And in expressing a numter of Bignificant 
figures, it is strange that it was not perceived that no subscribed 
marks would be necessary, as the position of tho symbols alono would 
he sufficient to indicate what orders of numbers the symbols were 
intended to represent. The only difficulty that could arise would be 
when all the different orders were not entirely fiUed up. This diffi- 
culty in the Indian method has been overcome by the introduction of 
the character 0, whose numeral value is nothing by itself, but which 
servos to keep every other symbol in the place of order it is intended 
to occupy. It is oxti-aoi-dinary that this should have remained alto- 
gether undiscovered by so acute a people as the Greeks, when its neeea- 
eity seoms to ai-ise so naturally from the case itself. 

In an article by Mv. WbiBh in the first part of the Transactions of 
the Literary Society of Madras,^ " On the Alphabetical System of the 
Hindus," mention is mado of a mathematical tract named after its 
author Arya-Bhatta. This tract contains a very ancient system of 
numerical notation by means of the letters of the Sanscrit alphabet. 
Mr. Whish states that he has been unable to discover whether the 
notation had bean ia use before the time of the author, or whether he 
invented it liimself, and adds that ho is not aware of its use among 
mathematicians, not having found it in their works. He remarks that 
the Lilavati is composed from the second chapter of the tract. 

Mr. Whish also notes another system which has fi'om time imme- 
morial prevailed among the learned in the southern part of India, and 
from an astrological work shows that this system was in existence 
nearly 2000 years ago. He concludes his article in these words :— 
" Suffice it to say, that even though the decimal scale of arithmeiio has 
existed from time immemorial in India, it is still well ascertained that 
an alphabetical notation has been in use 1600 years ago ia Northern 
India, the date of its origin cannot probably now be fixed ; and that 
a totally different system of notation by the letters of the same 
alphabet, has been in use in the South of India, the period of wliose 
oiigin, though its existence is traced back for near two chiliads of 
1 ' d t lu bl " Tf is bj t ngaged the attention of 
th 1 te M Pn p ho, 1 y m f tl iptions and the coins of 

t^ htr f m 1 d tl t he " has been fortunate 

gh t 1 {,} t p 1 t th t forma of the Sanscrit 

1 H d 1 th t th t ent mode of denoting 

1 th S tig w by th use of letters in alpha- 

btilllt >ltttwhth system was exchanged 

(or that of the decimal notation, and adds that the Nagari numerals 
extant on numerous monuments of the ninth and tenth centuries do not 
matei-ially differ from those at present used in India. 

I'rom some grants recorded on plates of copper, a 
be of the third century, Jlr. Princep discovered that some letters 
denote figures which express the dates of the grants, and ho oonsidorod 
that he might venture to assign six of the nine digits. 

^ "TransaotioDs of the Literaiy Society of Madi'na." "On tlie AlphabeUoal 
Kotatioii of thu Hindus," iMDudon, 1327. 

' " Essays on Indiaa Antiquities," by J. Priiioap, F.R.S., edited with notes and 
addiHonol mutter by E. Thomas, late of the Bengal Civil Service. 2 voLj., Svo. 
IS68. "Essay on the ancient SaasetitHumerals," art rii., vol. ii 
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On some SurasLira coins, besides a legend in corrnpied Greek 
characters, ho observed a few etrange marks, which he found to be 
numerals of the same form and equal variety aa those on the copper- 
plate gi-ants. He also remaiks that there are yatieties in some of the 
forms of the nine numerals ; and besides that, in many of the ancient 
systems, separate symbols were used to denote 10, 20, &c., in com- 
bination with tihe nine units severally. 

Mr. Prineep further states ia his essay, that he was in hopes of 
ti-acing the ancient Sanscrit symbols of numbei' by a comparison of 
theni with the numeral systems of those Indian alphabets which have 
most resemblance to the forms of the eailiest centuries. In a plats he 
exhibits the forms of the numeral letters of aeveral alphabets, and 
remarts: "Upon regarding attentively the forms of many of the 
numerals, one cannot but be led to suppose that the initial letters of 
the written names were, many of them, adopted as their numerical 
symbols." This similarity may clearly be seen in the forms of some 
of the Sanscrit numerals, and his editor observes : " It is possible that 
the new data, which haa lately become available, may contribute 
materially to solve the general prohleia of the system under which the 
ancient Indian scheme was primarily conceived." 

The oldest treatise linown to be extant on decimal arithmetic forms 
the tweKth chapter of a System of Astronomy written by Brahme- 
gupta in India. Mr. Colebrooie has determined with great jiro- 
Dabihty that this writer flourished in the sixth or at the beginning 
of the seventh century of the Christian era, and antecedent therefore 
to the cultivation of those sciences by the Mohammedans. It is 
written in Sanscrit verse, and comprises twenty-one chapters. The 
twelfth treats of arithmetic, and is divided into ten seetions : Algo- 
rithm, Mixture, Progression, Plane Figure, Excavations, Staclis, Saw, 
Mounds of Grain, Measure of Shadow, Supplement. 

There is also a perpetual commentary on the whole wort. Each 
verse of the text is quoted at length, and interpreted with elucidations 
and romarlfs. It is moreover certain that this treatise on arithmetic 
was not the first written in Hindustan. It is impossible to doubt of 
the knowledge of these sciences, and of their wido extension long 
before they assumed the form in which they are found in writiog. 
The fact of a treatise on arithmetic being Ibund in the midst of a 
system of astronomy, and the employment of the principles of one 
science used to aid ia the development of another, aflbrd a very strong 
presumption in favour of their existence in a previous age, and of 
their having passed through many stages of addition and improve- 

This ti'eatise, though the most ancient known, is not so complete 
or extensive as the Lilavafi,^ another treatise on aiithmetio, which. 

1 The oldest treatiso on aiithmetio possessed Jiy the Hindus, the Lilavati, 
TemoTintB no higher tlion the eleventh eontury of our erst. Tliia famotia oompositioji, 
t wl' htl "ly 1 'gi f th t p pi 1 'm d' ■ ' ' 1 ' b ta 

ryppfm t lyf ^PPt hdljra 

m m n 1 rsos Th pi d t th ml s, f iv tt p b Wy ty 

1 t h d th m fe f, nlly t fl ai d 11 h I 1 d the 

Idl t hbts tlgthtdei th 1 hteat ti pt tl dd t ns 

mdbytsPBn tato TIHdhdtth tytop va 

ib n dtgtbed dfmthdrytt Tlynjod, 

t rely f, t f d m 1 fni t s, w h 1 1 tl te tl b u ho 

Chi se h b r mil ly q mt d Ir m th m t t g Ih ume- 



y Google 



ISTBODUCTION, H 

constitutes the first pait of Mr Ooleljiooke's worfe. TLe Lilavati 
stands as oae of the preliminaiy poitions of a com-se of astronomy, 
by Bhascara, He m&iTQs his leadeis that hia work is compiled and 
abridged from moro diffuse worL.B, and was completed at & period 
corresponding to A.d. IISO, 

The Lilavati appears to have gamed in past times gi-eat authority, 
and to have superseded the preceding trextioes, and formed the subject 
of study in countries and places so remote from each other as the 
north and west of Hindustan and the southern peninsula. There 
is a Persian version of the Lilavati, which was undertaken by 
i'aia at the command of the Emperor Acbar, and was completed 
A.D. 1587.1 

The occasion of writing the Lilavati, given by Faizi in the preface 
to his Persian translation, was renderedinto English by Mr. Strachey, 
and printed in the introduction to Dr. Taylor's traiislation of the 
Lilavati. The account^ thus proceeds ; — 

rioal operations are unnecessarily complieated, following closely the procedure 
nhioh the application of an alphabit liad obliged the Greeks to employ.— Leslie's 
Philosophy of Arithmetic, p. 225. 

There is another Eaetern people [the Chinese] remartahlfl at once for the great 
antiqnity and nnohangeable character of their existing institutions, who possess ft 
numeriGal language of great extent, connected with a very perfect system of 
numeration. ... 

As the Chinese are not in the possession of the method of arithmetical notation 
by nine figures and zero, they oleai'ly can liave no proper claim to its invention, 
however nearly in some respects they may have approximated to it ; for it ie next to 
impossible that a system of numeration, so much moro perfect and commotlious than 
their own, if onee generally known or practised, eould ever havi, been lost or 
abandoned, — DemiPmcoiJc'sEidoryof ATUkmelisiti,Si,iEiicijdop<ediaMd'iopolitana, 
vol i, pp. 375, S7a. 

' The following works on the Indian Arithmetic and Algebia have been trans- 
lated into the English langnage ; — 

"BijaGanita, oi the Algebra of the Hindus," by Edward Strachey, of the East 
India Company's Bengil Civil Service. London, 1813. 

"Likwati; or, a Treatise on AriUimetio and Geometry," by Bhasuiri Acbarya ; 
translated from the original Sanscrit by John Taylor, M.D., of the Hon. East India 
Company's Bombay Medical Establiahtnont. Bombay, 1816. 

"Algebra, with Arithmetic and Mccsnmtion, " from the Sanscrit of Brohmegupta 
ond Bhaacara ; translated by Henry Thomas Colebrooke, F.E.S. London, 1317. 

' This account is not found in the Sanscrit copies of the Lilavati, nor in any 
of the commentaries on that work. The language of the toUpwing q^uestions which 
appimT in pages 5, fl, 31, 24, 31, of Mr. ColeSrodce's translation from the Sanscrit, 
supplies some internal evidence for the truth of the story ;— 

" Dear, intelligent Lilavati, if thon be sliilled in addition and subtraction, tell 
me the sum of 2, 6, 32, 193, 18, 10, and 100 added together ; and the remainder, 
when their sum is subtracted from 10,000." 

" Beauiifnl and dear Lilavati, whose eyes are like a, fawn's, tell me what are the 
numbers resulting from 13E taken int« 12, 

" If thon be skilled in multiplication by whole or by parts, whether by subdivision 
of form or separation of digits ; tell me, auspicious woman, what is tJie ciuotient of 
the product mvided by the same multiplier." 

' ' Pretty girl, with tremulous eyes, IE thou know the con'ect method of inversion, 
tell me what is the number, which, multiplied by three, and added to three-quarters 
of the quotient, and divided by seven, and reduced by subtraction of a third part of 
the quotient, and then multiplied into itself, and having fifty-two subtracted from 
tho product, and the square root of the product extracted, and eight added, and the 
sum divided by ten, yields two %" 

" Out of a swarm of bees, one-fifth part settled on a blossom of Cadamba, and 
one-third on a flower of Silind'hri ; three times the difference of these nnmhers flew 
to the bloom of a Cutaja ; one bee, which remained, hovered and flew about in the 
air, allured at the same moment by the pleasing fragrance of a Jasmin and Pandanns. 
Tell me, charming woman, the number of bees. " 
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"It is said that tie composing tlie Lilavati ■was occasioned by tho 
folloTring cireumstance. Lilavati was the name o£ the daughter of 
the author, Ehascara, concerning whom it appeared, from the qualities 
of the ascendant at her birth, that she was destined to pass her life 
unmarried, and to remain without children. The father aaoertained 
a luclcy hour for contracting her in marriage, that she might be firmly 
connected, and have children. It is said that when that hour 
approached he hrought his daughter and his intended son near him. 
He left the hour-cup oa the vessel of water, and kept in attendance a 
time-knowing astrologer, in order that when the cup should subside in 
the water, those two precious jewels should be united. But, as the 
iatended arrangement was not according to destiny, it happened that 
the girl, from a curiosity natural to children, looked into the cup, to 
observe the water coming in at the hole, when by chance a pearl 
separated from her bridal dress, fell into the cup, and, rolling down 
to the hole, stopped the influx of the water. So the astrologer waited 
in expectation of the promised hour. "Whoa the operation of the cup 
had thus been delayed beyond aU moderate time, the father was in 
consternation, and examining, he found that a small pearl had stopped 
the course of the water, and that the long-expected hour was past. 
In short, the father, thus disappointed, said to his unfortunate daughter, 
I will write a hook of your name, which shall remain to the latest , 
times : for a good name is a second hfe, and the groundwork of 
etornal existence." 

There are several commentaries in Sanscrit extant on this work. 
The oldest on the Lilavati waa composed about a.d. 1420. Another 
bears a date corresponding to a.d. 1545, and exhibits a copious 
exposition of the text of the Lilavati, with demonstrations of the 
cules. Preq^uent references in one of the commentaries on the Lilavati 
are made to Arya-Ehaita, who was regarded as the most ancient of 
their uninspired writers. He flourished not later than the fifth 
century, but probably as early as the third or fourth century of the 
Christian era. 

It is highly probable he was the chief of those who improved and 
advanced the science of arithmetic to that slate of perfection at which 
it has been nearly stationary in Hindustan for ages. The Hindus 
themselves can give no account of the origin or discovery of the 
science of arithmetic, nor even of the decimal notation, one of the 
most simple, and at the same time the moat perfect of inventions. 
One of their commentators writes, that "the invention of nine figui'es 
with device of place to make them eufiice for all numbers, is ascribed 
to the beneficent Creator of the universe." This opinion at least 
points to a period of great antiquity, probably antecedent to the 
existence of any written account of the invention. 

La Place, in his great work, has expressed the following opinion 
of the Indian notation : — "The idea of expressing all quantities by 
nine figures whereby is imparted to them both an absolute value and 
one by position, is so simple, that this very simplicity is the reason for 
our not being sufficiently aware how much admiration it deserves. But 
it is this simplicity, and the facihty which calculations acquire by 
it, that raises tho arithmetical system of the Indians to the rank of 
the most useful inventions. How difficult it was to discover such 
a method may be inferred from the circumstance that it escaped 
tho talents of Archimedes and Apollonius of Perga, two men of tha 
most profound genius of antiquity." 



y Google 



INTKODUOtlON. 13 

The Sanscrit language has independent names for the first seven- 
teen orders of units in the decimal scale, 1, 10, 100, &o,, the 
seventeenth "being the place of hundreds of thousands of billions in 
the English mode of reoltouing, which has only independent names 
for the first five — namely, one, ten, hundred, thousand, million. 
So large a vocabulary of names of the orders of units has no 
parallel in any other language, ancient or modern; and this fact 
affords a strong presumption of the high antiquity of the system of 
notation by nine figures with "device of place." In any number 
consisting of more figures than one, the place where no figure 
belongs to it was shown by a blank, and to obviate mistake was 
denoted by a dot or a smaJl circle. 

The stem and desolating wars which followed the rise of the 
Mohammedan power in the seventh century, extended both to the 
east and the west. Egypt, the chief seat of learning, was invaded 
and conquered a.d. 64i0, and the famous library of Alexandria was 
destroyed. The rapid conquests of the Arabian armies soon led to 
the foundation of a powerful empire. The second Khalif Almansur 
ascended the throne a.d. 753, and shortly after transferred the seat 
of his gOTOrnmont from Damascus to the newly-founded city of 
Bagdad. 

The Arabians became conversant with the arithmetical and astro- 
nomical science of the Hindus long before they hadany knowledge of the 
writingsof thoGreek mathematicians. The earliest notice is referred to 
the second century of the Hegira, about a.b. 773, in the reign of Alman- 
eitr, when an Hindu astronomer visited his court at Bagdad, bringing 
with him a book of astronomical tables. The Khalif committed the 
work to Alfazari to be translated, and to be published " for a guide 
to the Arabians in matters peitaining to the stars." This version 
vas afterwards known by the name of "the Greater Sindhind," and 
was in general use until the fime of Almamun. 

Ilaroun Alrashid, the grandson of Almansur, before his accession 
to the Khalifat, had overrun the provinces of Asia Minor and advanced 
as far as the Hellespont. The reigns of Alrashid and his successor, 
Almamun, were distinguished at Bagdad by the highest degree of 
luxury and splendour, which are displayed in many scenes of the 
famous tales of the Arabian Nights' entertainment, j^lmamnn 
ascended the throne of the Khalifs a.d. 813. 

It was the glory of his reign that he invited learned men from 
difHerent counti-ies for the introduction of science and learning into his 
dominions, Under his auspices and encouragement Arabic transla- 
tions of Hindu and Greek acience were undertaken. The few 
manuscripts of the philosophical writings of the Greeks which had 
escaped general ruin were diligently sought for and translated into 
.A.rabic, and Arabic commentaries were written to elucidate and explain 
those writings. By the desire of Almamun, before his accession to 
the Khalifat an abridgment of the Greater Sindhind was made by 
Mohammed Ben Musa, which was thenceforward known by the title 
of the Less Sindhind. That the Arabians derived their knowledge 
of astronomy and arithmetic from the Hindus is asserted itrith the 
universal consent of all Arabian authors from the time of Moiiammod 
Ecu Musa. It is well known from various works in Arabic that 
before the end of the tenth century the nine figures named Hindasi, 
from the country whence they had teen derived, were in general uso. 
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Tliia conouiTent history o£ Arabic writers is also further confirmed bj 
the fact that the Arabians wrote their figures ii-om leit to right, after 
the manner of the Hindus, but contrary to the order of their writing, 
which was from right to left. 

Under the reign of Almamun, Ptolemy's great work on astronomy 
and arithmetic was translated into Arabic, with the title of Almagest, 
a word formed from the Arabic article, and one of the words of 
ovvraiu: jiiyiarri, the title of Ptolemy's wort. The arithmetics of Dio- 
phantus were txanalated into Arabic by Bugani, in tho fourth century 
oftheHegira, nearly two centuries after the Arabians had become 
acquainted with the arithmetic and the astronomy of the Hindus. 
Among the writers subsequent to Mohammed Ben Muaa was 
Abulfaraj, tho author of a treatise on computation. He lived in the 
twelfth ceatiiry, and notices a wort on numerical computation which 
Mohammed Ben Musa amplified, and ia described aa " a most espedi- 
tioua and concise method, and testifies tho ingenuity and acuteness of th.s 
Hindus." 

Before the end of the eleventh century the Saraoena had extended 
their conquests along the nortliem parts of Africa, and at an eai-lier 
period had established a flourishing kingdom in the southern pro- 
vinces of Spain, which existed for upwards of seven centuries, until 
the reign of Perdinand and Isabella in 1491, when Granada was 
taken, and the Saracen power in Spain came to an end. During the 
rulo of the Saracens the arts and sciences of the East were cultivated 
and promoted, and tho schools of the learned in Spain were in high 
repute ia those early times. 

In the latter part of tho tenth century, Gerbert, a Benedictine 
monk, of Aurillac in Auvergne, is reported to have travelled into 
Spain, and there to have acquired a knowledge of the acienees of the 
Saracens, and also of the Arabic numerals. He was without doubt 
one of the remarkable men of his age, but how far he promoted or 
assisted in the estension of the knowledge of the Arabic arithmetic is 
not made out satisfactorily. 

"William of Malmesbury writes (De Gf-estis Anglorum) of Gerbert: 
" Abacum certe primus a Saracenis rapiena, regulas dedit, qu£e a 
sudantibus abacistis vix intelliguntur." G-erbert afterwards became 
Auehbiahop of Eheims and of KaTcnna, and in a.u. »9» was raised 
to the Popedom ucder the title of Sylvester II. He died in the year 
1003. It ia not improbable that other persons in their travels, both in 
Spain and in the East, acquired a knowledge of the Arabic numerals 
long before tbe use of them became general in the west of Europe. 
The intercourse of merchants in ti'affic, and of the hosts which, from 
the ivest of Europe, joined in the expeditions to the Holy Land during 
the Crusadea, may also have afforded opportunities of gaining some 
acquaintance with the arte and knowledge of the Saracens. 

The Arabic numerals are said to have been found in manusci-ipts 
of Spain of the eleventh and twelfth centuries. It is probable that 
roucit interesting information might be brought to hght from any 
remains of the manuscript literature of the Saracens in Spain during- 
these ceaturies. The Arabic numerala were certainly employed in 
the astronomical tables made by Alphonsus X,, King of Castile, 
about A.D. 1252. 

Leonardo of Pisa first made known from the Arabians the Hindu 
tH ithnietic and algebra in Italy. A manuscript of Leonai'do's treatise 
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bearing fhe title o£ "Liber Abbaei eomposittta a Leonardo Slio 
Bonacci Keano in anno 1202;" and a transcript of another treatise 
entitled " Leonaidi Piaani de filiis, Bonacci . . . Piactica Geometria 
compopita anno 1220, " n'ere found about 1750 by Targioni Tozzetti 
in tlie Magliabeochian Library at Florence, of wliioh he had the care. 
In his preface to the Liber Abbaei, Leonardo relates that ho had 
travelled into Egypt, Barbary, Syria, Greece, and Sicily. During 
his youth, at Bugia, in Barbary, where his father was scribe at t6e 
custom house for the merchants of Pisa who resorted thither, he 
there learned the Indian method of counting by nine figures. 
He states it to be more commodious ilian the methods used in other 
countries which he had visited; he therefore prosecuted tho study, 
and, with some additions of his own, and some things taken li-om 
Eudid's Elements, he uncIeri»olr the composition, of his treatise that 
" the Latin race might no longer be found deficient in the complete 
Isnowledgo of that method of computation." In the epistle pre- 
fixed to the revision of his Liber Abbaei in 1228, he professes 
to have taught the complete doctrine of numbers according to the 
Indian method. 

The study of the Indian method of computation through the 
medium of Arabic in an African city having been introduced into 
Italy, the Italians were the first Eui-opean people who cultivated this 
and its iindred sciences. 

After the inti'oduction of this new knowledge into Italy, nnmeroTis 
treatises were composed, and manuscript copies of tho works of that 
ego are found in the libraries of Italy and other parts of Europe. 
Villani, the earliest Florentine historian, writes of Paoii di Dagomari, 
who died about 1350, as a great geometer and most skilful arith- 
metician, and who surpassed both the ancients and moderns in tha 
knowledge of eqiiationa. And Eaflaelo Caracci, a Florentine arith- 
metician of the same century, wrote a work entitled "Hagionamento 
di Algebra," in which he speaks of Guglielmo di Lunis, who before 
his time iiad translated a treatise on Algebra from Arabic into 
Italian. This was most probably a translation of Uie Algebra of 
Mohammed Ben Musa, which Bombelli some years after spoke of as if 
it were well known in Italy. 

Matthew Paris writes of John de Basingstoke; — "This Master 
John, moreover, brought into England tho Greek numerical cha- 
racters, and explained to his friends the knowledge and meaning of 
them. And this is chiefly remarkable of them, that every number is 
represented by a single character, which is not the case in the Eoman 
numerals or in Algorithm."' It may be remarked that the word 
algorithm, as weU as the word algebra, were, at that time, both new 
words from the Arabic, the former word being applied to the scienco 
of arithmetic with the Arabic numerals, and the latter to the gene- 
ralised science of number, 

John de Basingstoke was advanced to the Archdeaconry of 
Leicester by Eobert Grosstete, Bishop of Lincoln, who was at that 
time a zealous promoter of Greek learning and of the sciences. He was 

1 Hie insuper magister Joannes %ara3 Grnwirum numerBles, et eavttm notiHam 
et significatioues in Angliam portavit, et familiatibns auis decltiravit. Per quaa 
flguras etifim. litsrce rcprieseiilaiitur. Db qoibus figurie hoc masime admiramlum, 

iuoJ union figniu qnilibet numerus reprscseiitatur ; quod non est iii Latino, vtl ii» 
Igoxisiao.— Matthew Paris, 
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tSie author of a work, "Do Compute Eeelesiaatico," and of the "Kalen- 
darium Lmcolniense," ■which latter was long held in high esfcimatioQ. 
Copies of it still exist, of which only the Latin raanuecript copies 
contain tlie Arabic nnmerals. After he was made bishop, Grosstete'B 
firmness in resisting the encroachments of the papacy drew down 
upon him the censures of tlie Pope, but the Pope's censnros had not 
the effect of inducing him fo alter the line of conduct he deemed it 
his duty to his sovereign to adopt in the administration of his diocese. 
He died in the year 1253, at Buckden, the year before the death of 
John of Basingstoke. 

Johannes de Sacro Bosco, or John of Holywood or of Halifax as he 
is sometimes called, studied at Oxford. He was the author of a 
treatise on the Sphere, and of a tract, "De Arte Numerandi," ^ both of 
which were celebrated works. This tract of Saero Boseo gives the 
Arabic numerals, explains the local value, and gives the rules for 
arithmetical operations, including the rules for the squajo and cubo 
roots. He was also the author of a work entitled "De Oomputo 
Ecdesiastico." His death took place at Paris, a.d, 1256. 

Contemporary with Matthew Paris, Saoro Boseo, and Eobort 
Grosstete, was Roger Bacon, a native of Hchester, who was born 
ftbout 1214, and died in 1292. He was one of the great men that 
held forth tho light of truth in a dark age, only a few years after Iho 
tingdom of England had endured the degradation of a Papal Inter- 
dict of the third Pope Innocent. In his work entitled " Opus Majus" 
he highly commends the sciences, and that of number among them. 
He employs the word algorietieus several times, and repeats the names 
of the same set of rules as are given in the treatise of Sacro Boseo. 
The following extract from the fli-st chapterof the "Opus Majus" cau 
ecarcely fail of being interesting to the student. 

" There are four principal stumbling-bloeks in the way of arriving 
at truth — authority,^ confirmed habit, appearances as thet/ present them- 
selves to the vulgar, and concealment of ignorance under the ostentation of 

1 In 1839 a small volumo (pp. 120) was printed hy Mr. Halliwell, with, the title of 
*' Eara Slatheniatica." In the collection will lie found iive traeta on the Ambic 
numerals. Of these the moat important is the treatise of Saoro Boseo, the text of 
wliicli he states is taken from a mamiscript he purchased at the sale of the library of 
the Alihate Canonioi at Venice. 

There is ajiothei treatise entitled " Carmen de Algorismo," in hexameter verse, 
containing 255 lines. It appears that Alexander de Villa Dei was the autlior, and 
that ho lived in the fourteenth centory. The manuscript cojiies existing of this 
poem are very numerous, from which it maybe inferi'cd that it wm liighly valaeil 
and extensively read. There are manuaoiipt copies of tliis treatiso pteserved both 
in the Univemty Library and in the Library of I'rinity College, Cambridge. 

Mr. Halliweli quotes the following lines, which he has appended an a note, to tho 
twenty-sixth line of the Carmen de Algotismo -.-^ 

En nreorisme deroii prendro I Et de radix enatradon 

VUespecea .... A ohea tH especes aavoir 

AfliBion Bubttacfoii Doll chsscun e.. memoirc avoir 

Jlonblolaon medlaclon Lettes qni flgiirBa Boot dites 

Monteploie et dirialon lit qui eioellens Bont ecrltes. 

MS, 8eld. Arch., B. m 
Til 3Be lines are proWily as old as the time of Roger Bacon. 

^ Shakespeare saw the same causes at work in his day, and has left the ttcoul of 
Ins opinion of them in one of his sonnets in these words :— 

" And Art made tongue-tiod by Authority, 
And Folly, doctor-like, controlling Skill, 
And simple Truth miscalled Simplicity, 
And captive Good attending captain 111." 
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hnouiledge. The authority I mean liera ia that which many have- 
violonUy usurped of their own self-will and with the lust of power^ 
and to ■which the ignorant vulgar have yielded, to their own ruin, by 
the just judgment of God (iu pernicionem propriam judicio Dei 
iusto). Now, where these obstructions exist, no reason can move, no 
judge decide, no law bind ; right has no place, the dictates of nature 
no force ; vice flourishes, virtue fades ; truth expires, and falsehood 
rules supreme. Even if the first three can be got over by some great 
effort of reason, the fourth remains. Men presume to teach before 
they have learned, and fall into so many errors both in science aud 
common life, that we see a thousand falsehoods for one truth. And 
this being the caso, wo must examine moat strictly the opinions of 
our predecessors, that we may add what is laciing in them, and 
correct what is erroneous, but with all modesty and ^owance. Wo 
must with all our strength prefer reason to custom, and the judgments, 
of the wise and good to the opinions of the vulgar ; and we must not 
nse the triple argument — it is established— it is customary — it ia 
common, — and therefore it is to be retained, whether in opposition to, 
or in accordance with the dictates of truth and reason." The man 
who held and expressed such opinions was a very dangerous person ; 
and accordingly he was imprisoned, his works forbidden to be read, 
and his lectures prohibited in the University of Oxford. The learned 
monk, while engaged in his inquiries into the works of nature, and 
in his experiments in alchemy, was seriously believed to have 
practised magic, and to have had converse with evil spirits. So 
gross in that age was the ignorance of the clergy that even Anthony 
I Wood, the Oxford antiquary, who had no prejudices against the. 
clergy, has stated with respect to their knowledge of geometry, that 
"they knew no property of the circle but that of keeping out 
tlie devil, and thought that the angles of a triangle would wound 
religion." 

Thomas Bradwardine was born at Hatfiold, in Sussex, ahout tha 
close of the thirteenth century, and received his education at Mertoa 
CoUege, Oxford. He was distinguished both as a divine and as a 
mathematician. He constantly attended Edward the Third during his 
■wars in Pmnce, and was most probably present at the battle of 
Cressy in 1346. His works, "De Arithmetica Practica," and "Do 
Proportionibus," were printed at Paris, ti.e former in 1502, and the 
latter in 1495. He died in 1349, forty days after his consecration to 
the see of Canterbury. 

Mabillon, in his work entitled "De Eo Diplomatiea," after the 
examination of above 6000 documents, writes that he found no au- 
thentic date in Ai'abio figures earlier than that of 1355, and that date 
in the handwi'iting of Petrarch.^ 

Geoffrey Chaucer, the poet, who died a.d. 140O, ctdls, in one of his 

foems, the Arabic numerals "the figures newe." He had visited 
taly, ■where he would have learned liiat the science of number was 

llnthe "Journal of the Atchfeologieallastituto," vol. Tii.,p. 85, is afac-simile 
of a date in a puHio docnment of 19 Mw. II., 1325 A.D., in which the dnte of the 
year ia espreaaed in one part in Roman namerals, and in another in Arabic. Tha 
document 1^ a warrant from Hugh le Despenser to Bonefez de Pemcha and his 
partneta, merchants of a company, to pay forty ponnils, dated February 4, 19 Edn-. 
II. In a different hand on the dorse, is a memorandum of the yiayment, written hy 
one of the Italian merchanta to whom the warrant was adciresaed^ 
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there more cultivated than in England. At Horenoe, Venice, and 
other cities oi Italy, both literaiure and the arts flourished in the 
thirteenth and fourteenth centuries, and the science of the arithmetic 
of commerce was both cultiTaied and improved by their extensive trade 
-with other countries. He wrote a ti-eatiae on the Astrolabe in English 
for the use of his son. This is the earKest treatise in the English 
language written on any scientific subject. It has lately been edited 
by Mr. Slieat, of Christ's College, to which he has prefixed a very 
interesting preface. In pages xliii, — slvi. will be found a table' of the 
fixed stai-s, copied fi-om a mannsci-ipt which hears the date of 1223 in 
the Arabian characters, a date prior to that of Petrarch by more than 
a century. The character of the writing, however, is very much like 
that of manuscripts written in the fourteenth century. If these charac- 
ters are really copied as written in the original manuscript, they con- 
stitute the earliest date as yet discovered in these characters. 

They do not appear in the dates of the works of Caxton. In 
"The Myrrour or Tmage of the World," however, printed in 1480, 
where, treating of Arsmetryke, or Algorithm, among other sciences, he 
has given a woodcut of an arithmetician sitting before a desk, on 
which are tablets or papers marked with the nine figures. At St. 
Albans "The Myrroxur of the World" was reprinted in 1506, in which 
the Arabic figures appear under the forms now in use. 

The ancient calendars of the fourteenth and the early part of the 
fifteenth centuries, written before the invention of pi-inting, supply 
some evidence of the manner in which a knowledge of the Ai-abic nota- 
tion was generally made known both in England and in the countries 
of Europo,^ Copies of these calendars are found in almost all the 

' " Taljula atelknim flxamm <iub ponnntur in Astrolaliio cortifieata ad civitatom 
paiisius cuius ktitudo est 4S gradus et 30 minuta. In enno domini noatri leaa 
Cbri9ti-1223."— Pref. p. Kliii.— [JfS'. C4tm6. Uni^). Lib. Eh., 6. 8,/oL 286.J 

' In Aretbiahop Parker's manuscript library, preserved in Coiyua Ciiriati College, 
Cambridge, tliere is a table of eclipses from 1330 ta 1340, to which is subjoined a 
table, in ibree colunms, CDntainmg the Eomau and Arabic numerals, and another 
noai'ly the same aa the Eoman, hut the characters different. The following ex- 
planation Is subjoined : — " Omnia nunierus vel onmis figura, in algorismo prime loco 
se ipsum wgnifieat ; seonndo loco, deciea sa ijffium aignificat ; terUo loco, centies 
se ; quarto loco, milesiea se i qninto loco, deoies miledes se ; sexto loco, centies 
milesies se ; septimo loco, mille milesies se ; octavo loco, decJ«B mille milesiea sa ; 
nono loco, centies mille milesies se ; deeimo loco, mille milesies milesies se. Et sic 
nmltiplicando per decern centam et mille usque in iuBnitum computando versus 
sinistram." 

The calendar of John Somera, of Oxfoid, mitten in 1380, was one of the most 
popular of the time, and the copies in general iiave this addition ; — " Tabula dooeca 
fllgorismum legere, enjus ntiliws est in brevi satis spatio nnmerum m^nm com- 
prehendere. Et quin numeri in Kalendaiio positi vis escedunfc sesaginta, ultra 
lUam summam non est protenso. " There is a copy of this calendar in the British 
-' ■ ■■ '^--^"- - '-■' -aongthei '"^ '" "- •■---•- 



Masenm, and several English translationa among the manuscripts ir 
Library at Oxford 

Mr. Halliwell states in his "EaraMathematica," that, in the year 1812, a small 
octavo volume was published at Hackney, containing an account of an almanack 
for the year 1386, probably one of tlie oldest in En^ish. At this time the Indian 
notation appears to have baen imperfectly understood, if one may judge from the 
jnistnre of Roman and Indian notations in numbers consisting of more than two 
figures ; as 62,220 ia written thus— 52 mcc 20. 

There is a calendar preserved in the British Museum of abottt the date of 1403, 
which coiitairB the numerals in the form they usually appear before the end of the 
fifteenth century. 

Thors is another described in the " Archisologia, " vol. liii., p. 153, which 
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public libraries of Europe, and some are preserved in tlie librarira of 
Oxford and. Cambridge In many of tbem is explained the Arabic 
method of notation, -which would seem to show that the writers of the 
almanacks were using a notation requiring explanation, and differing 
from the Eoman characters then ia use. Iri the calendars of the latter 
part of the fifteenth centuij the esplanations of the Arabic notation had 
ceased to appear. 

Lucas Pacioli, or Ivnoas de Burgo, appears to bare taught the sciences 
of algorithm and algebra at Venice about the year 1460, and to have 
noticed the names of men who had been his predecessors. In Ibe year 
1194 he published at Venice his " Summa de Arithmetioa," tbe first 
work wbich was printed on tbe subject, and in 1525 a more complete 
form of it. This was bis principal work. He professes to have consulted 
the eai'lier writers, Euclid, Sacro Boseo, Leonardo of Pisa, and others, , 
Tbe work itself treats of arithmetic, algebra, and geometry, Li the 
first part he explains tbe properties of niimbers and rules of the arith- 
metic of commerce, and gives an account of the principles of keeping 
merchants' accounts by double entry, afterwards called tbe Italian 
method. He also explains the rules of interest, exchange, barter, &c. 
The " Summa de Aiitbmetica " was not printed till more than half 
a century after the invention of printing. The history of arithmetic 
and other sciences is almost entirely tbe history of boohs and manu- 
scripts which treat on these subjects, with very little of eontemporaneoua 
history to show how extensive or otherwise was the knowledge of these 



Cuthbert Tonstall was bom in 1476, and studied first at the Uni- 
versities of Oxford and Cambridge, and afterwai'ds at Padua. Erasmus 
and Tonstall were fii-m friends. Sir Thomas More, in a letter to 
Erasmus, wrote of Tonstall: "As there was no man more adorned 
with knowledge ajid good literature, no man more severe and of greater 
integrity for bis life and manners, so there was no man a more sweet 
and pleasant companion, with whom a man would rather choose to 
converse." 

The work, " Do Arte Supputandi," composed by Cuthbert Tonstall, 
was published in 1S22. In his dedication to Sir Thomas More he pro- 
fesses to have read all the books that had ever been written on the 
subject. Professor De Morgan remarks : " This hook was a farewell to 
the sciences, on the author's appointment to tbo See of London, and is 
decidedly tbe most classical which was- ever written on the subject in 
Latin, both in p-arity of style and in goodness of matter. Por plain 
common sense, well expressed, and learning most visible in the habita 
it had formed, Tonstall's book has been rai-ely surpassed, and never in 
the subject of which it treats." 

Robert Eecorde was educated at Oxford, and elected Pellow of All 
Souls' College in 1531, where be appoare to have zealously promoted 
the study of tbe mathematical sciences. In 1546 be was atoiitted to 
tbe degree of M.D. at Cambridge, where bo taught arithmetic and 
other parts of mathematical science. His published writings prove 
him to have been no common man, and be is thus acknowledged by the 

contains the following oeooimt of the Arabic notation : — "Fota t[uod qu^liliet 
figure algorismi in primo loco signat se ipsam, et in Becnndo decies se. TBttJo loco, 
eentiea ae ipsam. Quarto loco, millesies se. Q-ainto loco, decies millesioa se. Sexto 
loco, ecnties millesies se. Septimo loco, mille millesies se. Et semper incipiciidum 
eet compiitare a parte sinistra." 
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Iftte Professor De Morgan : — " The founder of the echool of EnglisTi 
■writera{to any useful or sensible purpose) ia Eobert Eecorde, tlm 
physician, a man whose memory deaorves a much larger portion of 
fame than it has met with on several accounts. He we.3 the first who 
wrote on arithmetic in English (that is, anything of a higher cast 
than the works mentioned by Tonstall); the first who wrote on geometry 
iji English ; the first who introduced algebra into England ; the first 
who wi-ote on astronomy and the doctrine of the sphere in English ; 
the first, and finally the first Englishman (in all probability) who 
adopted the system of Copernicus." 

Some of his works passed through numerous editions, and were 
long in estimation. EiB"Qa'Oundo of Arte3"was first published Id 
1549, and dedicated to King Edward VI. The last edition of this 
work was published in 1669, with additions by Edward Hatton. "The 
Castlo of Knowledge" was first printed in 1656, and dedicated ia 
English to Queen Mary, and in Latin to Cardinal Pole, " The Whet- 
stone of Witte," published 1557, was dedicated to " the Companie of 
voaturers into Moecovia." In the " Pathway to Knowledge " he thus 
writes his opinion of the authority of Ptolemy ; — 

" No man can worthely praise Ptolemyo, his travell heing so 
great, his diligence so exacte in observations, and conference with all 
nations, and idl ages, and his reasonable examination of all opinions, 
with demonstrahle confirmation of bis owne assertion, yet muste you 
and all men take heed, that both in him and in al mennes workes, you 
be not abused by their autoritye, but evermore attend to their reasons, 
and examine them well, ever regarding more what is saide, and how 
it ia proved, than who saieth it ; for autoritye oft times deceiveth many 

He wroto on other subjects besides the mathematical sciences ; one 
of these works, " The Urinal of Physic," may be named as having 
passed through four or five editions. It is melancholy to add that a 
man so learned and accomplished in various knowledge was imprisoned 
for debt in the King's Bench Prison, and died there, probably in 1588. 

William Buckley, a native of Lichfield, was educated at Eton, 
where he was elected to King's College, Cambridge, in 1337, and was 
admitted M. A. in 1545, He was much esteemed by King Edward VI., 
and during his reign he was sent for by Sir John Chelce, when. Provost 
of King's College, to instruct the students in arithmetic and geometry. 
He was the author of a small tract on arithmetic, entitled " Arith- 
meticaMemorativa," written in Hexameter verse. It contains about 
320 verses, giving all the ordinary rules of the science as then known 
and practised. It was first published in 1550, and afterwards printed, 
at the end of "Seaton's Dialectiea," at Cambridge, 1631 A 

It is a fact, and one which exhibits the slow progress of the human 
mind, not only ia discovery and invention, but even in the application 
of well-known principles, that the extension of the denary notation ia 
the descending scale was not discovered before the latter part of the 
sixteenth century, more than a thousand years after ilie decimal 

1 At the end is placed tlie following epigram : — 

MfTpot' T*, iniSfi.TiP T(, ^uySf re, ko! Ttfoi' &pi9iiiA 
'En 5s SmaiarictiiTiiW-^BSiii' traa'' ipsr^ Vti. 
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arithmetic of integers had been known on'l cultivated in Hindustan. 
Ill the notation of integers it -was well understood that each succeeding 
iigure placed on the left had a valuo ton tiims aa great as the figure 
next to it on tiio right, and if the converse of this had been perceived, 
it Tould have been obvious that the figure on the right of any other 
iigure in the scale was one-tenth of the value of that adjacent to it on 
the left. But the truth is, it had not occurred to any one to apply 
this idea beyond the place of units, and thus to extend the scale to 
express decimal fractions. The scale thus extended would have caused 
no interruption of the law of continuity either in the ascending or 
descending parts of the scale, hut would have rendered the scheme r f 
notation complete for the espression of the smallest possible decimal 
iraction as well as the greatest possible integral numhei 

The earliest notice of decimal fractwu'i is found in a Rmall tiact 
written by Simon Stevin, o£ Brugei la Flemish and published about 
1590. He afterwards translated it into French as he himself in 
ibrms his readers. In the collection of his works published after his 
death for the benefit of his widow and oiphans b} his friend Albeit 
Girard, it will he found at the end ot the treat &e on Anthme ique 
His tract describes the advantages of this extension of the 
descending scale of the denary notation and calls detimal fiac 
fions "Nombres de disme." He designates the first second 
third, &c,, places of decimals by the numbeis 1 2 3 &c placed in 
small cii-cles,' reseiwing 0, included in the sinie minner foi the 
place of integers. These charartenstio mailis in his tract aie 
written after the figures whoso places in the scile they seveially 
mark; thus, 8(0)9(1)3(2)7(8), -will signify 8 ' n„ nmi or8'„„'o In 
the same manner 3(4)7(5)8(6), mean -/-„ ,-^ -jp-^ or ^^^^^ The 
characteristic figures are also found written in operations both ahovo 
and below the figures they distinguish according to convenience 

The notation of sexagesimals was continued to be used m astro 
nomical calculations after the introduction of the Indian notation. The 
mode, also, of marking degrees, minutes, seconds, &c., was retained. 
It appears that Stlfelius, in his " Arithmetica Integra," published in 
1544, was the first who indicated minutes, seconds, &o., of the sexa- 
gesimal scale by the words minuta, prima, seounda, tertia, &c., and 
employed the small figures 2, 3, 4, &c., with a circumflex to distin- 

guishtliem. Thus in page 65 he writes : "1 1 1 I 1 instead of 
1" 1' 1" 1"' 1'", which signifies 1 degree, 1 minute, 1 second, 1 third, 
1 fourth. It is not improbable that Stevin, from this mode of noting 
the orders of sexagesimals, was led to mark in a similar way the 
orders of decimal fractions. 

The dedication of Simon Stevin'e tract, as translated by Mr. 
Norton,^ begins with the following passage: — "Many seeing tho 

1 Parentheses are snlistituted in the text ingtead of tho small circles employed Ijy 
Stevin, containing the fijturea wbicli indicate the places oE each decimal fij, 

' The tract of Stevin, in 1608, was translated by Robert Norton int t gl 1 
nndpnblished with the following title ; — "Disme; Tho Art of Tenths o D mall 
ArilSinEtilie ; tcnoMng how to peifotme all computationB whatsoev by wh 1 
inimhers ivilliout fiactions, bythefoure principles of common arithmcti It m ly 

jiddiUon, subetraBtion, multiplication, and division. Invented by tl 11 

nintbcmaticiaii, Simon Stevin. Pnblisbed in English, viith some add t ns, by 
Hobevt Hovton, gent. Imprinted at London by S. S. for Hugh Astl y nd a 
to be sold at his shop at Saint Magnus Comer. 1608," [ilo, pp. 37.] 
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Biaa]n.03 of tliia bool., anil considnii]^ your woi'iliyaes to TvLom it is 
dedicated, may peieliarne esteeme this our concejte absurd. But if 
tho proportion be considered, the small quantity thereof compared to 
Immane imbecility, and tiio gieat utility unto high and ingenious 
intendiments, it will be fuund to have made comparison of the 
extreame tearmes, which permit aot any conversion, of proportion,. 
But what of that ? Is this an admirable invention ? No, certainly ;: 
for it ia so meane as that xt scant deservetii tho name of an inven- 
tion. For as the countryman by chance sometime flndeth a great 
treasure, without any rise ot slill or cunaing, so hath it happened 
herein. Therefore if any will thmLe, that I vaunt my aelfe of my 
knowledge, because of the e\ph'cation of these utilities, out of doubt, 
ho showeth Limselfe to haio nejlhei judgement, understanding, nor 
knowledge todisceme bimple thmgs tiom ingenious inventions, but 
he (rather) geemeih envious of the eommon benefite ; yet, howsoever, 
it were not fit to omit the benefit hereof, for the convenience of such 
calumny." This most important invention of Simoa Stovin appears 
not to have been appreciated by his contemporaries, but some time 
elapsed before its excellence was perceived and its use discovered. 
The notation he employed, being analogous to the notation of sexa- 
gesimals then in use, was a needless and cumbrous addition, and this 
probably did not favour its general adoption. And it may be obsei'ved 
that this notation appears to have kept from his view, that the ratio 
of the descending scale from the uniVa place towards the right was 
the inverse of the ascending scalo from the unit's place towards the 
left, and that the perfection of liia scheme only required some maric 
for separating the integers from, tho decimals. 

This important improvement was effected by John Napier, the 
inventor of logarithms. Instead of employing the notation of Stevinua, 
he simply separates the integers from the decimals by placing a point 
between them without mating any remark on his own simplification 
of the notation. He afterwards writes the result of his example by 
placing one, two, three, &c., accents at the right of the first, second, 
third, &c., places of decimals. In page 21 of hie "Eabdologio," which 
he pubhshed in 1617, he gives the following account in an "Admonitio 
pro Deciraali Aritlimetica " : — "But should those fractions whose 
denominators are various be found diaagi-eeable on account of tho 
dif&cuJty of worldug with them, and should tJiat other kind, whoso 
denominators are always tenth, or hundredth, or thousandth, &c., 
parts {which that most learned mathematician Simon Steviu, in his 
'Decimal Arithmetic' notes and names in this manner, (I) firsts, (2) 
seconds, (3) thirds), be preferred on account of their efiecting the- 
same practical facility aa integers, then the vulgar division being com- 
pleted and concluded with a period or a comma, you can annex to tho 
dividend or remainder- one cipher for tenths, two for hundredths, tln-eo 
for thousandths, or more at pleasure ; and with these proceed to operate 
as in the above example [861094 divided by 482] whore I have added 
three ciphers; the quotient being 1993,273, signifies 1993 integers, 
and 278 thousandth parts, or ^i^-g-, or as Stevinua has it, 1993, 
2' 7" 3'"." In tie example referred to, the decimals are separated 
by a comma from the integers, but in the following passage (p. 6) 
taken from his " Logarithmorum Canonis Gonstructio," published in 
1G19, the decimals are separated by a period from the integers. 

" The less accurate calculators take 100000 as tho largest sine, th& 
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deeper eeloot 10000000, ty means of "wliich number tlio difference 
betitixt all the sines can te better expressed. That is the reason why 
I have adopted it for the whole sine, and as the maximum of the geo- 
metrical progression. In computing' tables, even very largo numbers 
-are to be made etill lai-ger by placing a period betwixt the original 
number, and ciphers added to it. Thus at the commencement of my 
computation I have changed 10000000 into lOOOOOOO-OOOOOOO, lest 
the most minute error might, by frequent multiplication, grow into 
■an enormous one. In numbers so divided, whatever is noted after 
the period is a fraction, whose denominator is unity, with as many 
ciphers after it as there are figures after the period. Thus, 10000000'4 
is equivalent to 10000000^^. So 25-803 is the same as 25^. Also 
■9999998-0005021 is 9999998f3j^„, and so on. From the tables so 
computed, the fractions placed after the period may he rejected without 
any sensible error, for in these very large numbers tlie error is tobo 
considered insensible and nugatory where it does not exceed unity. 
Tor when the table is completed, for the unmhers 9987643-831S051, 
■which are equh-alent to 99876433^^!^, there may be taken 9987G43 
without any sensible error." 

Norton's tract did not reach a second edition, and tho subject ap- 
pears not to have been brought under general notice. About eleven 
years after, the substance of Norton's tract ■was published by Henry 
Lyte in 1619, with a dedication to Charles Pi-ince of Wales.^ Hia 
work contains no additions nor improvements on the notation of Stevin. 

The notation adopted by Norton is somewhat in form different from 
that of Stevin. Instead of circles with small figures placed within 
thom, Norton employed a pai-eathesis, with small figures placed 
between the upper ends ; thus 8(0)9(i)3(«)7(*) means 8-9307. 

In the first chapter of his Clavia, published in 1631, Oughtred 
explained the principle of decimals, and separated tho integers 
from, the decimals by tho mark L_, which he called the separatris, 
as in p. 2 he writes 0|5g, |00005, and 379 1 236, for -56, 
■00005, and 379-236 respectively. T'he theory aa given by Oaghtred 
and his notation were generally adopted by writers on arith- 
metic for more than thirty years after his time. Both the English 
and foreign writers on arithmetic adopted different modes of nota- 
tion, all of them, however, following more or less the notation of 



The Arithmeticse Theorea et Praxis of A. Tacquet, published 
in 1656, marks tho places of decimals with Koman numerals as 
exponents, af^er the manner of Stevinus, who employed figures. 

Briggs in the introduction to his Arithmetioa Logarithmica em- 
ploys a line placed under the decimals to distinguish them from, 
the integral numbers; thus, p. 5, he writes, 343 for 3'43, and 16807 
for 16-807. In his posthumous work, "Trigoaometria Britannica," 
published by Gellibrand, appears the same method of separating; 
decimals and integers, as, p. 30, 1 31595971 deaotes 1-31595971. 

It may be a matter for surprise that the convenience of Napier's 
simple notation for the separation of decimals from integers was so 

i The following is a copy of the title pago ; "The Art of Tens ; or. Decimal 
Avithmetike ; wherein the flit of ArithmetlkB is taught in a mora oxiiKt and perfect 
method, avoydingtha intricacies effractions. Exercised by Henry Lyte, gentleman, 
and by him set forth for hia countries good. Loadoo, 1S18." 
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imperfectly appreoiateii at the time, that it was not generally adopted 
until after the middle of the aeyeateenth century. 

Professor Be Morgan in his "Arithmetical Eoolia" (p. xxiii.) 
questions the fact of Napier having first applied the comma or period, 
to separate integers from docimals. He remarks ; " The invoator of 
the single decimal distinction, be it point or line, aa in 123'456 or 
123]456, is the person who first made this distinction a permanent 
language, not using it merely as a rest *« a process, to be useful in 
pointing out, afterwards how another process is to come on, or 
language is to be applied, but making it his Bnal and permanent 
indication as well of the way of pointing out where the integers end 
and the fractions begin, aa of the manner in which that distinction 
modifies operations. Now, first, I submit that Napier did not do this j 
secondly, that if he did do it, Kichard Witt did it before him." 

It is true that Kichai-d Witt in 1613 published a work entitled 
"Arithmetical Questions touching the buying or exchange of annui- 
ties, &o., briefly resolved by means of certain breviats." ' These are 
tables of compouEd interest cakitlated yearly, half-yearly, and 
quarterly, and a small verljeal line is employed os a separation of 
the integers from the decimals. The tables are expressly said to con- 
sist of numerators with unity and ciphers annesed for denominators. 

On the table of the amounts of £X at compound interest at 
10 per cent, per annum for one year to thirty years, he remarks, — 
" These 30 termes, viz., the 80 numbers [11, 131, 1331, &c.] in tho 
table, are numerators of improper fractions. The denominators of 
which fractions are also a progressioa : the first term thereof {that is, 
the first denominator) being 10, the second ten times the first, which 
is 100, and the third ten times the second, which is 1000, and so on 
increasing to 30 terms, 8o it appeareth, that if the numbers (or 
numerators) in the tables bo (a]>.en with their denominatoi's they will 
stand thus, H, which is lA , j^, which is 1^; J^, which i* 
1f~; and so forth, till all the thirty termes have their denomi- 
nators placed undei them " 

In p. 15 he writes the friction y„V„7i ; "¥ *^^^' 17J4494022, and 
employs no other notation m his work. He used the period to 
separate pounds, shilhngs and pence, as 61. 13sb. 4d. or 6 . 13 . 4d. 

It does not appeal that Witt employed his separatrix as Napier 
had used the comma and period in the full sense of its modern em- 
ployment. This IS clear fiom the examples in Napier's " Logarith- 
morum Canonis Constiuctio," which had been composed long before 
Witt's book was published 

Mr. De Morgan ingenuously adds, " But I can hardly admit him 
(Witt) to have arrived at the notation of the decimal point. For, 
though liis tables are most distinctly stated to contain only nume- 
rators, the denominators of which are always unity followed by ciphers, 
and though he has arrived at a complete and permanent command 
of the decimal separator (which with him is a vertical line) in every 
operation, as is proved by many scores of instances, and though he 
neper thinks of multiplying or dividing by a power of 10 in any other 

' InJeake's Aritlimetic, p. i27, "Practice is so called from tliH freq^vicnt use ami 
jjeneral practice thereof, and ia a oompeiidium or TireTiat of the brief rules ami 
most expeditious metliod of resolving tha proportions resolvable by ths rule oE 
three." The word lire via t is applied by Witt to nia tables of interest. 
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way tlian by altering; the place of this decimal separator, yet I cannot 
see any reason to suppose that lie gave a meaning to the quantity 
with its separator inserted. I apprehend that if asked what Ms 
123 1 466 was, he would have answered: — It giyea 123-A\Sf, not it 
is 123t.VA- It is a wire-drawn distinction; but what mathe- 
matician is there who does not know the great difference which, so 
slight a change of idea has often led to ? The person who first 
distinctly saw that the answer — 7 always implies that the problem 
requires seven tilings of the kind diametrically opposed to those 
which were assumed in the reasoning, made a great step in 
algebra. But some other stepped over his head, wbo first 
proposed to let- 7 dandfor seven such diametrically opposite things." 

William Oughtred, Etonensis (as ho always styled himself), was 
born and educated at Eton College, whence in 1592 he was elected 
a scholar to King's College, Cambridge, and afterwards to a Follow- 
ship. He devoted his attention chiefly to the mathematical scieneea, 
and both by his example and his writings contributed to promote and 
extend the knowledge of them. His principal work was the " Olavis 
Mathematica," published in 1631. It passed through several editions, 
and was in repute for a considerable period ; and it appears to have 
been the chief elementary work used in tie Universities of Oxford 
and Cambridge. An English translation of tho Koy, "new forged 
and filed," was published in 1647, and dedicated by the author to 
Sir Eiohard Onslow and Arthur Onslow, Esq. In 1683 was published 
"Oughtredus Explicatus sive Commentaxius in ejus Olavem Matbe- 
matieam, ad Juvenes Aoademieos, authore Gilberto Clark." This 
commentary it appears bad been written by the author twenty years 
before, when he was a member of Sidney Sussex College, Cambridge. 
Another translation into English was afterwards made from the best 
edition, with notes, and published in 1694, Oughtred published several 
other works on the mathematics ; and after his death, a seleotioa 
from bis papers was published in 1676 at Oxford, under the title of 
"Opuscula Matbcmatica haetenua inedita." Lilly, the astrologer, 
in his life styles William Oughtred the most famous mathematician 
then in Europe, After he had accepted the rectory of Aldbury, near 
Guildford, he continued his studies to the end of his life. 

The late Dr. Peacock, Dean of Ely, remains of him: — "In those 
days tho members of these Royal Foundations had not yet begun to 
consider the pursuits of literature and science incompatible with 
each other. Mis works enjoyed a well-deserved reputation in hie 
day, and he is spoken of in his old age with singular reverence by 
Wallis. He died in 1660, in bis eighty-seventh year, from excess of 
joy on hearing of the restoration of the monarchy." 

There are other names deserving of mention, both of Italy, 
France, Spain, Holland, and Germany, as well as of our own country, 
who have subsequently introduced improvements and promoted the 
extension of the knowledge of the Science of Number. The labour 
of performing calculations with large numbers has been considerably 
lessened by the extension of the denary scale to decimal fraclions, 
and still more by the invention of Logarithms ; the former ex- 
tending the powers of the notation, and the latter perfecting the 
methods of computation of the Indian arithmetic. 

In addition to the symbols assumed for the expression of numbers, 
other symbols have, from time to time, been devised to e '*"" 
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s and the elementary operations of numbers. Those symbols 
Jiave beea dosig^nated symboh of operation^ to diatinguisli theui from 
figures which have been named symhok of mimhr. As to the symbols 
themselves, they stand simply as abbreviations of written words, and 
only require their assumed meaning to be understood so as to render 
intelligible th.e expressions in which they occur. The operations of 
arithmetic can dispense with the use of them ; but where several 
operations are to be performed, some the reverse of others, it wiU be 
found useful to indicate the operations by means of those symbols. 

The mark ^ was introduced and used by Eohert Eeoorde for the 
sign of eijuality. The fii-st account of its use occurs ia his treatise on 
Algebra, eutitied "The Whetstone of Witte." In the rule of 
equation he remarks: — "And to avoide the tediouse repetition of 
these woordes, is equdlU to, I will set as I doe often in woorlce use, a 
pair' of parallelea, or gemowe lines of one length, thus ; =, bioause 
noe 3 thynges can be more equaile." 

When the symbol == ia used in arithmetieal reasonings or calcula- 
lations, it must be understood as having relationr only to pure arith- 
metical equality, Napier adopted it and defined it in these words : — 
" Betwixt the parts of an equation that are equal to each other, a 
double line is interposed, which is the sign of equation," Mr. Bab- 
bage, however, in one of his papers on Notation, observes : — " It is a 
curious circumstance that the symbol which now represents eq^uality 
was first used to denote subtraction, ia which sense it was applied by 
Albert Girard, and that a word signifying equality was always used 
instead until the time of Harriot." 

The signs of relative magnitude, > meaning is greater than, and 
< is less than, when placed between any two numbers, were first in- 
troduced by Thomas Harriot, in hia " Artis Analyticse Praxis." 

-The sign + is used to signify addition, and was first employed by 
Michael Stifel in his " Arithmetica Integi'a," which was published in 
1544. Its origin is uncertain ; it has been supposed to be the abbre- 
viated form of the word et, as found in some manuscripts. The mark 
-f- was used by Stifel for the word plus, and employed strictly as the 
arithmetical sign of addition, instead of the words " is added to." 

The sign — was also employed by Stifel in the same work as the 
sign of subtraction. Some have supposed he adopted it from the fact 
that a small line — was commonly used in Latin writings to show the 
contraction of a Word by the omission of one or more of its letters, aa 
secudu for secundum, numerum for numerorum, &e., and that he 
named the mark minus, and used it instead of the words "taken from," 
or " subtraeted from." 

The sign x of multiplication was iatroduced by Oughtred in his 
"Clavis Matitematica." It is used to indicate the product of two 
numbers when placed between them, and stands for the words '■ mul- 
tiplied into." The product of more numbers than two may be ex- 
pressed in a similar manner. 

The sign ~ placed between two numbers denotes the division of 
the former by the latter, and stands for the words " divided by," or 
'.' ia divided by." The Hindus placed the divisor under the dividend, 
with no line of separation. The line was afterwards introduced by 
the Ai'abiaus, and has since been universally adopted. 
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ATiovB all things good policy ia to be used, that 

■ ' not gathered 

e may hare 

Tlie money or coin of a State or Kingdom ia the standard moaaure 
of the value of all things subject to valuation, and it is at the same time 
the equivalent in which all contracts are made payable. Money is 
therefore both a measure and an equietiknt, and these two qualities can 
never he brought perfectly to agree. Money as a measure differs from 
all others; for if made of a material of small value, it would not 
answer the purpose of an equivulenf. And if it be made, in order to 
answer the purpose of an equivalent, of a material of value subject to 
frequent variations, according to the price at which such material 
is sold in the market, it fails, on that account, in the quality of a 
standard or measure, and will not continue to be perfectly uniform and 
at all times the same. In civilized countries money has generally 
fceen made of gold, silver, and copper, but sometimes of other metals 
or of mixed metals. Certain portions of these metals, called coins, with 
an impression struck upon them by the order of the Sovereign power, 
as a guarantee of their purity and weight, serve as money. Coins 
made of gold or silver, or of any other metid, whether considered as a 
tnsasnre, or as an equivalent, are however subject to some imperfec- 
tions. A failure or inci-ease in the supply of one of the precious 
metals will tend to augment or diminish the value of the other. 
The supplies of gold, of late years, have been more largely augmented 
by the discovery of the gold fields in California and Australia, than, 
at any previous period of the world's history, and gold has in con- 
sequence declined in value as compared with silver. It is evident, 
therefore, that coins made of gold and silver may vary in value with 
respect to each other at the same period in different countries, or in 
successive periods in the same country. As in England in the 43i-d 
year of the reign of Queen Elizabeth, the relative value of fine gold 
and silver at the mint in that year was rated at less than 11 to 1 ; 
but in 1663 the rate had increased fo above 14 to 1; andinl805,it 
was rated at about 15 to 1. In the mints of foreign countries, the 
value of gold as compared with that of silver was estimated at 
a still higher rate. 

As each of these metals may vary in its value with respect to 
the other, so each may vary in its value even with respect to itself ; 
and this variation will be caused by the greater or less quantity that 
may happen to be in the market or in circulation. And further, 
if ttie supreme government of any country fix the rate or value at 
which coins made of different metals shall pass into currency, the 
relative value of the metals in the market may be found to differ 
from the value fixed in the coins : and if these coins of different 
metals are equally a legal tender, there will be two or more measures 
<^ jvTOperty differing irom each other. Besides the fluctuations in 
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the rolatiye value of gold and silver arising from demand and supply 
in commerce, there ia another cause which has in past times very 
materially affected their relatiye values iu this country. 

Gold is said to be lowered in respect of ailvMi when a pound weiglic 
of the former is declared hy law to be exchangeable for a less c[«antity 
of fhe latter than formerly ; and to ie raised when the contrary takes 
place. And silver ia aaid to bo lowered or raised when the pound 
weight of silver is exchanged for a greater or less weight of gold than 
before. There ia another relation to be noted, when gold and silver 
remain in the same proportion to each other, but the value of 
both is altered with respect to some other oommoditiea. This alte- 
ration may be effected, either by coining the pound weight of 
standard gold and silver into a gi-eatei number of pieces of the 
same assigned valuoj as before, or by causing the current coins to 
pass for more than their previous values. In either case, the 
value of both the gold and silver is enhanced, and one may be 
enhanced more than the other, when each is made the auhjeet 
of comparison with other commodities. The coin which is to be the 
principal measure of property, ought to be made of one metal 
only according to Mr. Locke, who considers thia money the measure 
of commerce and contracts; and observes, that "two metalg aueh as 
gold and silver cannot be the measure of commerce both together in 
any country." The truth of this principle results from the nature and 
uses of money. But coins of one kind of metal do not convenienlly 
answer all the purposes of money. Coins of gold are well adapted for 
large payments, but not for retail traffic ; and coins of silver and 
copper would be too bulky for large paymeats, and therefore incon- 
venient. It ia therefore necessary, that in commercial countries 
coins should be made of different metals. If gold in ingots or coins 
be taken as the standard or principal measure of property, silver and 
copper coins may be used as a legal tender only in a limited degree, 
BO far only as they are authorized by the State. The coins of every 
State are the measure of property within that State according to the 
nominal value declared and authorized by the supreme power. If 
gold be the legal tender without limitation, the silver and copper 
moneys must be made subordinate and auxiliary, as supplying coins of 
small value into which gold cannot be divided without the inconve- 
nience which arises from the smallncsa of the pieces. 

The variations iu the relative values of gold and silver are also 
affected by other considerations and causes which must ever have 
an influence on society and nations. A dread of public insecurity and 
political convulsions in a nation, will liave a tendenc;^ to raise the 
value of the precious metals. War will tend to raise the value 
of silver more than the value of gold, A turn of commerce unfavour- 
able to a country will also affect the relative values of gold and silver, 
and will tend to raise the price of that metal which ia preferred 
by those nations with which ^e inhabitants have commercial dealings. 
And in large commercial concerns, gold will be preferred, as by 
means of it extensive exchanges can be carried on with the greatest 
facility. If the coinage in circulation in any country be defective ia 
purity or weight of metal, all payments from that country in its 
exchanges with other countries, will be augmented in proportioa to 
the defect of the coins from their real value. Hence, it follows, that 
the exchange is always against a country which has a faulty or 
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defective coinage, and in favour of those countries whoso coinage ia 
abundant, pure, and in full weight. 

Mr. Greaves more than two eenturiea ago, wrote the following 
judicious remark on that eubjeet ; "If those advantages which one 
country may make upon another in the mystery of exchanges and 
valuation of coins be not thoroughly discovered aad prevented by 
such as sit at the helm of the State, it may fare with them after- 
much commerce as with Bome bodies after much food, that instead 
of growing full and fat, they may pine away, and fall into irre- 
coverable consumption." ' 

In the early ages of the world, tho exchange of one cemmodity 
for another is generally admitted to have been the primitive mode 
of trafho. In the course of time when such exchanges became incon- 
venient, necessity, the mother of invention, devised the use of money 
as a common measure of all commodities. Among tho oldest records, 
contained in the Book of Genesis no intimations are found of the use 
of money before the deluge. When, and by whom, the use of money 
was invented as a medium of exchange is unknown. There could be 
no want of it until mankind had multiplied and formed themselves into' 
communities. Silver at a very early period of the world's history 
became a general representative of value, and was employed as a 
medium of traffic in the transactions recorded. 

The first mention of money, a thousand pieces of silver, oc- 
curs in. the twentieth chapter of Genesis. The second, in the twenty-third 
chapter where Abraham ia stated to have weighed four hundred 
shekels of silver, " current money with the merchant," which he paid 
to Ephron for a place of burial. A third mention is that in the thirty- 
seventh chapter, where Joseph is sold into slavery for twenty pieces 
of silver by his brothers to some mei-chants who were trading with 
Egypt. And that money was me il by w ht is again noticed ia 

the forty-third chapter, when Jac 1 money into Egypt 

to buy corn. All these instance SI tly hew that the use of 
money existed at that early per d f th w Id's history in Egypt 
and in the country which was aft 1 11 d Palestine. And it ia 

to be noted that though this men y w m t mes called " pieces of 
silver," Abraham paid his four-hund d I k 1 by weight. The woi-d 
shekel itself, from the Hebrew word to ' weigh,' implies as much ; for 
money at the first seems to have been a merchandize exchanged foi? 
other commodities. 

There are no traces of the existence of coined money to be found 
in any ancient Hebrew records. Their current money was generally in 
silver, and its relative value to gold is unknown in the early periods 
of their history. And it is now almost universally E^reed that they 
had not any coined money before the time of the Maccabees.' 

' The little work entitled " Easy Lessons on Money Matters for the use of 
Young People," written by the late Archbishop Whately, is worthy of the at- 
tention of older people, aa it contains excellent suggestions on some of the 
perplexing problenis of the present time for adjasting eq.nitably the claims of 
capital and labour. 

' Morell, one of the best judges of ancient coins, allowed that all the Jewish 
shekels he had seen were coined after the time of the Maccabees. The Jews 
had no coined money till the relsn. of Antiochus Sidetes. Before that time, their 
money consisted of small lamiiiie or plates of silver, called (Gten. xlii., 27—35, 
Prnv. vii., 20), Sfffnot and tuSitiioi dpyvpiov "bundles of money," such aa might 
be tied together. Ilcnco the &eay,l'n or half shekel was called heka, signifying 
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The atandardg of the Hebrew weights were preserved in their 
Sanctuary or Temple, a practice common in other nations. Hence 
by "the shekel of the Sanctuary" nothing more is meant than ajust 
and exact weight (E'sod ^xx 13 — 15). It k evident that the first 
capitation tax foi the service of the Tabeln^cle was half a shekel, 
and the shekel was a quarter of an ounce But after the time of 
the Maccabees a new shekel of half an ounce was introduced, and still 
named tke ihei^el of ike Sanctuary Whatever thi-i was owing to, 
■whether policy oi neees'iity, it enabled the Jews to embellish and 
adorn their temple by doubling its revenues 

Herodotus (i 94) expiessly asserts that the Lydnns weie the 
earliest people who coined money of gold and silver, and employed 
it in traffic. In the neigbbouihood of Sardis, the capital of Lydia, 
have been found both gold and silver coins, oblong or circulai, but 
rude in charactei and device, indicating an early state of the art 
of coining, and possibly older than any known specimens of tiie 
coins of Greece Herodotus had tiavelled m search of knowledge in 
Egypt, Assyria, Babylon, and Phffnicia, but he makes no mention 
of their coinage, and as jet no coins of these countiies have boon 
found as old as those of Ljdii and of Gieece 

The Parian Chronicle, howevei, assigns an oiilier dite to the 
origin of coined monej, and gives the honour, not to the L^dians, 
but to the people of ^gma Tiiis is reisseited by ^lian Phidon, 
king of Argos is reported to bave stiuck silvei drachma) in iDgim, 
740, B.C. (Leake, Nuw ITellen ) The gold Dines of Daiius and 
Buoceeding kingo of Peisia aie not impiubably the next in point 
of antiquity to the coinage of the Lydians 

About 880 BC when L^cuigu'^ reformed the Constitution of 
Sparta, the iron money adopted by that State ■« as useless in any 
ti-afftc with then neighbouis, and from its natuie could not bave 
lasted long. In about half a century aftei, a dispute aiose conceining 
money, and was the cause of tlie fiist Messenian War It could 
scarcely have been the iion mrney of the &paitans that was in 
questiou, 

Herodotus (in 95) m lofeienco to the lovonues of I)aiiusn3a 
taspes, states that gold was reckjued at that time to be thuteen times 
the value of silver Herodotus lead his History at Athens, b c 445 
About 50 years aftet Herodotus, Plato in his Hippanhua asseita 
that the value of gold was tweh e times that of silver 

Tiiebes was probably the only city in Greece which coined gold 
before Philip II, king of Maeedon, who began his reign b.o. 358, 
and drew more than 1000 talents of gold from the mines near 
Mount Pangeeua. With this goH ho had a coin struck called a 
Philippm. (Hiod. Sic. ii., p. 83). About the same time the Phcenicians 
plundered the temple of Apollo at Delphi, and carried off gold to 
the amount of more than 10,000 talents. These cii'cum stances 
rendered gold so plentiful, that, according to Menander, who was 

the plate, or shekel divided into two pnils, as by ita form might easily bo dans ; 
and Festus lias observed that the Bomaii didrachm was called sioilious (aiolus) 
for the same reason, qviod semiuiiciam secet. (Hussey, fisjnji on Ancient Weights, 
p. 196). 

The shekel of the Hebi-ows, tlie (rl«\o! of the Greek", and the Sicilieus or 
Eiclus of the Eomans were synonymous tevms, and mean tlie same thing, a 
quarter of an ounce, differing very little in weight; the name and estimate of 
both coming most probably from the same original. 
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borE B.C. 341, its value was estimated to be to that of silver aa not 
more than ten to one. 

The coins of the cities of Greece' and their colonies exhibit the 
finest specimens of the art of coining in earlier times. The eoina 
of Syracuse reached the highest degree of perfection, and the remaina 
of these are marvela of art. The Roman coinage was inferior to that 
of the Greeks, but from the ago of Angustua to Hadrian, the Eoman 
coins maintained a high degree of excellence in their execution. 

The earliest coinage of the liomans was of copper in the time of 
Serviua Tullius, and they are supposed to have borrowed the art from 
the Etruscans. The silver coinage of the denarius was not introduced 
before the year 266 B.O., and was so named as having the value of 
ten asses. The gold coinage according to Pliny {Hist. Nat. xxxiii. 
13) was introduced 62 years after the introduction of the silver 
coinage. The largest gold coin was the aureus. Aurei and Sorai- 
aurei ■were the only coins in gold for nearly 300 yeara. Until the 
time of Sulla the aureus continued at 30 silver denarii, but in the 
reign of Claudius it was reduced to 25.' 

The coins of Home during the Emperors form a moat interesting 
series. The copper coins are of historical importance. TIio largest 
ivas the Sesterciua, and from tha age of Augustus was called nummus 
or iBi-eus, of the value about twopence English. From the time of 
Augustus to Gallienus, the silver denarius contained 16 assaria. 

The coins extant of people and nations preserve and indicate some 
of the authentic facts of history, and are of service in determining 
with accuracy the order of events, and the succession of kings and 
rulers. A few brief notices of the history and use of coined money 
in our own country from early times, may appear to be a auhjeet 
neither devoid of interest nor unworthy of the attention of the student. 

When Julius Ciesar first landed in Britain, about 65 n.o., he states 
in his Commentaries on the Gallic war, that the ancient Britons 
" use brass as gold money, or iron rings adjusted to a certain weight, 
instead of money," without further explanation. 

Of the coins of the early British kings before the invasion of 
Julius Crasar, very little is known. There is one described by 
Mr. Evans (Ancient British Coins), having on its reverse the letters 

' Th« valusble collection of Greek coina made by Colonel Leake was 
purchased for the University of Cambridge ; and a ontalc^ue of a selection of Ihem. 
eshibited ia the Fitzwilliam Museum, Cambridge, has been published by ChurchUl 
BabiugtOD, B.D., F.L.S., &c„ Disney Professor of Archteology, pp. 61, 4to., I8S7. 

' It oppears from the account of Pliny, that the valiie of gold to silyec in 
the time of the republic wbs about 14 J to one ; but this relative value did not long 
continue at Rome. Her armies had become victorious in every quarter of tha 
world, and her conquests were rapid and eitensive. She quickly became ac- 
quainted with the wealth of other nations and adopted such a policy as suited 
her own views of acquisition. About 189 B.C., the relative value of gold 
to silver was estimated at 10 to 1 (Liv. xxxviii., 11). At a later peiiod, conquest 
and plunder appear to have been the objects of CEesac's enpediliona ia Gaul. 
When he returned to Rome with the plunder he had seized in Gaul ; the gold 
amassed, according to Suetotiius (Jul. Ctes. o.lix), was so immense that a pound 
was sold for 750 denatii throughout Italy, If the pound vieigkt be meant, tho 
value of gold to silver was then as 9 ia to 1 nearly, there being 84: denarii in the 
pound weight. K ihe pound tale be meant, in ivhioli 500 denarii were reckoned 
to the pound, the relative value would have been as 7' to I. 

3 Utuntiu; tamen ^re ut nummo aureo, aut annnlia ferreia ad certum pondus 
eiaminatis, pro nummis. — Cissar, Ha Bell. Gall. V.fol, Som, 14S6, Ed, Friiweps. 
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TAso, Tasciovacus, Itiiig of the Trinobantea, who probably reigtied 
about B.C. 30 to A.n. 5. His son Ciinobeline succeeded, and reigned 
until about 42, a.d. On bia gold, silver, and brass coins are found 
cvN, CVKO, CVKOBELI, for Ciinobelinu3 ; and camv, camvl, for Camu- 
loduaum, Oolohester, tbeeapitalofCuuobeline's kingdom. Tbe Eoman 
lettera and other devices on his coins plainly indicate an imitation of 
the coins of Augustus. It is stated by Geoffrey of Monmoutii that 
Ounobeline was brought up at Rome under Augustus, and that a 
friendship subsisted between this king and the Eomans,' 

A few years after the death of Ounobeline, Britain was subjugated 
a second time under Claudius more completely than before, and the 
edict issued, as related by Gildas (I>e Escid, Brit. o. 5), ordered that 
all current money should have the imperial stamp. This was the 
usual practice in all countries which the Eomans reduced under their 
power, A triumph had been decreed to Claudius in 43 a.d. for 
liis conquest of Britain, which was celebrated the nest year, and 
a triumphal arch was also erected to him (Dio Cassius, ii.). After 
this Claudius issued a gold coinage, of which specimens are estaat. 
On the obverse of these coins is the head of Claudius iaureated 
towards the right, with the circumscription ti . clavd . oaesar . avg . 
p . m: . TE . p . vim . IMP . XVI ,' and on the reverse, the front of a 
triumphal arch, with a pediment inscribed be beitahn, and sur- 
mounted by an equestrian statue between two trophies. He issued 
also a silver coinage. On the obverse is the head of the Emperor 
towards tho left, and the same superscription as on the gold coinage r 
on the reverse, db bkitann, with the figure of the Emperor in a 
quadriga, his right hand resting on the edge, and his left holding a 
sceptre surmounted with an eagle. 

During the rule of the Emperor Hadrian 117 to 133 a.d., the 
Britons revolted, and the Caledonians destroyed some of the fc 
built by Agrieola. Hadrian, on hearing of these tumults, 1; 
to Britain, and reduced the people to submission ; and to protect 
the Northern frontier of the province, built the wall which ojc- 
tonded from the river Tyne to the Eden. Of the coinages in brass 
during his reign, there is one of which the pieces are large, 
having on the obverse tho head of Hudrian. Iaureated to the right, 
with the Slip era nription nADHiANVS. avo. cos. hi. ; and on the 
reverse, a female figure seated, her right foot resting on a rock, her 
head resting on her light hand, and a spear in her left, by her side 
a large circular shield with the circumscription SBiTAHifiA. The uaua! 

1 See the Catalogue of a Selection from the British and English Coins in the 
Pitzwilliam Museum, Cambridge, by Churchill Babinglon, 13. D,, F.L.S., &c., 
Disney ProfKseor of Archeology, pp. 14, 4to., 1867. 

In, the FiUwiUiam Museum at Cambridge is a coin of Ounobeline, presented 
by the Rev. "VV. Selwyn, D.D., the Lady Margaret Reader in Divinity. The 
coin is of gold and waa found near Shepreth in 136S. On the obverse, which 
is concave, ia the figure of a horse in the action of galloping with the head on 
the coin towards the tight. At the back of the neck is a star of four riiys, or 
Bome mark like it, and under the figure the letters CVNO. On the reverse is 
an ear of wheat across the coin, On the right side of it are the letters MV, with 
three pellets over them. On the left ia an imperfect letter, the tjpner part like 
the letter A, the lower part of it worn away. It is not nolikely the letter may 
not have been struck with the A, as the left half of the coin ia not a complete 
half circle as the nt^ht. 

' Tiberius Claudius Ciesar Augustus, Pontifes Maximus, Tribunitia Potestate 
nonum, Imperator decimiini sextum. 
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letters a. o. are ijlaced under tlie figure. The same figure is retained 
on the copper coinage of Great Britain at the present time. 

Of the numerous brass coins of Antoninus Pius, 138 to 161 A.D., 
the*« is one having on the obverse his head to the right laureated, 
with the circumscription antonists. Ava. eivs. p. p. tk. p. cos, in, ; 
■aad on the reverse a female figure seated on a globe surrounded by 
waves, holding in her right hand a standard, in her left a javelin ; her 
elbow resting on the edge of a large circular shield by her side, 
jind beneath the figure, britan. Another has the same on the obverse, 
but on the reverse is a female figure seated on S. rock in an attitude of 
dejection; before her a large oval shield and a military standard with 
the superscription bkitannia. cos. iiii. This coin was struck in the 
fourth Consulate of Antoninus, and probably denotes that the cam- 
paign undertaken against the Brigantes was then ended. 

Of the coins extant of Oommodus, who ruled from 180 to 192 a.d., 
there are three with records of the war in Britain. These oontaLa 
either the word BBiTAKsrA, or viot. brit. or vio. bkit., Victoria 
Britannica, in allusion to his victories over the Caledonians who had 
passed thoEoman wall and invaded the province, but were driven 
■back by his general Uppius Marcellus. 

In the reign of Severus, 193 to 211 ad , the Britons again revolted 
against their Roman masters. Herodiau states that the governor of 
Britain wrote to Severus informing him of the rebellion, and re- 
questing him to send reinforce rue nts or to come in person at onoa 
to reduce the insurgents. Severus, with hia usual rapidity, arrived in 
Britain with a large army, and, accompanied by his son Oaraoalla, 
advanced to meet the rebels, whom he worsted in several engagements, 
though not without great losses. The growing infirmities of Severus 
compelled him to leave his son to carry on the war, and he retired 
to York, where he died in the year 211 a,d. Iu his last moments he 
urged his generals to prosecute the war against the Caledonians until 
they were exterminated. "Omnia fui et nihil expedit" was the dying 
«solamation of this daring and suooessful despot, of whom scarcely 
one act of mercy or forbearance is recorded. 

Both the brass and silver coins of Severus are of various types, and 
specimens of seven coinages at least, which are extant contain on their 
-obverses viotobi^ bbitannio^, victobi.;b buit., or vict. brix., all 
.oaataining allusion to his victories over the Britons. 

Oaraoalla succeeded his father Severus and held the supreme power 
from 198 to 217 A.D. There are several types of gold, silver, and brass 
coins of this reign beariiig similar devices and the same inscriptions 
respecting Britain as on those of his father. The same description 
applies to the coins of Geta, his brother, who succeeded him. 

From the times of Oaraoalla and Gdta to the reign of Diocletianus, 
no Roman coins are known to be extant bearing the aame of Britain, 
and it is doubtful if any were minted in the province of Britain. 

Oarausius, a celebrated admiral, sailed over to Britain with the 
Soman Fleet, and usurped the imperial power, 287 a.d,, and held it 
for six years. He arrived at a time when their discontent had 
rendered the Britons ripe for rebellion. Tacitus (Agric. sv.) writes, 
" that in his time the Britons groaned undsr the yoke of the Eomans : 
they complained that instead of having one master, as formerly, they 
had then two ; one was the Governor, who exercised his cruelty upon 
their persons, and revelled in their blood ; the other was the procu- 
rator, who seized and confiscated their property." 
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There are numerous coins of Carausiua, some of them bear the 
letters m.Jj,, which are supposed to aignify Moneta Londinemis. Others 
in copper, of the same usurper, bear c or cl for Cohmia, or rather 
Camutodunum. Tho same letters appear on some of the coins of 
Alleotus, his successor. 

The brass coins of Gonstantine and of his two sons have on many 
of them the letters pis or e . low., Fecunia Lojidinenais, clearly shewing 
them to be the produce of the province of Britain. It is probable, 
that in the general reorganization of the Empire in 330, a.d. the mint 
of London (then the only one In Britain) -was auppreased, Oa the 
later types {eg. Constantiuopolis), of Gonstantine and his family, tha 
PLN and p . LON do not occur. But the London mint is now believed 
to have been revived by Magnus Masiraus in 383, A.D., and the mint 
mark Aug, ob, occurring on some very tare gold solidi, (and also 
Auo. on an unique silver piece) is more probably Londinium Augusta, 
than Augusta Trevirorum (Treves).' It appears that the Eomans had 
ceased to commemorate on their coins their exploits in Britain aftei" 
the reign of Caracalla. 

The Eomans maintained their power in Britain for nearly 400 
years, and totally abandoned the island about the middle of the fifth 
century. It has been truly remarked that "from the first landin.^ 
of Julius Cossar to the final abandonment of the island by the Eomans, 
the history of Britain presents, with few intervals, one long scene of 
cruelty and extortion. Barbarian retaliation firequently followed 
civilized aggression, and war and slaughter were often preferred by 
the wretohed islanders to tho grinding taxation of their oppressors." 
The Britons, finding themselves enfeebled and defenceless by tho 
tyranny and oppression of their civilized masters, solicited the aid of 
the Saxoas against the attacks of their neighbours. The Saxons 
came to their help as allies, but soon settled themselves, and gradually 
brought the whole country under their power. The Britons were 
driven into Wales, or became the subjects of the eight successive 
Anglo-Saxon Kings, as the invaders were able to establish their power 
in different parts of the Island. These eight kingdoms, called tha 
Octarchy, bore the names of Kent, South Saxons, East Saxons, 
East Angles, West Saxons, Meicia, Deira and Bemieia. Littl© 
is known of the coinage of these different kingdoms besides the 
coins which are extant. The Saxon invaders most probably brought 
their own money, for the Saxon coins bear neither in form, typo 
nor weight any resemblance to the Eoman coins thou current in 
tho island. The kingdom of Kent was the first established. Th© 
most ancient coin known of the Saxona is the sceat, a silver coin, 
and found to weigh from 15 to 19 grains. The word sceat is purely 
Saxon, the same as sceat, a part, and may probably mean the smallest 
part of the shilling. A scoat of Ethelbert I., King of Kent, 561 to 
616 A.D., is said to be the earliest Saxon coin which has been as- 
signed. The word scilling or scylling occurs in the laws of this King. 

Fines are reckoned by shiiliugs, and by pennies, in tho laws 
of Ina, who reigned over the West Sasons from 688 to 726 a,d.' 

' See De Sails in Numiam. Chron. for 1 Sfl7 (X. S. Vol. vn.) p, 61. 

* The Anglo-Saxon version of the Gospels is sufficient to shoiv the exUtcnoe 
of such ooina as half-pennies and farthings in use amon^ the Anglo-Saions nt the 
time that version whs made, not from the Greek or the Vulgate, but from the Vetu» 
Italiua, aa the llev. Dr. Boaworth has sheivn satisfaotorily in p. xi. of the preface 
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Of all tho petty monarehios of the Octarchy, the Mngclom_ of 
Mercia was by far the most -wealthyj if we may foi-m this conclusion 
from the number of its eoina which have descended to modern times. 
The earliest specimen ostant is of the reign of Edwald, who began 
hia reign 716 a.d., nearly a century after its foundation as a separate 
kingdom. The coins of Oifa, whose reign in Mercia was from 758 
to 796 A.D., exhibit some of the most elegant specimens of the Anglo- 
Saxon coins. As ho was at Eome in the Pontificate of Adrian I,, 
it is probable he brought over Italian artists to whose skill the 
improvement of his coinage is to be imputed. The coins of his 
successor, Egbert, assumed the former rude appearance of tho 
Saxon money. 

At the beginning of the ninth century, Egbert, on tho death of 
his brother Ethelbert," succeeded to the throne of the West Saxons, 
and during his reign brouglit the whole of the petty kingdoms 
of the Octarchy under his dominion, and first gave the name of 
Anglia to his kingdom, of which he is considered the first sole 
monarch, though the States of the Octarchy were not completely 
united in one kingdom until the time of Edgar. The coins remaining 
of the West Saxons aro inferior in their workmanship to all the 
Saxon moneys. 

At the age of twenty -tivo, Alfred aticceedod to the throne in S71, 
A.D. In despair for his eounti-y, or in distrust of himself at first he 
hesitated, but at the unanimous desire of the people of Wesses, ho 
accepted the regal power, and was crowned by the Archbishop of 
Canterbury. His reign was in constant disturbance by the incursians 
of the Danes, with whom he was engaged in contests almost to the 
time of his death. Notwithstanding his troubles, he smpissed his 
predecessors in literature and the arts, and was unwearied in his 
efforts to raise and advance the intelligence of his people. King 
Alfred believed "the Ten Commandments" to be the laws of God, 
and prefixed them to his laws, thus recognizing them as the only true 
foundation of the laws of a Christian state. His laws are silent on 

to hia edition of the Gothic and Anglo- SaKon Gospels, with the versions of Wycliffo 
and Tyndale. The Goapela, as well as the remains of the Anglo-Saxon Pentateuch 
also, are conclusive with respect to shillings bs a silver coin in use. In Matt, jixvi. 
15, andsxyii. 3, 5, Tp<a'iioi;Taii,D7i/,jic are rendered thiitiigsyliinga,thu-ty shillings, 
not thirty piecesof silver aa in the authorised version. It appears also irom Exod. 
xxi, 32, that thirty shekels of silver was the price of a slave in the Hebrew Law, 
the same that Judas got for the betrayal of his master. It is lendeted in the 
LXX by TpiitKom-a dpydpia SiSpaxna, and in the Anglo-Saxon version thrlttig 
syllinga seolfres, thirty silver shillings. Their proverbial expression " lie iceaii 
na seijtUiig," signifying neither small nor great, was most probably formed in 
reference to their amtdlest and largest coins. 

In the Anglo-Saxon laws of Athelstan, when a man forswore a debt, tho 
form of words prescribed to be used, was " I owe him neither jeeoii nesei/Hiaj," 
meaning, I owe him nothing, either lit^e or much. And it is there also stated 
that 30,000 sceattEe are equal to 120 pounds weight. 

A silver soeatla, preserved in the Fitiwilliam Museum, is described by 
Professor Churchill Babington in his catalogue of select British and English 

' A large hoard of the coins of Elhelbert, 249 in all, was discovered in 1817 
in the neighbourhood of Dorking. In the year 1808 a large quantity of Saxon 
coins, (&ii in number) was turned up by a pUraeh in the parish of Kirk Oswald, 
in Cumberland. Some bear the names of tlie Kings Eanred, Ethelred. Redulf, 
Osberoht; and othfjts tile names of the Archbishops Eanlinld, Vigmuntl, and 
Vulflicre. 
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10 MONEY. 

tlie money and coinage of liia time. His three mints' were at 
London, Canterbury, and Oxford. In the league between Alfred and 
Guthrum. the Dane, both the mark' and the mancus are named. 
After the martyrdom of Edmnnd by the Danes, Guthrum was placed 
on the throne of East Anglia, and on hie convereion to Christianity 
in 878 he took the name of Ethelstan. On the death of Alfred in 
901, his son Edward, called the Elder, succeeded to the throne. 

Athelstan, grandson of Alfred, began to reign 924 a.d., on tho 
death of his father Edward the Elder. He was the first who ordained 
laws for the regulation of the coinage, and reduced the standard of 
the Saxon shilling from five pennies to four pennies. In a grand 
Synod four years after bis succe^ion, he decreed that there should 
be one kind of money in use throughout the kingdom, and that no 
one should coin but in a town. On his coins he is styled simply Ees, 
or Hex Saxonum, or Eex Totius BritannJEe, the last a title not found 
on any of the coins of his predecessors. He was the king of the West 
Saxons by inheritance, of Merda by election, and of the greater part 
of the rest of Britain by conC[uest. In his laws occur the names 
of all the denominations of money in use among the Anglo-Saxons. 
He died in the year 940. a.d. 

Edward II., called the Martyr, in B75 ascended the throne on the 
death of his father Edgar. He had mints both at Oxford and at Cam- 
bridge, and it does not appear that he made any alteration in his 
coins. He was put to death at the command of his stepmother to 
make way for her son Ethelred, who was placed ob the throne in the 

• In thefirat-volumeof the whole wotbs of King Alfred ihe Great (2 vols., royal 
8to, 186B), will be found some account of the Anglo-Saxon Mint, -with a de- 
scription and impressions of all the coins of King Alfred known to be extant. 

' The mark, a certain weight of money, sold or silver, was intr d 

England most prohably in the time of King Alfred, as marks of go d pp 
the first time in the league between that monarch and Guthrum, abou 

In the treaty between Edivard and Guthrum, the fines to be p d n. 
Saxons and on Danes ware stated differently ; as for instance, th S n 
to pay 30 scillings and the Dane a mark and a-half; and again th 

part, where the Saxon was to forfeit 30 scillings, the Dane was fined 

The silver mark was only in the tenth century estimated at Op 
and BE 160 in i.D, 1194 according to Matthew Paris. The value of the ma k at 
160 pence or ISs, id, was long continued in payments of legal fees, fines, Sic. 

In the Indicia Civitatis Londonire, before the middle of the tenth cen- 
tury, a schilling was reckoned at 12 pennies. About the end of that century. 
Archbishop .Slfrie names the schilling at 5 pennies. This diserepHncy seems to 
shew that there were two pennies in ciionlation, but of different values. And 
TVilkJns has shewn (p. 66, 71) that two distinot estimates of the soilhng occur by 
thrisraas, which can oidy be reconciled by the supposition of the fact of two 
shillings of different values bring current at the time. It is uncertain when 
arose ^e reckoning of 12 pennies to the solidus or shilling, and 20 shillings to the 
pound. That revenue was so reckoned in England in Sason times, is clear ftom 
the Domesday Book :— " In Civitate Sciropescirie T. R. E. (i.e. Tempore Regis 
Edvardi) erant cout . .burgenses reddentea per annum Vl lib. xvi solidoa, et 
vtrt dinar." In Achelstan's laws, the Thanes Weregild is computed at 1200 
shillings, and said to be equal to the sixth part of 20 pounds. If 1200 shillings 
were equivalent to 20 pounds, the pound or 2^0 pence must have been equal to 
60 shillings of i pennies each shilling. This division contmued to the Norman 
times, and one ot the Conqueior's laws places the matter beyond all douht. It is 
there stated, that the Sason shilling was 4 pennies* and the preamble declares 
that these laws were in force during Edward the Confessor's reign. " Ice les 
meismes, que le Reis Edward sun cosin tint devant lui del dei apres le pokier 
XV soh de solt Englois Co est quer diners." The fine for the loss of the first 
finger was xv aolz, i.e. of the English solt, or solidus, which was four pennies. 
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year 979. The reign of Ethelred was marked by a eeriea of actions 
wiiich betrayed the moat helpless irreeoliition and pusiHanimity. The 
Danes invaded his kingdom, and levied exactions to the immense amonnt 
of 167,000 pounds. The last of these was made in 1014, and amounted 
to 30,000 pounds. His moneyers were numerous, and his laws shew 
that pvovision was made to preserve the integrity of his coinage. He 
fled to Normandy in 1013, and Swein, the Danish invader, mounted 
the throne. He died a few months after his elevation, and his son 
Canute, after a contest, was established in the kingdom in 1017. 
The mints of Canute were more numerous than those of his pre- 
decessors. He had one at Oxford and another at Cambridge, and 
ordained that one coin should be ourreat throughout his kingdom, 
and that no man should refuse it, unless it were false. The standard 
both of the Danish and Anglo-Saxon money is somewhat uncertain. 
England under his reign became more wealthy, as being able to 
retain the fruits of her industry, which had been for more than two 
centuries before perpetually plundered by the rapacity of the Danes. 
At his death in 1036, his son Hai-old ruled in England. On Harold's 
death in J040, Hardicanute, his brother, came to the crown. Upon 
Lis death, Edward, surnamed the Confessor,' the surviving son of 
Ethelred II., succeeded ia 1043. On the death of his father he had 
been sent to Normandy, where he had lived till the time of his 
accession. His mints were numerous, and as many as 500 varieties 
of his coins are known, several of which indicate that they were 
struck at Cambridge or Oxford, as well as at many other places. 
The fines which were imposed by his laws were regulated by pounds, 
oras, marks, shillings and pennies. 

On the death of Edward the Confessor in 1066, there were four 
competitors for the crown of England, Harold, Earl Godwin, Tostig 
his brother, the kin^ ot Korway and Will an Duke of N rmandy 
Both Harold and "W illiim founded tl eii titles t the ciown on the 
gift of Edward. 

Harold being in England assumel the sovereignty at once inl 
defended himself agaanst his two t roth^rs Tost g an 1 the king of 
Norway, and they were defeated a id sla n His victory over thoin 
had so weakened his forces that he was unal le to withstand the 
attack of the Duke of Noimandy and fell at ihe battle of Hastings 
after ho had hold the sup me power for a 1 ttle man, than n ne 
months. During his short lei^n he male liequent comages it his 
numerous mints, one of whi&h was at Oxford Xbe co ns have on 
the obverao his name and ttle as king of England anl the leverso 
bears the moneyer's name and place of mintage " 

"William, Duko of No mindy lObb — 1097 by the decisive battle 
of Hastings and the death of Harold became estahhshed on the throno 
of England. He did not rest his title by right of conquest only, but 
affected to consider himself the lawful heir and successor of Edward, 

' The Anglo-Saxon kings conferred the privileges of coining on their 
Eubjecta. King Edward the Confessor, on oonfirming the libertiea of St, Edmund 
(St. Edmundsbury), gave to Abbot Baldwin a stamp and authority to have an 
exchange or mint, and to coin in his monaatery. The coins now extant prove 
this, and shew that there were very few considerable toii-na without a mint. 

' lu the year 1739, a large quantity of Harold's coins was found at Dym- 
cliurch, in Romney Marah ; and again in 177* there was another parcel found neiir 
St. MBiy Hill Church, hi London. 
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laws he shortly after ratified. He used all his arts to cajole 
pie ofEagland into the belief that he regarded them ! 



natural subjects, and not as a conquered 



imitated th& 



form and type of the coinage of the late monarch Harold, and made 



ingdom, two 
' tyled 



o alteration of the standard used in the mints of the kin 
of which were at Cambridge and Oxford. In hia charters 
himself "Ego Willielmua Dei Gratia Anglornm hsereditario jure 
factus" {Monasi. Angl. I., p. 44). He did not inscribe Del gratia on 
his ooina, which have on the obverse his name and title as king, witU 
some of the leading letters of Anglornm. In the Domesday Book, 
wherever any notice of his arrival in England ia referred to it i« 
always made (with one exception fol 1''4 h) as if he had come to 
bis own dominions and without opposition 

The Domesday Book furnishel hm with tie exxct amount oi 
taxation he might impose in kin 1 o which m gl t be commute \ fo 
money. It is recorded, that the shei £E was oi iere 1 to comm te b ea 1 
for 100 men or a pasture-fed ox for one BbtUmg a lam shoop oi 
provender for 20 horses for fouipen o The C niineroi flxel the lato 
at which supplies or services might be mrautcd anl thus tl e value 
of the money was determined. Ho cons lere 1 every man bound to 
pay according to what he hal anl t does not ippe^i le evei 
demanded what his subjects h, id not, like a piudent shcpheid, ho 
knew how much wool he could fleece his English flock; he was 
satisfied with the fleece, but seldom or never touched the carcase. And 
from the same document it appears he made little alteration in the 
laws and ancient customs which prevailed in cities and boroughs 
in the time of Edward, He retained the weight of the Saxon penny, 
but introduced the Norman mode of computation by shillinga of 
12 pennies, and the pound of 20 sbilliugs. In his laws the fines are 
regulated by pounds, oras, marcs, shUiings, and pennies. The shillings 
are sometimes stated expressly to be English shillings of four pennies 
each. In the Domesday Book vai'ious other coins or denominations 
of money are to be found; such as the mito, farthing, halfpenny, 
mark of gold and d n of gold and marsura. Of all these the 

penny, halfpenny d f th ng are the only coins whioh have 
descended to o t m 

William II (E f ) 1037— UOO, son of William I, succeeded 
his father on tl th f England. Ho soon dissipated the 

enormous wealth h f th had aeenmulated. During iiis short 

' The conque g equal hatied towards the English and their 

language, deterni d dp he one and annihilate the otjier. However 

superior their rae h Engl h w re admitted to no dignity, but Btrangeva wera 
preferred. Thai la ^ ^ '""^ etdioted, and the laws of the English kings 
■were translated into Norman French, and all his own laws were recorded in that 
language or in Latin. His efforts to impose the Norman Prenoh on his English 
subjects were unavailing, except to a very limited extent, as is clearly ma- 
nifest from the predominance of the Saxon element in the English langunge of 
the present day. A statute of Edw. IV., ao late as US2, appears iu Norman 
French. 

When Gregory Vn.(Hildebrand) despatched, in 1078, his legate to 'William, 
whose claims to the crown had been lavoured by his predecessor, William 
replied— "Religious Father, your legate, Hubert, coming unto me, admonished 
tne, in your behalf, inasmuch as I should do fealty to you and your successovs. 
Fealty 1 would not do, nor will I ; because I neither promised it, neither do 1 find 

thatmy predecessors ever did it to jour predecessors." Such w "" ''■ 

of the Iio3-al Supremacy of William, the Brat sovereign of the Nor 
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reign, he appears to have made no alteration in. the standard of the 

Henry I., 1100 — 1135, uKiirped the throne in the absence of 
Robert hia elder brother, the lawful heir to the crown. He (u-dained 
many wise and politic laws for the benefit of hia eubjects, and resisted 
the encroaching policy of the court of Home. He inBicted penalties 
for debasing the coinage, end in 1125 the eeverest sentence of the 
iaw was executed on 94 delinquents of the moneyera. 

After this eevei-ity, he had recourse to a new coinage which became 
a new evil, as one of the old chroniclei-s writes, " by thus changing 
Uio money, all things became most dear, whereof a right soro famine 
ensued." The types of his coins are various, aa also the inscriptions. 
On the obverse of some are his name and title as king of the English, 
on othei-s, h.r., or Henricus. On the reverse are the names of the 
mimeyer and the mint. Wten Henry died, he is reported to have 
left 100,000 pounds weight of silver in his treasury. 

Stephen, 1135 — 1154, usurped the government, to the excluaioa 
of Maude, the surviving daughter of Henry, and diesipated on his 
armies the immense treasures left by his predecessor. Henry, the 
son of Maude, Duke of Normandy, invaded England with a large 
army, and after a contest with Stephen, concluded a treaty which 
provided for his succession after the death of Stephen. His coins were 
reduced to a wretched state by his neoeseities and the powers his 
subjects had usurped. His pressing wants led him to sanction the 
debasement of the money of which he undei-stood not the power. 

Henryll,, 1154 — 1189, succeeded as the lawful heir. After hia 
coronation he took means to remedy the disorders which had arisen 
during the usurpation. He i-esumed the grants Stephen had made, 
and destroyed the castles illegally erected, whence bad issued the 
greater part of the base coin which had brought great distress on the 
jieople. About the j'ear 1156, lie issued a new coinage," as the money 
issued by his predecessor and by the numerous mints he allowed, was 
80 debased in value that commerce was obstructed. He appreciated 
the power of money, and at bis death was found in his coffers 900000 
pounds weight of silver and gold, besides plate and jewels. 

Eichard I, 1189 — 1199, succeeded hia father on the throne of 
England, and his martial disposition was unfavourable to the interests 
of his people, who were impovei-ished by tlie expenses of his armies, 
and the heavy ransom which was extorted for his release from unjust 
captivity. In the year before his death, his army defeated the French 
at Gisora. His parole for the day of the victory was Dim et mon droit, 
which is still retained as the motto of the Eoyal Arms of England. 
It is uncertain how far he may have issued coins from English mints. 
There are specimens of the coins of his Gallic mints extant, which 
bear his name as king of England, though they were struck by him 
as Earl of Poitou or Duke of Aquitaine. 

John, 1199 — 1216. John was born in 11C6, and at a very eai'ly 

' In the year 1703—4, in digging the foundation for a new building in the 
Upper Ouaegsle, York, affer a fire, which had happened there, a small oalt bos 
lias discovered containing 250 pennits of William I and William il. And in 
1 833, at Beaworth, in Hampshire, a verjr latge collection of coins of theso reigns 
■H'as discovered, amounting to about 6,900 pieces. 

' A large quantity of the coins of Henry II. wae found at Royslon 17^1, and 
subsequently a larger hoard of more ttuui s'70O atTealby, in Lincolnshire in ISO?. 
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age, in U77, had heen declared by his father "Lord of Ireland," 
a title which seems to have invested him with regal power, ris ivns 
manifeBt from his using a great seal, and striking money with hia 
name and title impressed upon it. This title was most probably 
derived from a Bull of Pope Adrian IV-, in which he gave permission 
to Henry II,, in 1155, to subdue Ireland, and made use of the words 
" Et Ulins terrjs populns te recipiat, et sicut Dominum veneretur" 
(Matthew Paris). On his accession to ikQ crown of England, ho 
had impressed the title of hing on the coins he issued fvom the 
Irish mints, though on his great seal he contiaued the title of Dominus 
HibemiEe. This title continued to be used by the English monarchs 
till the year 1-541, when Henry Till, a^umed the title of king. His 
pennies and halfpennies have, on the obverse, his bust within a 
triangle, with Johanaes or Johannes Eex only; oa the reverse, a 
crescent and blazing star (perhaps intended for the sun and moon), 
besides a small star in each of the angles of the triangle. In oi-der 
to discover coins deficient in weight, there was in his reign issued 
from his mint office a penny-poize, wanting one-eighth of a penny, 
to be delivered to any person who desired to have it, to be used until 
Easter in the next year. 

King John attempted to exact by force from his people the same 
heavy contributions aa his father. His cruelty and oppression of 
the Jews almost exceed belief He faUed in his object, and was 
compelled to surrender the glory of his crown to the Pope,' and the 
power of it to the Bai-ons, who, at Eunnymede in 1215, wrested from 
king John the Magna Charta. The ratification of this charter has in 
successive reigns been confirmed at thirty different times. 

Henry III., 1216 — 1272, was nine years old when his father died. 
On his accession, the greater p'art of his kingdom was in the possession 
of his enemies, and the royal treasury was exhausted. 

In Grafton's Chronicle, it is recoi-ded that in 1227, about this time 
a Parliameat was holden in London, in which it was ordered, that 
" The English grote should be coyned at a certain weighte, and of the 
one side the King's picture, and on the other side a cross, as large fully 
as the grote to advoyd clippying." So greatly had the old coinage 
been lessened by clipping, that scarcely 20 shillings of the new coins 
could be gotten in exchange for 30 shillings of the old money. 

The payment of tenths to the Pope of liome was now exacted with 
80 gi'eat severity, that people were compelled to borrow money of the 
usurers, who came over with Stephen, the Pope's Nuncio, at " the 
rate of one noble for the loane of 20 by the moneth," which was at 
the rate of 60 per cent, per annum. These usurers were banished 
about 1240, but being the Pope's money-changers, they were suffered 
to return in 1250, and were again expelled a short time afterwards. 

1250- The king at this time extorted money from the Jews without 
mercy- Matthew Paris remarks, " that though he could make them 
wretched, he could not make them poor." 

1267. The 4l6t year of Heni7 III- is i-emarkable for the first gold 

1 In a subsequent reign, the Podiament unanimously declared, "that the 
grant of the kingdom by king John to the Pope was null and void ; that it was 
made without the ooncuirente of Poriiament, and in violatioa of hia Coronation 
oath," and they determined that if the Pope should attempt, by process oi- 
otherwise, to maintain such usurpation, they would resist and withstand hini 
with all their power. 
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coinage' in England f whi ii auj autheiific ihcoi I'l can Ijq found ■ind 
it ia extraordinary tl \t it took place m the he ght of lus distress loi 
want; of money. This event is related in a MS Ohionicle preaeived m 
the archives of the City of Loadoa which was probably -written at 
the time, as the transactions are 1 rju^ht down to 13b7 The wiiter 
states, that in this lear the ting made a penny of the finest goH 
which weighed two sterlings and ■filled th**! it should be cuirent for 
20 pence. On the obieise of the gold penny the Lmg i^ represented 
crowned, and sitting on a tbair cf state with a sceptze in his right 
hand and a globe in his lett The reverse hii the long cross of his 
later coinage, with a rose and thiee small pellets in each quaiter 
Scarcely had the king s pridamation been male and the gold coins 
began to circulate, when the Cit^ of Lnndon ma le a repicentati n 
against them, and obtimed another proeltmition tiiat no ne was 
obliged to take them an 1 whoever did might bring them to the ex 
chacge and receive there the value at which they had been made 
current; one halfpennj only being deductcl fiom Bai,h prohibit foi 
expense of coinage In the 49th ^'-^l of hii reign the gjlil penny 
was raised to 24 pence oi tno shillings 

From the Conquest till this reign with the e\ceptioa of the coins 
of Henry II. and John great changes were m^de m the mscr ption 
and type of the coins The pcitraits ot the moaarohs were le 
presented either in piofile or fuU and the cioiaes weie exhbitel 
under almost oveiy vaiiety tf foini The \ortnit of Heniy III is 
invariably full-faced on bis coins the cross consists of double lines 
and the only differeni,e between his earlier and latei coinage is that 
in the former the cr ss is bounded by the innei circle and has foui 
pellets in each qunter while m the litter it extends to the out i 
circle, and the number of the pellets is leduced to thiee la th a 
description the gold penny forms the only exceptim This orn<iment, 
though rude,' kept entiie posiessioa ot the coins until HoaiyTir 
introduced heraldic benmg? It then began gral iilly to g \e ground, 
but was not entirely lost bstoie the time of J-^mesI the end of a 
period of nearly 400 yeaia 

Edward I., 1272 — 1807, succeeded to the tuibulent loiga ot 
Henry III., whose ruling p issions appear fiom hia iomgs L ke his 
father, he was resolved to have money and was not over sciupulous 
about the methods ot obtaining it fi m thjse whj possessed it His 
policy consisted in the skill with wbith he divided the wealthy classes 
against each other and by attacking them sjngl> and bunging them 
by turns to bear upon each other he so completely subjugated the 
whole as to render the pcwerot the crawn m his time as absolute as 
it had been in the time of the Gonqueroi. By means of extortion ami 
confiscations he brought considerable wealth into his treasury. In his 
fifth year he had 300 Jews executed in London under the charge of 
debasing the coin, and their property he confieeated. And in his 
eighteenth year he banished 15,000 Jews from his kingdom, and con- 
fiscated all their goods. There was perhaps no olaes of bis subjects, 
possessing money, from whom he did not continue to extort it. In his 
eighth year he issued a writ, which required all his subjects to shew by 
what titles they held their lands. And by this he drew large sums from 

• Both before and after the gold coinage of Heiivy III,, Bezants (so named 
from Byzantium) and otter foreign gold coins of various values were current in 
England. 
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tho barons and otJiera. Oae of the barons, however, John, Earl of 
Warren, responded to the king's demand, that he held his lands by the 
Bword, and would s I U th m J h 1' d ntil his death. 

Sooa after his ac 1 ppl d h If 1274, fo reform the 

abuses which had mltdd hfths unquiet reign; 

one of them was thdl aitfhni j wh ch was carried to 
a height unknown b f tl k d Th ogulated produce 

of his miala was clipp d d h w lit less than half its 

legal weight, insom h th t f m 1 t w ild not brin^ ovor 

their commodities, d y t 1 f m b ame dearer. 

No opdinanees r p t t! t 1 d f ! ns have been pre- 

served betweea the N q t d th 8th year of Edward I. 

According to Stort (t 1 1633 p 4 ) G E kesley, Mayor of 

London, being chief t f th k 1 mints, a new coin- 

age was ordered, th t th p d f 1 m ey should contaia 

12 ounces, of whi 1 fi I h w tl n made into foil, 

and was commonly 11 d 1 f G th Lane," U ounces, 

2 easterlings, and Ifl^ It! 1 17p e halfpenny to be 
alloy. Also the pou d f y ht h 20 h llings and 3 ponce 

by account ; so that p t li t i 20 h llings and 4 pence ; 

nor less than 20 ahilhngs and - pence bj account. The ouaeo to weigh 
20 pence ; the penny 24 grains, which 24 by weight then appointed, 
were as much as the former 32 grains of wheat. 

It was ordained, that the money should be received and paid by 
the weight of five shilKnga ia amount and five shillings in value by 
the tumbril, which waa to be delivered by the warden of the exchange, 
being marked by the king's stamp as the measures were. 

From the Ooni^iiest to 28 Edward 1,, the penny weighed 24 grains, 
Tower weight, or one pennyweight, so that a pound of silver was a 
pound both in weight and tale. But now the first variation from 
this rule took place, and the penny was reduced to 23-7073 grains 
Tower weight. This appears from an indenture in Lowndes' Reports, 
p. 34, which recites, that an indented trial piece of the goodness of 
old sterling was lodged in the exchequer, and every pound weight of 
Bueb silver was to be shorn at 23 shillings and 3 pence. 

In this year 1300, goldsmiths were restrained by statute from 
using any gold worse than tho touch of Paris, or any silver 
inferior to the alloy of sterling. And no vessel of silver was to be 
delivered from the hands of the workman until it had been assayed 

' The clipping of the coin was not confined to the laity or lower orders, but 
was practised by ecclesiastics of the highest ranks, Guy, the Prior of Montacute, 
was convicted of clipping, but pardoned by the King on payment of a fine of 60 
marks in that yeai-. He was a second time convicted of clipping and counter- 
J in the 13th year ot the reign, and was again pardoned, but paid a fine 
of 200 marks, doubtless claiming the privilege of clergy (%mw'j Foedera, Ed. 
■"■6, vol. I, p. 510. Clause Edw. I. ra. 7). 

The Chronicle of the Priory ot Dunstable has recorded, th»t many Christiana 

;e accused by the Jews of having consented to the clipfling of the coins, and 
:hese were chiefly of the nobility in London. In the month of July, in the 
same year, 1278, the King's Justices met at Bedford, to inquire who were the 
clippers of the money, and who had given consent and assistance to the Jews 
in that matter. 

' So called from a former owner. It waa a small lane leading out of Cheapside, 
cast of foster Lane, and was anciently inhabited by goldbeaters. — Fuller's 
Worthie,, p. 301. 

By 1 1 ounces. 2 easterlings, and 1 ferling ftiust be understood, eleven ounces, 

> pennyweights and a quaiter.— Soto'j Survey of London, 1S33, p, i5. 
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by the wardens of tliu craft, and marked with a leopard's head (see 
Lowndes, p. 202). The coins of Edward I. and of his successora till 
Henrj VII., represent him full-faced, and crowned with an open 
crown flearie, consioting of three fleurs-de-lis, with two rays or lesser 
flowers, not rising so high as the other three placed between them. 
His aiyle was, Eex Anglise, Dominns Hibernifc, which latter title he 
introduced upon Engl' h m y th h 't li d pj ed on the great 
seal from the time of 1. J 1 

Edward IL, 1307—13 7 by p 1 m 1 mm nded in 1310, 

that money should be t t tl 1 t b the reign of his 

father, and that no on b Id h th fi f 1 a goods on that 

aoooimt, because it wa tl k pi th t th coins should be 

icopt up at the same 1 th j w w t t b ■u-. It appears 

from the articles which th C m d 1 d t th king, that the 

money was depreciated m tb h If 

Notwithstanding th m t k tl b d clipped money 

continued to increase th tiy H was in every 

respect exactly similar t th f b f tii Th f vourable expec- 
tations formed on his w d pi t d t r the whole of 
his reign was turbulent dnft t Hfc[ t disputes with, 
the barons. left him littl 1 f tt t t t re the integrity 
of the coinage, or to frame statutes for the well-being of his kingdom. 

Edward III., 1327—1377. The murder of Edward II. by Isabel 
his Queen and her confederates, placed her son, a youth, on the 
throne. This atrocious deed was done, under the idea, that his 
mother's influence over him, would place in her bands the govern- 
ment of the realm. In less than three years fdtsi his fathei-'s murder, 
she was imprisoned by her son, and condign punishment inflicted 
on her adherents. His next act was to disavow the excesses and 
abuses which had disgraced the beginning of bis reign, as having 
been done without his authority, and he applied himself to correct them. 
Among these abuses, were the corruption of the coins of the realm, 
and the introduction of base money hy foreigners. Other causes be- 
sides these contributed to the scarcity of money in the kingdom.' 

I At the PmI lament held at "VVestmiiistHr, 381h May, 1343, a grievous com- 
plaint was exhibited by the Earls, Bocons, Knighta, IJurgesaes, and other of the 
Commons, for that strangers by virtue of reservaUons and provisioiia Apostolic, 
got the best of the bensEces of the land into their hands, and never came to them, 
nor bore any charges due for the same ; but diminishing the treasure of the realm, 
and conveying it forth, sore endangered the whole state. Thereupon a. letter 
woe framed by the Lords of the temporalty and Commons, representing the 
matter to the Pope, and signifying that they would not suffer such ea 
any longer, and beseeching him to revoke such reservations, &o. This v 
ungraciously received by His Holiness, who sent an answer ; but the King, r 
theless, proceeded in prohibiUiig such provisions, &a., within his realm, on 
" ' ■ d death to the intruders. — Halinshed ii. p. 365. 

larlish people was i 
.... , , s (but not with the 

same object), first instituted a year of Jubilee, to be celebrated every hundredth 
year. The first celebration was found very profitable. Clement VI. reduced the 

Eeriod to 50 years. Urban VI. next ordained it to be held every 35 years, and 
istly, StxtQS IV, further reduced the period to every 25th year. Erasmus has 
wittily remarked (Epp. Lib. ax. Bp. 90) "Mouachi mirum iu modum amant 
ignem pui^atorium quod utilissimus sit illorum oulinis. It is not unworthy 
of attention to note the various methods by which Papal Rome has successfully 
managed to subject the minds of men to her authority, and thereby to get com- 
mand of their property. 
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In this reign an important change waa made in the money cf 
England, by tlie introduction of gold into tho cuirency. Hitherto, 
the representative of value was limited chiefly, if not entirely, to 
silver, airid the legal pound sterling by tale had been of equal valuo 
to the pound iveisjht of silver. In the reign of Edward I,, a small 
addition waa made of three pence, so that a pound weight of silver 
was authorized to make one pound and three pence sterling. Such 
was the law until the proclamation for the gold coinage in 1S43 ; and 
then it was in the power of the king to cause the pound sterling 
to be represented by a given weight of gold, as well as by a given 
weight of silver. Hence, it appears, that the gold coinage might at 
one time be made to conform to the standard value of silver, and at 
another time, the silver coinage might he made to conform to the 
standard value of gold. 

Three sorts of gold money were ordered to be made in .the Tower 
of London ; that is, one coin with two leopards (lions), each piece 
ouiTent for 6s., and to be equal in weight to two petit florins of 
Florence, full weight ; a second piece of one leopard, and a third of 
one helm, being the half and the quarter of the larger coin in weight 
and value. The type upon the largest coins bore an impreasiou 
allusive to the royal arms of England, while the half bore a mantio 
on which the king's shield was displayed, quartering the arms of 
Erance and England, and the smallest piece was stamped with his crei5t. 
This money being rated too high according to the standard of silver, 
a new coinage of gold waa made the same year. The Tower pound 
weight of gold of the old standard was coined into S9J nob](;=, 
at 68. 8rf. each, and £13. 3s- 4d. by tale; or a proportional numbei.' 
of half and quarter nobles. On one side of this new coinage, is tlio 
king's image in a ship,' and on tho reverae, a cross fleury with 
lioneux, inscribed "Jesus autem transiens per medium eoriim ibut," 
and on the reveree of the quai-ter nobles, " Exoltahitur in gloria." 

In 1347, the weight of the noble was diminished by nearly 10 
grains, and the pound weijjht of gold waa to mako 42 nobles at 6s. Sd. 
each, and £14 by tale. At the same time the penny was reduced 
to 20 grains, or the pound of silver was shoi-n into 22s. 6d. by tale. 

The year 1351 was remarkable for a great alteration which took 
place in the coins. They had hithei-to been so much better tJion thoso 
of any other nation, that they were exported, and base money brought 
into the realm to the impoverishment of the people. New money of 
gold was made of like impression and value as before, but of less 
weight. The pound weight of gold, old standard, was coined into 4o 
nobles by tale, or a proportional numher of half, and quarter nobles. 
Also a new silver coinage was issued. The pound weight of silver of 
the old sterling was to make by tale 75 grosses, or loO half-grosses, 
or 300 sterlings going for a penny each, respectively amounting to 
25 shillings. These were the first grosses coined in this reign. Tlio 

' It is eKtraoriiinaty, that the gold coins were not entitled from the new and 
Singular type of a ship with which they were impreased, and thus distinguished 
from evaiy other coin of that time existing. It could have bean adopted only 
for oaramemoratina Bome greatflvent, most probably the victory of Edward over 
the French fleet off Sluya, on Midsummer day, 1310, when two French admirals 
and abont 30,000 men weie slain, and above 230 of their large ships were 
taken, ivilli inconsiderable loss on the pavt ofthe English, (Carte, H!s(. of Eng. 
Vol. II.. p. 438}. 
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worcla DEI GRATIA appeal' mow for tlie first time on Eiiglisli coins. 
They were inscribed on his earlieat gold coins, and aftenvarcJs on ]iia 
groats, but not on his smaller pieces of silver. It is remarkable, tliat 
these emphatic worde sLouId not have obtained a place on the coins 
at an earlier period, as they are found on all the great seals after the 
reign of William I. They were used as early as the latter end of 
the seventh century by Ina, liing of the West Saxons, in the iu- 
ti-oduction to his laws. 

The 40th year of this reign is remarkable by an order of the 
liing, that Peter-pence' should be no more gathered in. England and 
paid to the Bishop of Eome. 

Eiehai-dlL, 1377 — 1399, at the age of twelve years ascended the 
throne of his grandfather. The troubles of his reign did not prevent 
attention to the state of the money and coinage. In the second year 
o£ his reign the Commons petitioned the king, against the clipping 
of the coins and the exportation of the good money. In the Parlia- 
mentof 1381, the Commons again represented the distressed state of 
the country arising from the gold and silver being earned out of the 
kingdom ; and what was left was very much clipped ; they renewed, 
theii- petition at the end of the Session, and prayed that good and wise 
counsel might be taken after inquiry and a remedy applied. The 
remedies proposed were vai-ious. One of the chief was, that no clerk 
nor proviaor should be suffered to take away silver or gold, or to 
make any exchange for payments to the court of Eome. On these 
informations, a statute was enacted, which, among other things, pro- 
vided that only "lords and other great men of the realm, and mer- 
chants and soldiera," might cai-ry money in gold and silver out of tho 
kingdom. A few years afterivarda, an occasion arose for the eaact- 
men pteh pm hOw mm 

calle te sem 

1 I lo 



comen d gi es m m 

ThKugm na ep adiJ p anUiBeli 

ollbaces by divers stututea and other means ; and thut lie was i:heiv proceeding 
egftinat the Holy Father, the Pope, in that very business, and that he ivaa ready 
to do, A'om time to time, whatever might be effectual. It also Appeared that 
the chief part of the money wasoonveyod out of the realm by the Pope a collector, 
and by the Ciirdinars procurator, who likeiviae discovered the secrets of the state. 
The remedy proposed was, that Parliament should ordain, and that it should 
he proclaimad throughout the realm, that no one should in future, upon pain 
of life or limb, act as procurator for the Pope, the Cardinals, or any other residing 
at the Court of Rome. 

In the following year, they further complain to the King " that the Pope's 
collector here held a rooaipt equal to a prince or a dulte, and sent annually to 
Rome from the clergy for procuration of abbeys, priories, firat-fruita, Sea,, twenty 
thousand marks, some years more, some lesa ; and to cardinals and other clerke, 
holding benefloes iu England, was sent aa much, besides what was conveyed to 
English clerks remaining there to solicit the affairs of the nation ; upon which 
they desire his majesty, that no collector of the Pope may reside in England." 

' The Commons of the Eealni made the followiiiH noble declaration against 
tlie assumptiona and aggressions of the Bishop of Home: — 

"The Crown of England hath been bo free at all times, that it haih been 



y Google 



20 MONEY. 

Tlio coinage of Eicliard II, does not differ from that of his 
predecessors. Ilia name 13 inscribed Eicard. or Eicakdtjs, with, the 
title Res Anolie et FKA^fCIE et Domintis Hiberhie et AauiiAKiE. 
The last appears only on liis gold coins. 

Henry IT., 1899—1413. The system of favouritiam of the irre- 
aolute Eichard at length brought on hia deposition, and his death by 
■violenco. He had been compelled to reaiga his crown from his inca- 
pacity to govern, and Henry, Duke of Lancaster, claimed the crown 
by hereditary right. 

In the Parliament at Westminster, 20 Jan. 1400, the Commons 
petitioned the king, and the king's answer is contained in the statute 
of 5 Eich. XI., which, provided that gold and silver should not be sent 
out of the kingdom without the king's licence. 

In the year 1402, the Commons complained that the statute 
14 Eich. II, 0. 2, respecting the exchanges made by merchants to 
the court of Home had not been enforced. 

In 1404, the statute 6 Hen. lY. 0- 1, was intended to prevent the 
payment to the Church of Eomo of more for firat-fruita than had been 
accustomed, by whicU large auma had been, carried out of the realm. 
Another statute was made in this year to prevent the increasing evil 
of carrying money out of the realm to the Court of Eome. 

In 1411, it was ordained that the Tower pound of gold should be 
coined into 50 nobles, and the pound of silver into 30 shillings of 
sterlings, so that this gold and silver should be of the same standard as 
the old money. This ordinance brought down the coins, the groat to 
60 grains, the half-groat to 30, the penny to 15, the half-penny 
to fa, and the farttiing to 3f grains. It will be seen, that tho 

ill no oartWy subjection, but iuiniediately subject to God itt all things touch- 
ing tho regalily of the same crown, and to none otlier, should be submitted 
to the Pope, and the l.iwE and statutes of the realm by him defeated, and avoided 
at his will, ill perpetual destruction of the King our Lord, hia crown, tia 
regalit}". and or all his realm, which God defend. And, moreover, the Commons 
aforesaid say, that the said things so attempted by the Pope be clearly aeainst 
the King's cvown and hia regality, used and approved of the time of all his 
prog'^tiitors ; wherefore they and all the liege Commons of the same realm, will 
stand with our said Lord the King, and his said crown, and his regality, in the 
cases aforesaid : and in all other cases attempted against him, his crown, and his 
regality in all points, to live and to die," The occasion ofthis declaration arose 
from the fact, that the bishop of Rome had ordained and proposed to translate 
some prelates of the realm, eome out of the realm, and some from one bishoprick into 
another, within the realm, witho 1 K g' d k wl dg d ' h 

the assent of the prelates sotb tedB htcl hy 

should bo suffered) the statutes h m dbd toddmd d 

ond the king's liepe sages of his C il h as nd a^ h 

will, carried away and gotten h m d h b a 

of the realm carried away, and h gmwdbd w 

counsel as of substance. To rem d h h h 

16 Kieh. II. c. 6 was enacted Ih d d h p 

should purchase or pursue, or P l* sed p d h rt 

of liome, or elsewhere, any su h d b p h K 

protection i their lands and tene d d h 

and their bodies to be attached, h g d b 

King and Council, there to answ h p h m m 

111 1 39D, in Older to cheek th d 

the realm by the Pope's agents, as d 

by which he engaged not to c S, d 

the King's siiecial licence. 
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precious metals were not only enhanced, but tlieir relative value was 
again altered. 

Henry v., 1413—1132. The Engliali coins of this monarch, hoth 
of gold and silver, were of the same weight as those of his prede- 
cessor. No means are known by which they may be distinguished. 

Soon after his accession he directed his attention to t!ie coinage of 
his kingdom, and finding that the treasure of liia realm was fraudu- 
lently exported by alien Frenchmen, who had been appointed to 
benefices within the kingdom, contrary to the statute of 13 Eich. II., 
it was enacted in his first Parliament that the ordinances against 
such practices should be firmly holden and keptj and duly put into 
execution : and the alterations in the standard of coins by statute 
13 Hen. IV. were established. 

In 1414 no Parliaments were holden. The Comrocns r 
the mischiefs which would ensue, whenever peace was made ' 
Prance, fi-om the sums of money which would year by year be 
remitted from the alien priories in England, to their chief houses 
abroad ; and petitioned the king to take such priories into the hands 
of himself and his heirs for ever, with some few exceptions which they 
stated in their petition. To this the king gave his consent. 

1420. In this year the Commons petitioned the king — that no 
person of what est<ite or condition soever should convoy or carry out 
of the Im fB 1 d t b yd d Id 

silver ftffl fl fi fhlyhh f ythg 
or pri 1 f h ly h h i y th wh t tl 

courts fhlyhhbyd H t Ip f 

their p g itdj p ffft flf dlmb I 

of land dtmt f milgd dhtti 1 

felony It w t h w th a:ht fit t g t tl p t t 

to go t! 1 th f m k tl S p t 1 A d ly t w 

only c m d d tl t th t t t 1 dy m 1 h U 1 b I 

and k t 

Ho \ VI 142 —14 1 w ht m tl 1 1 wh I f tl 

died, dbttwmtl ftpl w 1 plmdkg 
ofPra th d th fCl 1 VI 

In 1432 th P 1 mb d h d 1 t p t f th 

kingdom with gold, money, and jewels, to the amount of one hundred 
pounds. The next year, the laws which prohibited the exportation of 
money were again partially suspended, and the bishop of Winchester 
had licence to carry out of the realm money and plate to the amount 
of 20,000 pounds of sterlings. 

In this reign the usurpations of the Church of liome, and the 
attempt of the Pope to render null aad void the statute of prtemunire, 
occasioned much trouble ia the kingdom The Commons presented 
an address to the king, prayin tl t h w Id send au ambassador 
forthwith to the Pope to justify th nd t of Cliieheley, Abp. of 
Canterbury, in refusing to con t a a m ee of the Pope for a 
diocese in England. In the lett t a th following memorable 

words: "Be it known to your H In th t while I live, by God's 
assistance, the authorities and f th Eingdom of England, 

shall never bo diminished. But f I w e willing so to debase 

myself (which G[od forbid), my nobles, and the whole people of 
England, will by no means suffer it." 

In the year 1444, on account of the want of small money, which 
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had occasioned much diatress among poor people, tho CommoDs 
pebtioncd the Parliament for relief. Their petitioQ concludes witii 
the?e words : "This for the love of G-od, and for the common profit 
of the poure liege peple, which for this meritory dede shall hertly 
pray to &od for you." T tie petition was granted. And some years 
after, he ordered the Tower pound of gold of old standard to be coined 
into £22. lOs, by tale, that ia, to make 67^ angels at 6^. 8d. each, and 
the pound weight of silver of the old sterling into 112^ groats, amount- 
ing to 37j. 6(?. by tale, and the half-groats, pennies, half-pennies, and 
farthings in proportion. 

Edward IV., 14G1— 1483. Ia the fourth year of his reign, a 
new coinage was issued. The gold coins were then reduced to 
£20. 16s. Sd. by tale, that ia, each pound of gold was to make 50 
nobles, value by tale 8s. 4rf, each, Tho silver was reduced to 37s. 6rf. 
the pound weight. 

In 1465 the gold coins were again altered, 4S nobles were to be 
made out of the pound of gold, each 10s , or 67^ of the pieces im- 
pressed with angels, current for 6s. 8d. each, and consequently the 
pound weight of gold was coined into £22. 10s, by tale. 

The silver moneys were the same as in the preceding year, at 
87^. Gd. the Tower pound, so that there were made of groats 112^, 
half-groata 225, sterlings 450, half-peuniea 900, and farthings 1800, 
all of the old staudard. These new nobles were called rials, a term 
from the French, who gave that name to their coin, on account of the 
figure of the king in his i-oyal robes (Le Blanc), but which was ill- 
appiied to coins bearing the same impression aa former nobles. Tho 
change of the namo was probably intended to obviate the inconve- 
nience which might have resulted from the nobles in currency, and 
the nobles in account being of different values. The now species of 
money, called the angel, being of the value of the noble, was called 
the noble angel. 

On the reverse of the noble was the figure of the sun, then in- 
troduced on the coins of Bdwai-d IV"., surmounted by a rose, the 
badge of tho House of York. This impress he adopted after his 
victory at the battle of Mortimer's Cross, in Herefordshire, where, 
just before the battle, the extraordinary phenomenon of three suns 
appeared, which ahone for a time, and then were suddenly united 
into one. 

The inscription on tlie obverse of his English silver coins was 
"Edwaedus Djsi Q-aATiA Eex Anglie et Fkahcie," and on the 
reverse, " Posui Deum Adjutorem meum." Oq some it was Bd- 
wardus Dei Gratia Dom,inns Hibernie ; on others, Edwardus lies 
Anglie Franeie, is continued on the revei-se, Dominns Hibernie. 
On his great seal the style, which had been discontinued by Henry VI. 
he resumed in this form : Edwardus, Dei Gratia Eex Anglie et 
Erancie et Dominns Hibernie. He made no alteration in tho type of 
his coins, which are distinguished from those of his predecessors 
only by the name, weight, or mint mailis - He waa the first English 
king who used a flaming sun as the royal badge on his coins. 

1477. About hia 17th jeii, the coins and bullion of the realm 
appeal- to have been debased by almost every possible method ; for in 
a statute made in that year, the pimupal acts formerly passed for 
their preservation were leoited, and fresh provisions enacted for 
tho prr''-\-t!on of them, which the infimgement of the laws rendered 
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absolutoly necessary at that time. Th.e provisions for remedy by thia 
new eaactmeat were to continue for seven yeara, 

Edward V, waa about twelve years old at the time of his father's 
death in 14S3, and was rauvdored the same year. 

Bichard III., 1483—1485, the uncle of Edward V. usurped 
the throne, aad one Parliament was held during his short reign. 
One of its provisions was a statute designed to stop the exportation of 
the coins, and another to remedy the abuses which had increased iu 
the Irish mints during the last three years of Edward IV- The same 
type and legend appear on his coins as on those of Edward IV. 

Henry VII., 1485—1509. The battle of Boaworth Eield placed 
Henry, Dafee of Eichmond, on the throne, with the title of Henry VII. 
In the year 1489, the fifth year of his reign, a new gold coin waa 
ordered of the old standard of the realm, but double of tiie value of 
the royal (rial). The Tower pound weight of gold was to be made 
into coins 22§ pieces by tale, each to be called a sovereign, and to 
be of value in payment for 20 shillings sterlings. The statute of the 19 th 
year of his reign mentions half-sovereigns likewise. This statute also 
ordains, "that clipped money shall not be current in payments. And 
to prevent the clipping of coin in future, it is directed that a circle 
shall be about the oater part of the new coins, and that the whole 
scripture shall be about every piece, without lacking of any part 
thereof, to the intent, that the king's subjects hereafter may have 
perfect knowledge by that circle or scripture when the same coins be 
clipped or impaired." Although this monarch made no alteration in 
the standard of the metal, he introduced several variations from the 
U5«al type. He first placed on the coins an arched crown with a 
globe and a cross on the arch. The type of his coins in the 19th 
year was wholly changed. His portrait was given iu profile, with a 
crown of one arch only, a form which had not appeared on the coins 
since the reign of King Stephen. A. single beaded line likewise took 
place of the double tresaure upon the obverse of the groats and half- 
gvoats; the inner circle of the reverse, which contained the name of 
the mint, was omitted; and the rude pellets, which had so long 
occupied the quarters of the cross, were superseded hy an escutcheon 
of the royal arms surmounted by the cross, On some of these coins 
he added to his name Septimus or VII-, a practice which had been 
disused ever since the reign of Henry III., on whose coins alone, of 
ail our monarohs, from the earliest times, numerals or any other 
distinction of the kind had disappeared. The omissioa of i, ri, iii, 
upoa the coins of the first three Edwards, and of iv, t, vt, on three of 
the Henrys, has occasioned difficulties almost i 
appropriation of their respective coins to those moaarehs. 

The type of the usual gold money was coatinued nearly the same 
as before ; but Henry's new coia, the sovereign, bore oa the obverse the 
monarch seated iu state upon his throne, from whence it derived its 
jiaine, and on the reverse a double rose, ia allusioa to the union 
of the two Houses of Lancaster and York, with the royal arms in 
the centre. 

Oa his silver coias he is styled Heiraious Dsi Gratia Ebx Aijglib 
ET EaA-ycie ; to which is added oa his gold coins, Dominps HmBamB, 
as oa those of his predecessors. On some of his ecclesiastical pennies, 
the king is represented on the throne, crowned aad ia royal robes, 
in his right hand a sceptre, and ia his left a globe. 
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Henry VIII., 1 509—1547, When this monarcli came to tlia 
throne, he succeaded f o the immenae wealth the avarice of his father 
had accumulated. According to Lord Bacon {Siet. Hen. VII. p- 230) 
he left £1,800,000 sterling. And Sir K. Cotton writes, that he lefc 
in bullion four and a-half millions, besides his plate, jewels, and rich 
attire. Ail this wealth Henry dissipated in a few years, and to supply 
his extravagance for the future, he had recourse to disgraceful means, 
and stands recorded as the first of the English Sovereigns who debase.! 
the sterling fineness of the coins, and then legaliBsd the debased 
coins. 

On Sept. 23, 1513, King Henry, with his army, took Toumay, in 
Flanders, and in the same year had small silver coins struck in that 
city. They were groata of three kinds. One has his arms on the 
obvei-se, with the figure 8 after his name, and Civitas Tornacensis 
with the date 1513 on the reverse. This is the earliest date known 
in Arable numerals on the coins of any English monarch. 

On July 24, 1526, a writ was issued to Thomas Wolsey, Cardinal 
Abp. of York, legate a latere of the Apostolic See, Primate of England 
and Chancellor, commanding him to carry out into effect the king's 
design of reducing the English money to the standard of foreign 
coins. The reason assigned in a proclamation of August 22 foUow- 
ing, was that the price of gold in Flanders and in France was rated 
ao high as to cause all the coins of the realm to be transported 
thither. It was ordained by proclamation on 5 November, that tlie 
money of gold and silver should be reduced in weiglit. 

One pound Troy of gold of the old itaiidard was ordained to he £37 
by tale, and to be coined into 24 sovereigns at 22*. 6d. each ; and rials, 
angels, George nobles, half-angels, and penny pieces in proportion. 

And one pound Troy of gold of 22 carats fine only was to be coined 
into 100^ double rose crowns; or 201 half-crowns, making hy tala 
£35. 2s. 6.;. 

One pound Troy of silver of old sterling was to bo coined into 
185 gi-oats or 275 half-groats, or a proportional number of sterlings, 
half-pennies, or farthings, so that every pound weight made 45^. by 
tale. The augmentation of the value of money by royal authority 
brought on the natural conseijuences, and loud complaints were made 
by the people.' 

During the preceding reigns, all the provisions enacted to keep the 
good English coinage in tlie kingdom appear to have failed. Sir 
Thomas Gresham urged on Sir Thomas Audley, the Lord Privy Seal 
(25 July, 1529), the necessity of permitting all merchants, both 
subjects and foreigners, to exercise exchanges and rechanges without 
restraint, the want of which was a great detriment to trade, and 
requested him to prevail with his Majesty to issue his royal proclama- 
tion for that purpose, whieji was done when Sir T. Audley was 
Lord Chancellor. 

The debasement of the standard of gold and silver was preceded 
by a proclamation in rather ambiguous terms, the year before the 
Act of Parliament confirmed it. By the indenture then made, 1513, 

I InBaatell'a Chronicle, 1529, mav be read one of them : "But ye must note 
that XLS. in those days [in the time o'f Eichari 11. j was better than XLS. of the 
present day, which is now the xxi yeare of Kynge Heniy the VI 11, for at thiise 
days vgrotes made an ounce, and now at this ddy xt grotes maketh an ounce." — 
London, reprinted l8U, 4to. p. 2*2. 
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a pound of gold of 23 carats fine and 

£28. I65. by tale. The sovereigns w 

each, and the other coins ia proportion. A pound of silver of 10 

ounces fine and 2 alloy was to be coined into 48 shillings by tale ; 

namely, into lestoons,' 12 pence each, groats, half-groats, halfpence 

and farthings. 

An Act of Parliament, which was passed the same year, ratified 
the style he had assumed, and declared it in the words ; " Heniicua 
Oetavus Dei Gratia, Anglifo, FranciEc et HiberniEo Eex, Fide: 
fenaor, ct ia terra Ecclesise Anglicanie et ilibemife Supremuai 
Caput;" and in English, "Henry the Eighth, by the grace of God, 
King of England, Prance and Ireland, Defender of the Paitb, 
and of the Church of England and also of Ireland, on earth the 
Supreme Head." It was also declared to be high treason to attempt 
to deprive the king of this style (Stat. 35 Hen. VIII. c. 3).' 

By a proclamation in 1544, the price of gold of 24 carats was fixed 
at 48*. the ounce, and the finest sterling silver at 4s. the ounce ; and 
ordained the rate at which certain coins should bo current. In this 
year the standard was stiU further reduced both in weight and fine- 
ness. The gold was to be 22 carats fine and 2 carats alioy, aad odo 
pound weight of gold was to be coined info £30 by tale, that is, 30 
sovereigns of 20 shillings or 60 half-sovereigns ; and the king had a 
royalty of 2 carats of fine gold for coinage, which yielded him 50s. on 
every pound weight of gold. The silver was reduced to 6 ounces fine 
and 6 ounces alloy, and the pound weight was coined into 48s. by 
tale, in testoons, groats, half-groats, pence, halfpence, and farthings. 

In the year 1545, the coins were reduced to the lowest degree 
of fineness which ever disgraced the English mint, excepting a small 
quantity of silver in the first year of Edward VI. The gold was 
now brought down to 20 carats fine and 4 carats alloy ; and the silver 
to 4 ounces fine and 8 ounces alloy. The coins continued to be of 
the same weight as they were in the indenture of the preceding year, 
but the debasement raised the pound weight of fine goJd to £36, and 
of fine silver to £7. 4s. 

The proceedings of Henry VIII- in the debasement of tlie silver 
coinage, first by making a fifth part alloy in the 34th year of his 
veign, and two yeai's after making it half copper, and in his 37th 
year making it only one-third silver, and in liko manner debasing hia 

' Le Bianc says, the new species of coins strucl! by Louis XII. were calleii 
lestoaa, because the head (teste, t§te) of the monarch was represented upon them. 
The reftson of adopting this name for the English coin is not obvious. 

' In the Statute 23, Hen. VIII. passed in 1332, for the restraint of payment 
of first fruits to the See of Borne, it was stated that since the second year of 
Henry VII to this time, the sum of Sfl.OOO ducats, amounting in sterling money 
to £160,000 at the least, liad been paid for the investiture of bish.opa ; and other 
great and intolerable sums yearly had been conveyed to the Court of Rome to 
the great impoverishment of the Ilealm. On this account it was ordained, thai 
such unlawful payment of first fruits should utterly cease, and also the con- 
veyance of sums of money to the Court of Rome under other pretences. This 
was further enforced by Statute 25, Hen. Till , so that the payment of Peter- 
pence and all other payments to the See of Rome were absolutely forbidden. 

The author of " the Wealth of Nations," who was no bigot nor enthusiast, 
has recorded his deliberate judgment of the Church of Rome with its head, 
generals and orders of the Papal army, — " that it is the most formidable combi- 
nation that ever was formed against the authority and security of civil govern- 
ment, as well as against the liberty, reason, and happiness of mankind." 
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gold coinage, at length, produced eonBequences which, were suffered in 
die reigns of the sovereigns who succeeded him.' 

It is a fact worthy of remark, that although Henry VIII. managed 
to enhance the silver coinage of England largely above its commeioial 
value, the gold coinage waa never so enhanced. He no doubt in- 
tended to make a like profit by the debasement of the gold coinage as 
he had suooeeded in making of the silver coinage, but this profit 
could only be gained by making one metal dearer than the other. 
He had already raised silver to about four times its former value, 
while gold was raised only about one-third, and thus the relation 
as coinage was gi-eatly altered; while the commercial value was 
not so altered. The gold was therefore kept nearly at its com- 
mercial value, and could bo employed to purchase silver at its 
commercial value ; and as silver had been raised by the king's pro- 
clamation to bear so exorbitant a value in coinage above its C' 
cial value, it was possible for the merchant to secure conei 
profits so long as the stock of gold in the country was not exhausted. 

Edward VI. 1547 — 1553, was a minor on his accession, and 1' 
Eegeney added to the debasement of the coinage. The b 
the teatoons coined in the first year of his reign gave o 
great complaints, and to several epigrams which, were circulated in 
manuscript at the time.' 

1q 1549, the testoons were called in by proclamation, and by 
an indenture of the same year a new issue of coins was somewhat 
improved in fineness though reduced in weight. The pound of gold 
of 22 carats fine and 2 alloy Was to be coined into £34 by tale into 
sovereigns of 20 shillings, and crowns of 5 shOIings a piece, witli 
halves of proportional value. The pound of silver of 6 ounces fine 
and 6 ounces alloy into 72 shillings of 12 peace each by tale, of which 
the merchant, for every pound weight of fine silver, received £3. 4s., 
and the Crown about £4 gain (Lowndes, p. 46). These testoons or 
shillings, thus reduced in weight, but a little improved in fineness, 
are those most probably which Bishop Latimer alluded to in his two 
sermons before the king on 8 March and pn 22 March, 1549, which 
gave considerable offence. 3 

' Eeiita of lauds and tenements, with the piici 
beyond the former lates, and, as Strype in his ti: 
brought down since. It is probable that Eraeir ^ - ^ 

speaking of the Flwnbeos Anfftire, might refer to tlie debased silver coins. The 
inspection of one of them, a groat of Heni'j' VIII. in the Fitiwillism Museum, at 
Cambridge, will fully warrant the justice of the expression. It is suggestive, 
that some of the base coins of Henry VIII. have the following words on the 
reverse, " Eedde cuique quod suum est." 

It appears from a passage of Budelius da Monetis, p. 5, that the leaden 
tokens mentioned by Erasmus as current in the reign of Henry VIII, still con- 
tinued in circulation so late as the year 1691, the 33 of Elizabeth. 

* Tlie following are two of the epigrams alluded to, copied from John 
Hej-«-ood'fl Woorkcs, printed in London, 1&S6. 



ThG50 Teslons look 

Tis a toolicn of sc 

' The foiiowing passage alludes 
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By proclamation on SO April, 1551, the debased groats aad ahillinga 
of Henry VIII- were ordered to be current for 3rf. and Qd. on pain of 
forfeiture and impi-isonnient, with a further fine at his Majesty's 
pleasure. By another proclamation of 11 May was declared the 
king's determination to proceed in the restoratioa of the fineness of 
the coinage. On 18 July, a third proclamation was issued to quiet 
the alarm raised by the reduction in the value of coins, threatening 
severe penalties against all who should "invent, speak, mention, or 
devise any manner of tale, news or report, either touching the abasing 
of the said coins, or that in any manner of wise might sound either 
to the dishonour of his Majesty's person, or the defacing of his 
niglmess's [the Eegent, Duke of Somerset^ proceedings, or of his 
eouneil, or to the disquieting of his subjects, oa pain of six months' 
imprisonment and such fine, &c." Notwithstanding the severity of 
this proclamation, it appears from the liing's own journal, that in less 

little BhtUyng, indeed a very prety one. I liaye but one I thyake in my purse, 
and the last day I had put It away almost for an old grote, and so I trust aome 
will take them. The finesse of the silver I cannot see. But therein, is printed a 
fine sentence ; that is, Timor Domiiiijims eiiis vel snpientii^ — The feare of the Lord 
is the fountayne of lyfe or wisedome. I would God this sentence were alwayes 
printed in the hart of the king, in chosing hys wyfe, and in all hys officers." 

In the Sermon preached on March 23, he points out the pernicious conse- 
quences of debasing; the coLub of the kinpfdom. : — "Thus they burdened me ever 
with sedition, so this gentleman oommeth up now with sedition. And wot ye 
whatf I chaunccd iii my Ir.st sermon to speake amery word of the newshillyng 
(to refceshe my auditorie), how I was Ij-ke to put away my new shillyng for an 
olde acoat, 1 was herein noted to speake seditiously, Yet I comforte myselfe in 
one thinge that I am not alone, and that I have a fellow ■ . , I have now 
Rot one fellow more, a companion of sedition, and wot ye who is my fellow J 
Esay the prophet. I spake but of a little ptaaty ahillyng ; but he speaketh to 
Ilierusalem after another sort, and was eo bold as to meddle with their coine. 
Tiiouproade, thoQ covetous, thou hautie citia of Hierusalem; Argeatuiii tioiin 

into dtosse. Ah seditious wretch, what hrid he to do with the mintei why 
should not he have left that matter to some master of policie to reprove? Thy 
silver is drosse, it is not fine, it is counterfait ; thy silver is turned, thou haddest 
good silver. What pertained that to Esay ? Mary he espied a peiee of divinite 
in that polioie, he threaieneth them God's vengeaunoe for it. He went to the 
roote of the matter, which was eoTOtonsnes ; he espyed two pointes in it, that 
either it oame of ooveiousnes, which became hym to reprove : or els that it 
tended to the hnrte of the poore people, fbr the noughtynes of the silver was the 
occasion, of dearth of all thyuges in the real me. He iraputeth it to them as a 
great crime. He may be called a master of sedition indeede. Was not this a 
seditious vai'let ; to tell them this to tlieir bcaides f to theh face t" 

At St, Paul's, Jan. 17, 1648, Bp. Latimer, in a sermon, wai estiemely severe 
in his censnre of the appointment of bishops, and other eoclesiastiea to lay offices, 
nnd more especially he pointed at their occupying situations in the Mint. He 
supposed that some of the following reasons might be assigned to excuse them 
being unpreaching prelates. 

"They [the Bishops] are otherwise ocoupyed ; some in the kinge's matters, some 
are BmbaEsadonrs, some of the privy eouncell, some to (nmlsh the couite, some are 
. lords of the Parliament, some are presidentes, and aome comptroUe of myntes. 
Well, well ! Is this theii- dnety ! Is this their office i Is this their calling ? should 
we have minister^ of the church to be coroptvollcrs oi tlie myntes ! la this a meet 
office for a priest that hath cure of soules f Is this his charge ? I would here asko 
one question ; I would fayne know who comptroUeth the devill at home at his 
parish, while he comptrolieth themyntS If the Apostles might not leave the offioe 
of preaching to be deacons, shall one leave it for myntingf 1 cannot tell you; 
but the saying is, that since pricstes have been myntcrs, money hath bene wurae 
than it was before. And they say that the evilness of money haih made all thiiiga 
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than one month from the date of it, the current value of a testoon was 
cried down from 9d. to 6d., the groat from Hd. to 2d., the twopenny 
piece to one penny, the penny to the halfpenny, and the halfpenny to 
a farthing ; which proves that the people had some cause for ^ai-m.' 

By the proclamation, the loss was thrown on individuals who held 
the base coins at the time ; whereas it should have been borne by the 
nation at large. An almost similar proclamation was issued in 1843, 
whereby the temporary holders of the gold coinage, which by wear 
and tear had become light, were made to bear the loss. 

Under these circumstances, great efforts were made for restoring 
the standard of the coinage.' In 1562, it was ordered that a pound of 
gold of old standard should be coined into 24 sovereigns of 20«. each, 
making £36 by tale; or 72 angels at 10s. each, and half-angols in 
proportion. And a pound of Crown gold o£ 22 carats fine and 2 alloy, 
into 33 sovereigns at 20a. or 132 crowns, making by tale £33. 

A pound of silver of 11 oz. 1 dwt. fine and 19 dwts. alloy, was 
ordered to be coined into 12 crowns, 24 half-crowns, 60 shillings, 120 
sixpences, 240 threepences, 720 pence, 1440 halfpence, or 2880 
farthings, at £3 by tale. By this indenture, standard gold was to 
standard silver as 12 to 1, and Crown gold to silver as 11 to 1 
(Lowndes, p. 47). This was the first coinage of threepenny pieces. 

On King Edward's silver coins he is styled Edwabdus VI. Dei 
GrA-tia. Abgltb et Fbancie et Hibbenie Eex. And the reverse has 
the words TiMoa Domini Foks vitb, and iNiiTicos ejus indttam 
CONTUSIOKE. His gold coins bear the same stylo, but on the obverse 
or reverse is inscribed, Jesits aupem transiens pek medium illoeum 
IBAT, or SoUTtiM Pidei peoteget eum, or Per crucem tuau salva 
HO a Cheisie Eedemptob, or Lucerna pedibus mms veebum 



TUAM. 

The expectations raised by the measures adopted for the restora- 
tion of the purity and integrity of the coinage were soon disappointed, 
for the king died on 6 July, 1553. 

Mai-y, 1553 — 1558. Oa her aeeession, Mary announced her in- 
tention to restore the coins to their original standard of fineness of 

18 ounces 2 pennyweights pure silver and 18 pennyweights alloy; 
but instead of that, she made it less fine than she found it. The last 
silver coinage of Edward VI. was 11 ounces 1 pennyweight fine, and 

19 pennyweights alloy, but Mary's was 11 ouaees fine and 1 ounce 

1 CowpM has noted in his Chronicle the sufferings of tho poor ft'om these 
proceedings, as what tkay possessed lay chiaHj- in the current money ; wljeceas he 
adds, " the richer sorte, partely by friendship, underatanding the thing before 
hande, dyd put thatkindo of money away; partely, knowyng the basenesse of the 
coyne, kept in store none but good golde and olde sylver that would not bryng 

■ A letter of the Clerk of the Couneil, William Thomas, to King Edward 
VI., on the state of the coinage, contains the following passage: — 

"If there be any ijuantity of gold tenjaining {as some men think small) it 
cannot come to light ; because that like as the value of our silver money doth 
daily decay, so doth gold increase to such a value that, lying still, It amounteth 
above the revenues or any land. And he that shall live twelve months, shall 
see an old Angel (which by law was current for eight shillings) .shall, in value 
and estimation, want little of twenty shillings of our current money, if provisiou 
for the redress of your Jlajesty's coiu be not had." At length it became clear 
to the Counsellors of the King, tiiat it was uimalural, and impossible to force 
permanently by law on a debased coinage n value above that which the precious 
metals, uncoined, bore in the ordinary course. 
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alloy. Tb.e prodamation waa coatradicted by this provision, of tho 
iudeature for the new coinage. Before her marriage with Philip of 
Spain, she coined groats, half-groats, and pennies, the weight was iE 
proportion to 8 grains to the penny, Jsut tbe base piecea weighed 1 2 
grains. Upon some of the groats she is represented in profile, to 
tlie left crowned, and wearing a cross suspended to her necklace. 
She is styled, Ma,Eia. D, Q-. Ana, FaiNO. bt Hib. Eeqi,, and a poma- 
granite after her name serres as the mint mark. On the reverse is a 
shield and cross flenre, with the words vebitas temporis ritiA, a 
pomegranite being placed after the first word. This motto, with, the 
dericeof Time drawing trnth ont of a pit, was adopted by the persna- 
6Loa of her Popish Olergy, in alinaioa to her endeavours to restore tlio 
Papal superstitions (as if they constituted the truth), which had been 
in a great degree suppressed by her predecessor Edward VX. (Hawkins, 
p. 144). In the first year after her marriage, the new coins exhibited 
the busts of Mavy and Philip, face to face, with their titles. 

Elizabeth, 1558 — 1603, on her accession found the existing coinage 
in an unsatisfactory condition, and she had both tho ability and the 
will to attempt to restore the silver money in relation to gold which 
it held in the time of her grandfather. Oa 27 September, 1560, a 
proclamation was issued, by which the base coins were ordered to be 
reduced to their true value as near as they might be. The shilling 
or testoon, which Edward VI. had reduced to sixpence, was now 
redused to fonrpence-halfpenay, excepting the very base testoons, 
which differed so much in value from the rest of the base testoons, 
that they should be taken only at their true value. But for the relief 
of such persons as held them, her Majesty was pleased to give pieces 
of good sterling money of fine silver, at the rate of 2Jrf. for each 
testeou of twelve pence, and for every pound weight of them, tbrea 
pence over of good money. 

Tke coinage of the first three years' of her reign contained 11 oz. 
o£ pure silver and 1 oz. of alloy, but in her second year she restored 
the standard to its original fineness of 1 1 oz. 2 dwts, pure silver and 
18 dwts. alloy, and in tliat state it has continued to the present time. 

Queen Elizabeth ordained the pound weight of Crown gold to be 
coined into £33 by tale, and the pound of the old staadard gold 

1 Hitherto coins were struck with the hammer only, but in 1661, tlis third 
year of Elizabeth, a new process of coining was inttodaoed by means of the mill 
and screw, but it did not come into use at the mint until 1662, when letters and 
grainings were first made on the edges of coins. The coins made by this process 
were called milled money, Thuy are similar in type to the hammered money, 
but more neatly e.teeuted, rounder in form, and have their edges grained. It is a 
curious fact, that the hammered money should also have been coined at the same 
time, for a period of about fifteen years. It is well known that machinery, 
■which is worked by a constant force, can always produce a greater mcehanieal 
effect in a girea time than the arm of a man, which, from several causes, is 
subject to variation, whereas the former, besides a greater mechanical effect, 
always works with more accuracy. Not only in the act of coinage, but in all 
the useful arts, the extensive employment of machinery has been one of tlia 
chief causes of the superiority of the people of the British Isles. By means of 
their maehinery, effects scarcely credible have been, aud still are, constantly pro- 
duced in every department of the arts. Tliese effects have been mainly depen- 
dent an the abundant and constant supply of cheap coal, cheap iron, and cheap 
labour. If any one of these essential elements should fail, the natural effect will 
be the deoiine of England's superiority, and the mechanical arts will migrate to 
otiier countries where the necessary conditions foe their success are available. 
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into £36 Tjy tale, wliich is nearly of the same value as tiie gold coin- 
age of 37 Henry VIII., when the pound weight of gold, 20 carats fine 
and 4 alley, was coined into £30 by tale. It is clear, that here was 
no improvement in the value of the gold money; but the silver 
coinage was restored by coining the pound weight of standard silver 
into £3 sterling, which bears to £36 the value of one pound weight 
of standard gold, the same relative value as £1. 17s. €d. bore to 
£22. 10s. in the reign of Henry VII. 

The opportunity for restoring the silver coinage of England was 
beooming more favourable, in consequsaee of silver in Europe by- 
coming of less value than gold in commerce, from the increased 
supplies which were derived from the new world. The plan for 
restoring the standard of the coinage, begun by Edward VI., was 
carried out by Elizabeth, but not so completely as her professions 
and proolamations indicated. She permitted the Master of the Mint, 
by several commissions, to vary fi'om the terms of hia indenturGs, for 
the express purpose of coining money of less weight and fineness. 

The title upon her coins was the same as that of Mary before hor 
marriage, Elizabeth Dei Geatia. Anglic FaAHCiiB et Hiqbrsls 
Eegina. The motto upon her silver coins is Posui Detjm ADJtriOREii 
METisi: upon her gold coins are found Jesus autem tkansiess pe;i 
MEDiu.M iLLOauM iBAT : or A DOMiso FAcrpa: est istud 2T Eii" 

MIRABILE IN OOULIS NOSTHIS J OF SoUTUlT FIDEI PHOTECiET EAM. 

There was a large amount of the current money either clipped or 
eonntei-feit, and this caused both the relative value of gold and silve:', 
and the rates of exchange between England and foreign countries, to 
be deranged. Eor the shilliug of silver and the pound of gold, though 
somewhat less than their ti'ue weight, could be current in Eugland nt 
their legal value. But their relative value, and their value in foreigri 
countries, varied less or more acoordiag to the diminution of thuis- 
legal weight, and merchants could buy gold money of full weight 
with the current silver money of diminished weight, aad the silver 
money of full weight with gold money of diminished weight. And 
during her reign, the money coined for Ireland amounted to 
112,649 pounds weight, and its total value in English money was 
£94,577. 193. Qd., which at the rate of 16 pence Ii-ish for every 
English shilling, comes to £118,222. 9s. &\<l. So that out of 112,649 
pounds, only 2,977 pounds were sterling, and the remainder, being 
more than 40 parts to one of the whole amount, base alloy. 

On a charter of incorporation being granted by Queen Elizabeth 
to the . East India Company, the merchants were informed by tho 
Privy Council, that her Majesty would not permit them to send the 
coins of the Kjug of Spain or of any other foreign power to India, and 
that no coins should be imported but such as should bear her effigy 
on one side and the portcullis on the other. By virtue of a commissioa 
in 1600, a coinage was stnick for the use of the Company in India. 
The weight of the pieces was to be regulated according to the just 
weight and fineness of the Spanish piastre or piece of eight reas, and 
the half, the quarter, and half-quarter of the same unit. 

James I., 1603—1625. In the second year of his reign, James 
assumed the title of " King of Great Britain, l?rance, and Ireland," 
and an indenture was executed II Nov. 1604, for a new coinage. 

The weight, fineness, and type were neiirly the same as the old, 
except on tile smaller money the legends on the reverses were altered 
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Tte crowns were similar in typo to the former coinage. The inden- 
ture to Sir E. Martin ordered that one pound -weight of gold, 22 
carats fine and 2 carats alloy, was to be coined into £37. 4s. by tale, 
and the pound weight of silver into 62 shillings, or a proportional 
number of other coins. 

A proclamation was issued on 16 Nov., in which it was stated, 
that great inconvenience had arisen from the Scottish coins of gold 
having been declared equal to the gold coiES of England. It was 
not said that the Scottish coins were not worth so much of the 
English silver money ; but because English gold coins in regard to 
silver coins, were not of the frae proportion between gold and silver 
in other nations. This error had been the great cause of the trans- 
portation of gold out of the realm into other countries, because the 
gold coins of England were of more value in those parts than 
they were allowed to be current within the realm. 

To remedy these and other inconveniences, new coins were struck 
both of gold and silver to be made of several stamps, but of one 
uniform standard and alloy, to he current in the kingdom of Great 
Britain; namely, a gold coin weighing edwts. 10| grains, to be 
called the unit of 2Qs. value, and other gold coins, of the values of 
the half, the quarter, the fifth, and the eighth of the unit. The silver 
coins ordered were pieces of the value of five shillings, two shillings 
and sixpence, one shilling, sixpence, twopence, and one penny. All 
these were proclaimed and authorised to be the current coins of 
Great Britain. 

In this year a very singular proclamation was issued dated 14 May, 
which exhibits strange proofs of ignorance of the principles of com- 
merce, and equal boldness of assertion respecting the nature of the 
prices of the precious metals at that time ; and a remedy was proposed 
by fixing the rates at which foreign gold and silver coins should be 
authorized to pass current. By another indenture of 1612, the pound 
weight of gold, old standard, was to be coined into £44 by tale, and a 
pound of gold, 22 carats fine, into £40. ISs. 4d. by tale. 

In the year 1613, farthing tokens of copper were first coined, and 
allowed to pass in currency in his Majesty's dominions. Several 
coinages of gold and silver were ordered during his reign, and pro- 
clamations issued against tho exportation of the precious metals, 
which do not appear to have been successful, as the merchants and 
goldsmiths gave higher prices for gold and silver than were given by 
hifi Majesty's mint. On the coins struck after his accession to the 
English throne, his style wns Jacobus Dei Geatia Ahgli.3;, Scotije, 
Feakci*! et HiEEENi.ffi Eex. In the second year, Akgei^ ScoiiiE 
were changed into Magk/e Bkitawnijb. His earliest English coins 
had on the reverse Estjrgat Detts DissiPENTim inimici. But 
after his second year, they were Quje Detts coejtxnxit hemo sepaket; 
or TiTEATUE ONiTA Detjs ; or Eaciam eos m gestem unam, or Heu- 
EiGUS ROSAS, BEGFA Jaoobus, in allusiou to the two rosea by 
Henry VII., and his own desired union of the two countries. 

Charles I., 1625 — 1649, inherited the kingdom with his father's 
debts, and being engaged in war, he found his want of money ex- 
ceeded all his means of supply. His first expedient was to enhance 
the values both of the ^old and silver coins. The natural conse- 
quence of such a scheme would have been, that all the old money both 
of gold and silver would eeaae to circulate, and would become buUion, 
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and if silver were enhanced more than gold, the gold would be bought 
up with silver. This scheme was quickly abandoned. 

In 1626 he coined Crown gold of 22 carats fine at £44 by tale, and 
angel gold at 23 carats 8^ grains fine. The pound of silver was 
directed to be coined into £3, lOj. Qd. by tale; but it is doubtful if 
tliis indenture took effect. But there was another indenture with 
Sir. E. Harley by which a pouud of old standard gold was to be 
coined into £44. 10s. by tale, and a pound of Crown gold of 22 carats 
line into £41 by tale; one pound of silver of the old standard was to 
be coined into 62s. by tale. 

The year 1628 was memorable for the great improvement which 
took place in tha workmanship of the coins. Nicholas Briot, a native 
of Lorraine, offered his services to Charles I, Tlioy were accepted and 
he was made a denizen, and aathorized to frame and engrave the 
first designs and effigies of the king's image. 

Daring this coign it was the practice to pick out the heavy coins 
and melt them into bullion, and thereby were made considerable 
profits. In 1637 a complaint was eshibited in the Star Chamber 
against certain persons, for transporting money out of the kingdom, 
and giving prices for gold and silver above the prices of bis majesty's 
mint and for melting down the coin into bullion. In the course of 
the trial it appeared that from 1623 to 1631 about £500,000 a year 
had been examined and £7000 or £8000 of heavy money was partly 
melted and partly sold unmelted. Heavy fines and imprisonment 
were inSicted on the offenders. 

In 1640, the king's necessities became so wrgent that in July he 
gave orders to seize upon the bullion to the amount of £40,000 which 
had been brought from foreign parts to be coined at the mint. He, 
however, was induced to release it on the condition of one-third of the 
sum being lent to him. On 24 April following, a petition signed by 
20jOOO citizens of London, remonstrated in these words, '•that the 
stopping of the money in the mint, which, till then, was accounted the 
safest place and surest staple in these parts of the world, did still hinder 
the importation of bullion." About the same time the king bought 
up a large quantity of copper on credit, and sold it again immediately 
much under its value. 

In a remonstrance which the Parliament presented to the king at 
Hampton Court on 1 Deo. 1641, they upbraided him with his violation 
of the public faith, as well as of private interest, in seizing the money 
and the bullion in the mint ; and complained that the whole king- 
dom was like to be robbed at oaoe in that abominable project of 
brass money. 

These ways of getting money were only make-shifts. ' It was 
proposed to debase the coin, and Sir Thomas Eoe was called in, who 
being permitted to speak his opinion, declared that such a measure 
would intrench very far both into the honour and justice, and also 
into the profit of the king. 

• In January, 1642, the king's honaehold was reauoeS to so great want, that 
the Queen was obliged to coin or sell her plate for the supply of necessaries, as 
there was no money in the esehequer, nur in the power of the miQiaters of the 
revenue i as the issue of money from, the customs, out of which the allowance for 
the weeklysupport of Cheic majesty's household was supplied, had been forbidden 
by the Commons. About the middle of the year, all hopes of an aocommodalion 
between the king and his parliament seem to have been abandoned. 
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It is a fact, that during all the troubles of tlie king and his difR- 
ciilties, no debasement of tbe standard tonk place, however rude his 
coins may have been in forai and workmanship, after he had taken 
up arn^ against the forces of tlie Parliament. 

The Commoawealch, 16*9—1653. In 1642, the Commonwealth 
aoized the Tower and the Mint, and proceeded to coin and issue 
money with the king's types and titles. 

In 1649 it issued a silver coinage of various pieces of the same 
fineness as the 43rd Elizabeth. 11 oz. 2 dwts, pure silver, and 18 dwts. 
(illoy ; the weight being in proportion to 7^\ grains to the penny. Ou 
the obverse was a shield bearing the cross of St. George within branches 
of laurel and palm, with the legend on the four larger denominations, 
The OouaoswEALTJi of Ehgland. On the reverse were two shields, 
one bearing the cross of St. &oorge, the other the hai'p of Ireland, 
with the legend God with us, and the date. 

On 25 April the same year, the Committee reported, and the 
House resolved, that the inscriptions on the coins should be in the 
English language, that on one side should stand alone the English 
arms with the inscription The Com itos wealth of EseLAWD; and 
on the other side, the arms of England and Ireland, with the words 
God with its. These coins became ft subject of standing jokes. 
In Hudihras will bo found soma wit on the subject. The Cavaiiers 
took ooeasion from the legend oa the coins to observe, that God and 
The Commonwealth were on different sides. 

The Parliament also ordered a jury of goldsmiths to make two 
standard trial pieces, one of gold, 23 carats line and 2 alloy, and one 
of silver, 11 ounces 2 dwts. fine and 18 pennyweights alloy; and by a 
resolution they were approved as standards for the new coinage. 

It is remarkable that the pieces of date 1651, have the image and 
supersoription of Cromwell, as Protector of England, Scotland, and 
Ireland, though ho was not publicly invested with that title until 
16 Deo. 1853. Coins were struck by the authority of Parliament, and 
they occur of all the intermediate dates from 1649 to 1660 inclusive. 

A copper coinage was projected for the use of the poor. Pattern 
pieces exist of the dates of 1649 and 1651, but it is not known 
whether the design was ever carried into effect. 

Cromwell understood the power of money. On learning the arrival 
of three ships from Hamburgh, haying £300000 in silver on 
.board, ho ordered a detachment of soldiers to seize it. Having 
this money at command, he was emboldened to dissolve the Par- 
liament.' The secret of his policy, like that of all other despots, 

' "The Membsrs of the Long Parliament, wIiKii it asaunied the goTcniment, 
FOted to eaeh oilier, for hia own private Ufe, at first four pounds a-ivcek, and 
afterwavda, it wa3 reported, distributed among themselves, out of the public 
Cfeaaury, about £300000 a-year. And, undet the p,*etaneH of rawarding tho 
Kodly for their services in the good cause, unbounded largesses ivcre bestowed. 
Lenthal, the speaker, reoeived £6000 at once, besides offices to the amount of 
£7730 a-year, Bradshaw, president of tho high court of Justice, by whom the 
king was condemned, had the present of an estate worth £1000 a~year, and the 
king's house at Gltham, for the active part he took in that meinnrable transac- 
tion ; and in free gifts to the saints, the sum of £&79SOO was publiclj expended. 
The Pavlianicnt is also accused of suffering tho most enormous frauds to be per- 
petrated with impunity. Instead of the public aooounla being examined at the 
Exchequer, where peculation could with difficulty escape detection, every branch 
of the revenue, and every article of espense, was entrusted to committees of the 



y Google 



appears to have beeu, the control of the army by money, the control 
of the people by the army, and thus governing the people by mere 
force of military power, he Lad at command tho means of getting 
money, and the material of money wherever it was known to exist. 
Such methods of supplies might serve an emergency, but coiild not 
last long, as the sequel proved, by a restoration of the king and the 
laws for the protection of property. 

Oliver Cromwell, Protector, 1653 — 1658. It is more than probable 
that when the army ceased to be the servants, they became the masters 
of the Parliament, being entirely under the influence of Oromwell. 
And after he was proclaimed Loi-d Protector of the Common- 
wealth, he only exercbed that authority which had before been 
entirely m his hands. The first act of hie government declared 
in reference to the coinage what offences should be adjudged high 
treason. 

There can be no doiiht of Cromwell's intention to issue his coins 
for general circulation, otherwise it is difficult to account for his taking 
the opinion of hie council on the form of them aad the inscription. 
It ifl certain the coins of OcomweU were never the current money of 
the nation, because they are not named in the proclamation of 
Charles II. of 7 Sept. 1661, which forbade the currency of the coins 
of the Commonwealth, but mads no mention of the coins of Cromwell 
as Protector, which, if they had been in circulation, could not have 
escaped notice. It is probable, that if he coined money as supreme 
ruler, he was prevented from uttering it, by the same cousiderations 
which deterred him from assuming the title of king. 

Eichard Cromwell yraa elected Protector within an hour after the 
death of his father, on 3 Sept. 1658. In answer to a petition in 1659, 
a warrant was issued for the coinage of copper farthings, and tlie 
powers of it were to last for 31 years. In the following month of 
, May, Eichai-d resigned the Protectorship, which prevented the carry- 
ing of this project into execution. It is a fact, that coins of the 
Commonwealth were struck bearing the date of 1659. 

Charles H., 1660 — 1686. This monarch coined money on the 
same principles as his father, regardless of the improvements in the 
machinery, and in the manufacture of the coins which had been ex- 
hibited in the striking of pattern pieces during the Uommon wealth 
and the Protectorate. He issued three distinct coinages of hammered 
money of the same fineness as that of the 43 Elizabeth. 

In April 1662, a French arlist was employed in the Mint to furnish 
the machinery, mills, &a , for coining, and to discover his secret unto 



bouse, viha appvopriated wJiatever sum they thought proper to their own priyate 

UBS. By these frauds, the Parliament was disabled from paying the army 

cegularly. Its £ v oved tha 

principal sour m as h di ion with 

which the croo H os g wealth, 

procured by p la eir ea could 

hardly ptovid m d, ' thaE 

Parliament be e public 
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Ilis Majesty, and uato the Warfen, Master, and Workers aad Comp- 
troller of tho mint. 

After the restoration of Charles II. in the year 1663, gold pieces 
of twenty shillings value were first coined, instead of the hammered 
broad pieces of gold which, had been before ia use of the same value. 
The guineas took their name from the gold brought from Q-iiinea on 
the Wostevn Ooast of Africa by the African Company. As an en- 
couragement to import gold for coinage, they were permitted to have 
the stamp of an elephant upon the coins made of the African gold. 
They were afterwards, by proclamation, made current aa 21 shilling 
pieces, and ever so continued. A pound Troy of gold was coined 
into 44 guineas, each to 'paas for twenty shillings. Some of these 
guineas have under the King's head the elephant with a castle upon 
his back, others the elephant without the castle. There were likewise 
coined by the sam mj^ j g Id p f f ty h lb g 1 

half-guineas, and p ffip dtl sjth m 

In 1663, it was f d ^ d t t m d fy tl t t t wh h 
prohibited the expo t t i 1 11 Am tl 1 

for this measure, tl wh h b It f d by 

perienee, that money bll d thgttbd 

as to a common m k t t 1 pi t 1 b ty f 

porting the same, d II f th m h as m ^ht h tit 

the legislature to se th b d ty f tt mpt g t fi y 1>- 1 

of commodity with thkgl byj dp It (hd 

been done hitherto) b t t h Id m th t tli 1 t th g 1 h 
all statesmen are w 11 t is th w k d fr q tly 

pernicious interfere w th mm d th bj t b y I th 

province of parHam t y 1 gisl t 

In 1665, a coin f pp f th d b Ifp w p 

jocted. They had th b rs tl k bust 1 t w tl 

CAK0I.U3 a. Carolo d tl rs E annia w th Q tu 

MARIA viHDico. Th was tl fi t f 1 pp m 

the regular coiuago fjpf t ftii Imtkf 

date from 1672.' 

New patterns fo h g w 1 pt d ^ i^ w 

strack by the impro d ^ bj m h j i t by th h mm 

On the obverse is tl k b t t th ht th 1 d I t 

vrith long Lair, and h h uld d w th m tl f tl 

antique style, and th w 1 C II D G D G 

On the reverse, artiEyal pf pthid 

crowned and arrang d th f m 1 th th t t th 

oi-der of the Garter th t Th pt mj 1 £ th 

date and the King's t tl 

The crowns and half-crowns have the edges lusciibed with Deoito 

' The sctircity of money Bt ttia time formed one of tke topics of Lord Lueaa' 
BBvere speech against tte gOTeriiinent on 23 Feb. 1670, on the second reading of 
tha Subsidy Bill, in the presence of his Majeatj-. " Aad it is evident," he said, 
" there is a seacoity of money ; for all the Parliament money, called breeches 
money has wholly vanished ; the king's proclamation and the Dutch have 
swept it all away, and of his now majesty's oiiiii, there appears but very 
Uttle ! 80 that, in effeot, we have none left for common use, but a. little 
teaii-cained jaonsy of the Ittte three former princes; and what supply is pre- 
paring for it, my Lord S I hear of none, unless it be of copper fiirthings, and 
this is the metal that ia io OTMdwoJc, according to the inscription" on it, (Ae domf- 
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I'TC TuTAMRS', and tlie year of liie reign, witli one or two exceptions. 
Tliis iuBcription was placed round the edge to prevent clipping. 
EveljTi states that it was suggested by himself to the Master of the 
Mint, having observed it in a vignette in the Oardinal de Eichelieu's 
Greek Testament. The inscription round the edge began t« be dated 
with the year of his reign, but different years of the rsign sometimes 
appear on coins of the siirae date. The crown of 1663 is inscribed 
Dbuus et Tutameh. Anwo Ekgni xv. On tliat of 1667 is found 
Decimo nono, and subseijuoatly the Eoman numerals were changed 
to the corresponding words. 

James II., 1685 — 1688. The short and unhappy reign of King 
James II. was in almost every respect eminently disgraceful, and in 
no single instance more so than in the state to which he at length 
reduced the coinage in his kingdom of Ireland, How different was 
the conduct of his father Charles I., who in his extreme distress never 
debased the standard of the coinage of the realm. The money of Eng- 
land escaped violation, for James was forced to abandon that kingdom 
before his necessities became very urgent, and only the coinage of his first 
year was of the same standard as his brother's. On 23 December, 1688, 
iiB was compelled to abdicate the throne, on account of his unscrupu- 
lous attempt to force the Eoman Catholic religion upon the nation in 
violation of his Coronation oath, and he retired into France. In the 
following March he made an attempt to recover the Crown, and on 
the 12th, with about 6000 French troops, he landed at Kinsale. On 
the 24th he entered Dublin in a triumphant manner, and issued a 
proclamation, raising the value of the current coins, the guinea in gold 
to 24 shillings, and the crown in silver to 5s. 6.^. 

But all his expedients faded to procure a suflioient supply of 
money, he coined brass and copper sixpenny pieces to meet hia 
immediate necessities, and shortly after, copper shillings and half- 
crown pieces. Some of them are known for every month from June, 
1689, to April, 1690, inclusive. To supply the mint with metal for 
this degraded coinage, two brass cannons from the Court of Dublin 
Castle were' delivered to the Commissioners of the mint. And it 
appears that they not only bought old brass, old broken bells, and 
pewter and copper, but actually pillaged the metal utensils from the 
kitchens of the citizens of Dublin, because they found it difficult to get 
a sufficient supply of copper or brass for the mint. 

These brass and copper monies were found insufficient for the 
espenaos of his army. On 1 March money of white mixed metal was 
coined into pieces about the size of a shilling and a sixpence, to be 
current for a penny and a halfpenny respectively. These coins had on 
one side the head of the king with Jaoobus II bus. Dei Gratia; and 
on the other side a piece of prince's metal fixed in the middle with the 
impression of the harp and crown, and the inscription Mao ; Bar : 
Fka; et: Hib; Hex, with the date. A further coinage of white 
metal for ci-own pieces was ordered to be current on tlie 21 April. 
On 13 June the brass and copper half-crowns were called in, and 
i-estamped with the die which was used for the white metal crown pieces, 
and then re-issued at the value of 5a. 

There is an account of this coinage preserved, from which it appears 
that the weight of metal used was 8897241bs. 2Joz3. Avoirdupois, 
which at id. a, pound (valued by the workmen at tho mint) gives the 
real value at £6496. 8s. 4d. This metal was coined and issued as 



y Google 



MOKET, 8V 

current money ; and the total value imposed upon the coins by arbitrary 
power waa no less tiian £1696789. Os. Gd. aterling.' If to this amount 
be added the increase by raising the half-crowns to the value of crowns, 
and the reduction in the weight of the large shillings and small half- 
crown pieces, these additions on a very moderate computation would 
raise the above amount to £2163239. 9s. aa the praduce of £6495, 
the real value of the metal. Tliare might also be some further 
additions made to this large sum, if it were known exactly what 
proportions were coined into copper half-crowns and restamped into 
erowas, and also what sums were coined into white mixed metal 
crowns, and into pewter pennies and half-pennies. A prodigious sum 
of money was raised by this scheme in a short time, exceeding £180000 
a month. Of all this money, when that unhappy prince fled from 
Ireland, there was little found left in the mint, not above £22489, of 
metal valae £642, as appears from tho accounts of Lord Ooningebj, 
Vice-Treaauiei of Ireland and of which he rendeiel an account' 

In this wretched money the Poj ish soldiers were piid then sub 
sistence, and the Protestant ttidesmen and creditors were obhged to 
receive it for their goods and debts and it wis computed that they 
lost upwards ot £60000 a month b3 this ciuol stratagem The 
Governor of Dublin, the Piovost Maiahil and his deputies threatened 
to hang up all who lotused it 

The records of histoiy in no former age of the e vil zed world 
exhibit a parallel to these pioceedmgs of King Tames II and his 
Roman Oathohc advisers and adherents By ths force of his Eoyal 
prerogative, ho invested base metal of the real vilue of four pente, 
with the cunent vilue of £10 sterhng 

William III Jb39 — I"^ The ahlieition of Jimes II opened 
the way for Kmg William and Queen Miiy to t} e throne of England 
In the first year of this reign a comage was ordered to be continued 
of the same kind, weight and fineness, as had been ordered in the 
first year of King James II. 

Crowns were issued with the busts of the King and Queen on the 
obverse towards the i-ight, surrounded by the woi'ds Gulieimus et 
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„ large shillings and llalf-cr 


wns .689,3 






small half-crowns 


127, 



' Accounted for as thus stated (I 



17299 copper crowns 4,323 I 

12660S large half crowns .... i6,Sl3 17 

2*89 small crowns 311 2 

90*3 large shillings *52 3 ( 

4757 small shillings 237 17 < 

6000 copper sixpences ISO i 

4808 pewter crowns 1202 ' 

£32189 
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JIaeia Dbi Ghatia. On the reverse, tlie four shields fire arranged 
crosswise as before, but havings the shield of Nassau in the center and 
round it the numerals 1691, and in the angles w and M interlinked, 
and the continuation of the inscription, Mag. Br. Fh. et Hr. Eex 
ET Eegina. 

Oa the obverse, of the half-crowns waa the same as on the crowns. 
Oa the reverse, a square shield, crowned, bearing in the four quarters 
the arms of England, Scotland, Ireland, Prance; Nassau on an 
escutcheon of pretence. This is probably the only instance of the 
arms of Prance being placed in the fourth quarter. The inseriptioa 
is the same as on the crowns, I6S9. The coinage also included 
shillings, sixpences, groats, threepenny pieces, half-groats and pennies. 

On 14 June, 1690, William landed' in Ireland, and having defeated 
the army of James, at the Boyne on 1 July, he encamped near Dubliu, 
and issued a proclamation to stop at once the mischievous effects of 
the debased money. This was done by reducing the debased coins to 
the value of the metals of which thoy wei-e composed. In the year 
1694, a license was granted to coin 700 tons of copper into halfpence 
and farthings, at the rate of 22 pennies for every pound weight 
of copper. 

Ou 28 December, 1694, Ciueen Marj' died, and after this event the 
king's effigy and style only wei-e placed on the coins. At this time, the 
trade of the nation suffered from the excessive debasement of the 
inoney, both by clipping and counterfeiting, and by the exportation 
of the good money-' 

In the Session of Parliament, 1695, an Act was passed to suspend 
for a time the coinage of guineas, and the importation of gold coin 
was also prohibited. Those measures, iu conjunction with the Bank 

' In Evelyn's Diary, 1694— 1S96, are found the folloiviiig passages ,— " Many 
esecutcd at London for clipping inoney, now done to that intolerable extent, that 
thiTB was hardly any money that was worth above half the nominal value." 

" Great confusion and distraction by reason of the clipped money." 

" Want of current money to carry on the smallest cancems,' even for daily 
provisions in the iharket." 

"Add the fraud of ths bankers and goldsmiths, who having gotten immense 
liches by estortion, keep up their treasure in espeotatiali of enhancing the 
value. Dnnoomb, not long since a mean goldsmith, having made a purchase of 
the late Duke of Buckingham's estate at near £90,000, and reputed to have near 
aa much in cash," 

" So little money in the nation that exchequer tallies, of which I had for 
jgJOOG on the best fund in England, the Post office, nobody would take at 30 per 
cent, discount." 

Intheyear 1696, merchants and others petitioned the House of Commons, and 
atated that by the artifice of brokers and others, guineas were advanced from 21 
to 30 shillings, and that they could get no money for their goods unless they 
received tlie coins at that rate ; and that they could not pay them away again at 
the Custom House or on foreign bills without loss. On the other hand, several 
graziers and others petitioned against loweringthe price of guineas, alleging chey 
had for about twelve inonths received Ihem at 30 shillings. A third petition from 
several merchants stated that the use of guineas, on account of the badness of the 
silver coins, had rtused gold about 4a per cent, in value above the proportion of 
gold to silver in any other part of Europe. A fourth petition represented that 
they had of late been imposed upon by bankers and goldsmiths, to whom they 
had been compelled to pay the guineas under 29 shillings, altJ\ough they had 
received them at 30 shillings a piece, and praj'cd the piice of guineas might fall 
gradually. The House resolved upon a reduction of the value of guineas, and by 
a clause in an Act, passed in the same session, the current value was reduced to 
2i sliiilings, on account of the prejudice which trade had sustained from the 
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of England, then recently established/ struck at the root of the 
monopoly of the precious metals. For when men were deprived by 
law from the possibility of obtainiag gold, no man could be com- 
pelled by law to make payments in gold ; and bank-notes, bills of 
exchange, and silver would constitute the only existing currency. 
'Jhis suspension of payments in gold produced the effect, that the 
value of gold declined rapidly. 



!i Talue of coined gold, which had encouraged certain evil-disposed persons 
to raise and lower the same, to the great prejudice of the landed men of the 
kingdom. 

Sir Dudley North, in the time of William III., thus declared hia opinion 
against the renewal of the Free Coinage Act : — 

" I call to witness the vast sums that hava been coined in England, since the 
free coinage was set up. What is become of it all? Nobody believes it to be in 
the nation; and it cannot well be all transported, the penalties for doing so 
being so great. The case is plain, the melting pot devours it all; the latter, 
because that practice is so easy, profitable, and safe from all possibility of de- 
tection, as every one knows it is ; and I know no intelligent man who doubts but 
the new money goes this way. Silver and gold, like all other commodities, 
have their ebbings and fiowinga. Upon the arrival of quantities from Spain, 
the mint commonly gives the best pries for it ; that is, coined silyer for uncoined 
silver, weight for weight, wherefore it ia carried into the tower and coined. Not 
long after there will come a demand for bullion to be expoi-ted again. If there 
is none, but all be in coin, what then? melt it down af|ain; there s no loss in it, 
for the coinage cost the owners nothing. Thus, the nation has been abused, and 
made to pay for the twisting of straw for asses to eat." 

1 The Bank of England received its charter of incorporation in 1604, when the 
wholeof its original capital was lent to the Government. In 1760, it began to 
issue notes for £10, its previous issues up to this date having been for notes of 
£20 and upwards. In 1793, notes for £.5 were first issued, and in 1797. notes for 
£1 and £3 were put into circulation as a relief under the Bank Restriction Act, 
which restriuned the Bank from making payments of its notes in gold and silver, 
At the end of the year 1813, the amount of notes in circulation was nearhr 24 
millions, the price of gold was £5. 10s. an ounce, and the depreciation of the Bank 
notes in consequence was between 29 and 30 per cent. At the end of the nest 
year the circulation of notes had increased to about 28i millions, but gold had 
fallen to £4. 6s. Sri. an ounce, so that the notes were only depreciated to about 
10 per cent. The rise in the value of notes alone, 19 per cent., was chiefly caused 
by the large quantity of gold brought into the country on the reopening of 
commerce after the peace of 18H, In 1817, the Bank gave notice, that all notes 
of£l and £2 of dales prior to 1816 might be received in gold, and in 1819 an Act 
was passed for the gradual resumption of cash payments, but provided that the 
Bank Restriction Act should be continued in force until I February, 1820. From 
that date till the following 1 October, the Bank was required to pay its notes in 
standard bullion, at the rate of £4, U. an onnoei. From 1 October, 1830, to 
I May, 1821, at the rate of £3. 19». 6d. an ounce, and after that date at the rate 
of £3. 17j. lOid. an ounce; and on I May, 1823, gold coins of the realm might 
be demanded. The Bank, however, anticipated these provisions, and began on 
1 May, 1821, the payment of their notes in specie. On the renewal of the Bank 
Charter in 1833, a provision was made for any other Bank beyond 65 miles from 
London to issue notes payable on demand. A clause in the Act also provides, 
that notes of the Bank of England shall be a legal tender in any part of England. 
This relieves the Bank of England from providing bullion to meet any run upon 
country banks which can pay the demands on them by Bank of England notes 
instead of specie. 

The establishment of the Bank of England effected an important change in 
the monetary system of the country. As bank notes could be paid for taxes, 
customs, and in all other commercial payments as gold and silver, they were soon 
found to be as serviceable, and to diminish the necessity for gold, and consequently 
to diminish its value. It also altered the relative value which had previously 
subsisted between gold and silver. The Report of the Committee of Secrecy, 
made in August, 1833, contains the evidenoo and experience of practical men on 
the subject and the principles of banking. 
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An Act was passed to commence on 25 March, 1696, to continue 
seven years, to raise a tax of £1200000 by a duty on dwelling- 
houses, for atipplying the deficiencies of the clipped money then in 
circulation by a new le-eoinage. Tlie coins were found to bo so 
diminished as to weigh less than half the legal weight. The coinage 
of the provincial mints bears the dates of 1696 and 1697, from wiiich 
it may be inferred, that the new coinage was completed in two years. 
The mint at the Tower continued the coining of largo sums for about 
two years longer. 

It appears that in making up the accounts in 1699, the actual 
quantity ofsilver money coined at the Tower mint was £5091121, 7s- 7d. 
and in the provincial mints £1791787. 12s., making a total of 
£6882908. 19». 7d. If we suppose only two-thirda of this sum were 
worn or clipped coins, which were diminished nearly one-half, and 
received at the exchequer in payment of the public revenues, aud at 
thoir nominal value, the loss to the public, on this account, would 
amount to £2294302, I9s. lOt?. If we suppose the remaining third 
cost the pubbc no more than sixpence aa ounce, or about 10 per cent., 
this gives a further loss of £229480. And adding £179431, 6s. tho 
mint charges, the three sums amount to £2703164. 5s. lOi?., the total 
loss to the public. 

Anne, 1702—1714. Oa tho death of William III., Aune, the 
second daughter of James II., succeeded to the Crown. The beauty 
of tlLo coinage of thi.? reign was very greatly improved. By the 
articles of union of the two kingdoms of England and Scotland, whicli 
had been agreed to on 22 July, 1706, and which wore to take effect 
on 1 May, 1707, it w^ provided that the coin should be of the same 
standard and value throughout the Unitsd Kingdom, as it was at that 
time in England, and that a mint should be continued in Scotland, 
under the same rules as the mint in England. An alteration was made 
in tho Eoyal Arms on the coins ; England and Scotland were then 
impaled on the first and third quarterings, France placed in the 
second, and Ireland in the fourth. Tho Queea's bust is the same, 
both upon the gold and silver coins; her style was the same as in the 
last reign. 

George I., 1714 — 1727. The coinage of Goorge I. was of the 
same species and value as that of Queen Anne, but to his style on the 
reverse were added his German titles with Eidei DEFEHSoa,' which 
then for the first time appeared on the coins, although it had been 
consta ntly u sed in the style of our monarchs from the time of 
Henry Vlii- The adoption of the words Fidbi Deeensob on the coin- 
age of George I. cannot be understood to mean that the King of Great 
Britain is a defender of faith in the dogmas of the Eomiah Church, 
as was Henry VIH.' These words must be taken in reference to tho 

1 This title of " Fidei Defensor" was conferred in 1631 by Pope Leo X. on 
King Henry VIII., on account of his work in Defence of the Seven Sacraments 
of the Romish Church against Martin Luther, the German Reformer, The 
identical copy of thia work on the Seven Sacraments, presented to LeoX., may be 
seen in the Library of the Fitzwilliam Museum, at Cambridge, On its binding are 
impressed the Tudor Arms, and the undoubted sign manual of Henry VIII. may- 
be read inscribed both at the beginning and end of the work. About two years 
after Henry "VIII. had received this distinguished title, lie ordered the learned men 
of his time to search the Eecords of the Realm, and to ascertain on what grounds 
the Bishop of Rome assumed and exercised authority in the Realm of England. 
After a long and accurate search in ancient records, they reported that " The 
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reformed faith, and not to faith in the Homish dogmas, which ate 
described ia the Articles of tho Eeformed Church of England aa 
"blasphemona fables and dangerous deceits" and aa "repugnant to 
the Word of God." 

la 1717, there was a coinage of halfpence and farthings issued from 
the Tower. The pound of copper Avoirdupoia was coined into 28 pence 
instead of 21 as in the time of King William, and ahout 213^ tons were' 
coined, giving the amount of £46,000 sterling. 

In the same year after an address of the Commons, a Eoyal Pro- 
clamatioa was issued, which declared that the relative value of gold 
and silver in the current coins, was in England greater in proportion 
than in other nations of Europe ; and this had been the chief cause 
of the export and lowering the species of the silver coins. It was in 
consecLuence ordered that no person should either give or receive any 
of the gold coins of England called guineas, at a higher rate than 
twenty-one shillings, and in !iko proportion for the half-guinea and 
smaller pieces. The guinea itself was originally coined of the value 
of twenty shillings, but had been current at twenty-one shillings and 
sixpence. This order was intended to bring the guinea nearer to its 
value in silver bullion, which Sir Isaac Newton had stated to be 
twenty shillings and eightpenee. 

The House of Lords also in. Committee took into consideration the 
matter of gold and silver coins.' Lord Stanhope imputed the scaicity 

pope tad no authority at all in England, either by tlie Laws of God, or by the 
Laws and practice of the Primitive Church, or by the Laws of the Land." Om 
this Eepoct was founded the Act 2t Henry Viri., c. 12, which declared the 
supremacy of the Crown, and the independence of the Realm of any foreigit 
prince, potentate or pi'elate. Next the Act 28 Henry VIII., e, 10, with some 
other Acts, abolished all tiaagea in England which had been founiled on no other 
authority than the Papal decrees, 

In "The Cambridge Documents," published by Dr. Lamb, late Master of 
Carpus Christi College, will be found an account of a public disputation held at 
Cambridge on the question — " Whether the Pops bad granted him by God in the 
Scriptures any greater authority or power in this kingdom than any other foreign 
bishop >" The question was determined in the negative, and this decision was 
confirmedby the votes of the Senate on 2 May, 1534, 

The king, however, was ao leavened with the old superstition, that he lived 
and died a devoted adherent to the dogmas of the Church of Rome, which he had 
defended in his work on the Seven Sacraments. It was the same Sovereign, in 
the 31st year of his reign, who signed the Act for the suppression of Monas- 
teries, and the Act of the Six Articles, whicli latter imposed submission to tho 
ilomisli dogmas under the pain of death by burning, and, as in the case of high 
treason, the forfeiture of lands and goods. 

' In a Report of Sir I. Newton in 1717, then master of the mint, it appeared 
that in the last year of William III., the French Louis d'or was current for 
17s. Gd, when its real value was only 17i. OJrf. An order was issued that tha 
LouLa d'or should be current at I7s., and therefore they wore brought to Iha 
mint aa bullion, and the coinage from the bullion produced igliiOO.OOfl. In this 
case the advantage of 5id. for each Louia d'or brought them very largely into 
the kingdom, and the loss of frf. on each, drove them out of circulation. On 
another occasion, Portuguese moidorea paased for 33s., and they abounded in 
the country. A Report was made that they were intrinsically worth 27s. 7<l. 
each, and their currency was ordered at 27s. Sd. A complaint waa raised omi 
the nioidores disappeared, so that a profit of 5d. on each brought thera into the 
kingdom, and the loss of Id. sent them out again. It may also be noted, before 
e of the new silver coinage in the time of George IV., 
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of silver to the increasing luxury iu relation to silver-plate, the vast 
exports of bullion to the East Indies, and the clandestine trade of 
^sporting gold and silver to Holland and other parts. 

In 1723, a patent was granted to W. Wood, Esq., to coin halfpence 
and farthings to supply the want of small money ia Ireland, for the 
use of such persons as would, without compulsion, voluntarily receive 
it. The patent was for 14 yeara. The copper was limited to 360 tons ; 
100 tons to be issued in coins the first year, and 20 tons annually for 
the remaining 13 years, under a compti-oller appointed hy the Crown. 
A pound of copper was to be coined into two shillings and sixpence by 
tale. The sum of £800 a year was reserved for the king, and £200 
for the cempti-oller, to be paid by the patentee. 

This measure was extremely unpopular in Ireland, and the prejudices 
of the people were so strongly raised against it by Dean Swift and 
ethers, that the patentee was compelled to resign his patent.' On 
18 August, the King in Council was pleased to direct that the coins 
already made to the value of about £17,000, and as much more as 
would make up the sum to £40,000, should be permitted to be cur- 
rent according to the terms of the patent. Mr. Wood was charged 
■with fraud and deceit in executing the powers granted to him as 
patentee. A. Committee of the Lords of the Privy Council was 

the issue of Ihe new coinage all foreign coins were ref!i5etl, and only old Engliah 
coins were received in exchange for the new shilliii"i and sixpenees. 

Mr. Fleetwood, in a sermon before the Lord Mayor, on Gen. xsili, 16, 
pointed out tite mischiefs arising from debasing the coins either in weight or 
fineness, and the wickedness of the practice, as being a fraud upon every person 
who received the coins so debased. He pointad out the oaUmities which would 
ensue, that a time would come wlien the money would be no longer current, but 
at its just weight and aneness. Then every family would be a loser, but the 
loss would fall most severely on the poor. 

' By misrepreaentatbns and the delusive force of a sermon of Dean Swift, 
and his Drapier's letters, ho brought to the test of experiment, an impudent and 
unprincipled assertion of his own, that were he permitted to write whatever he 
pleased, ho would engage to write down any government in a few months. 

Swift attaclted the report with sophistries and misstatements, which were 
well calculated to mislead minds already prejudiced againnt the measure ; and 
when a proclamation was issued offering kiOO reward for the discovery of the 
author of the Drapier's fourth latter, and a bill of indictment was preparing 
against the pvinter of it ; Swift published " Seasonable advica to the grand jury, 
in which by similar modes of arguing he called upon them not to And the bill. 
A copy of the pamphlet was distributed, on the evening before the trial, to every 
person on the grand jury; and thus by the very moans which Swift himself had 
ao strongly reprobated when used by the Committee of the Privy Council, namely, 
by prejudging the case, he accomplished his purpose, and the bill was not found. 
Trom this time, Swift was considered the Saviour of Ireland, and Wood was 
ridiculed in ballads and executed in effigy, and at last obliged to resign his 
patent, and (as Mr. Leake expiesses il) for the saliifacHon of the people of Ireland! 

Lord Chesterfield has truly remarked that "every numerous assembly ia a 
mob, let tho individuals who compose it be what they will. Mere reason and 
good senae aro never to ba talked to a mob i their passions, their sentiments, their 
senses, and their Beeminginterests are alone to be appealed to." On this principle 
Swift wrote, and his writings were, in the instance before us, eminently successful. 
But tho triumph attending sueli success is shorthved, while the infamy of it ia 

Dean Swift appears to have forgotten, or wilfully ignored the fact, that it 
is tho prerogative of the Sovereign of a S tate or the supreme power, and not that of 
tha people, to coin money, and to give authority for making it current. And, 
further, to impose such a value on foreign coins, as he may appoint, to make 
them current in his kingdom. And it may be added, that this prerogative has 
ever been by English sovereigns guarded with extreme jealousy. 
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aj p nt d t ivestigate tlie truth of these charges- From their 
p t t app ared that no papers nor evidence from individuals, 
w! h m ght be necessary to support the charges and objections 
a a nst the patentee, could .be obtained from Ireland. The patent, 
R e tl 1 s was cancelled, and for the loss which Mr. Wood had 
sustained, an annual pension of £3,000 waa awarded, to be continued 
for eight years. 

A Commission -nfas appointed, consisting of Sir Isaac Newton and 
others, to make trials and assays of Mr, Wood's copper coinage, and 
they reported that, though all the coins wsro not exactly sized, yet 
when taken together they esoeeded the weig;ht reijuired by the patent. 
The copper was of the same goodness and value as that which waa 
coined for England, and that Mr. Wood's coinage of halfpennies and 
farthings exceeded in weight and fineness those which had been coined 
for Ireland in the reigns of Charles II., James II., and William 
and Mary. 

George IL, 1727 — 1760. No alterations were made in the form 
or value of the coinages during this reign, nor in the style of the coins. 
In 1729, the first coinage was ordered to be made of 46 halfpence or 
92 farthings out of one pound of copper Avoirdupois. 

In 1732, the old hammered gold coins were called in, and tha 
officers of the Mint were authorized for one year to receive them at 
the rate of 8Is. for one ounce Troy, and to reooin them into other 
current money. 

About 1730, great inconveniences were experienced in Ireland by 
the want of good copper money, and on the humble reijuest of 
the Lords Justices and Council, an order for the coinage of halfpence 
and farthings was issued.' At the Mint in the Tower of London fifty 
tons of copper were coined, of which five-sixths were made into half- 
peace, and one-sixth into farthings. The pound Avoirdupois of copper 

' The omission of Dnt GaiTtA on these coins waa noted in the Gentleman's 
Jlliii/asine, for June, 1737 :— 

Ko ChiisUin kings that I ean floa. 



But GEOHGE, 'tis plain, 'a flivine. 
In the number for the next month appeared the following reply ;— " To the 
author of the epigram oti the new Irish halfpence" : 

While jon bchoW th' Inipcrrect coin, 



i was well left out, 
.'s done, no doubt, 
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■was cut into 52 halfpence or 104 farthings. His Majesty's efBgy was 
impressed on the obverse with Gboegiu3 II. Eex only, and on tlio 
reverse, the Irish harp crowned with tho inaeription Hibernia, with 
the date of the year. His Majesty was pleased to direct that the 
expenses of this coinage, and of the transmission of it to Ireland, 
should be paid by His Majesty's Vice- Treasurer, and any profits that 
might remain should go into the public revenue of Ireland. 

In the nest year a Proclamation was issued, which declared at 
what rates the several pieces of gold in circulation should be current. 

Besides the English gold coins, the guinea and the half-guinea, 
there was in circulation a large nurabor of the gold coins of France, 
Spain, and Portugal. It was ordered in case any_ of the coina 
named in tho proclamation were found deficient in weight, that two- 
pence should be allowed for every grain wanting of the true weight 
in each coin, one penny for half a grain, and one halfpenny for a 
quarter of a grain, and with this allowance tho coins were to be 
received as of full weight. 

1742. About this time offences against the coinage laws had 
greatly increased, both by filing and sweating the goH coins, as well 
as by counterfeiting theta ia base metal and gilding them, so that a, 
remedy became urgent. Tho £400 a year allowed by an Act of tlio 
ninth year of Queen Anne, for severa! years had praved insufficient 
for the expenses of prosecuting the offenders. An Act w^ passed 
(15 Geo. II. G. 28.) by which an additional sum was allowed for th» 
espensea of such prosecutions, but the amount was not to exceed 
£600 in any one year. 

George III-, 1760—1820. On the accession of George III., the 
grandson of George II., the coinage was still found to be in a very 
imperfect state, and during his long reign, measures were taken from 
time to time to amend its defects, and to render it sufficient for the 
requireracats of the nation. 

In the year 1771, the gold coins were found to be in a very defec- 
tive state ; three-fourths of the silver coins were base, and the copper 
was as bad as the silver. The offences against the coinage had so 
increased, that £1136. 19s. IQd. was allowed in addition to the £600 
allowed for tho expenses attending such prosecutions in the year 1770. 

In 1774 an Act was passed, that the deficient coins should he 
called in and recoined, and that £250,000 should be granted towards 
the expenses. And that in future, the currency of gold coins should 
be regulated by weight as well as by tale, as was conformable to the 
ancient laws of the kingdom. The regulation thus established of 
weighing the gold coins, has been the means of preserving them at 
nearly the same state of perfection to which they were then brought. 
Besides the sum of £250,000 granted in 1774, other sums were granted 
in the three following years amounting to £267,320. In the year 
1792, silver coins and bullion largely disappeared by the policy of the 
French, who exchanged their asaignats for all they could procure. 
So rapidly they acted in this business, that not less than 2909000 
ounces of silver were purchased with the assignats, and sent into 
Prance. It had before been ascertained, that a recoinage of silver 
was necessary, and in 1797, the coinage transactions formed a strange 
anomaly in the history of the mint. 'The deficiency of silver coins was 
attempted to be supplied by the issue of Spanish dollars, couuter- 
raarked on the neck of the bust with the mark of the king's head. 
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used at Ooldsmitli's Hall for distinguishing the plato of this kingdom. 
Tliis scheme was abandoned in less than seven montha from the date 
of ita adoption. 

By t t t 1797 theSTGec III. c. 45, 91, theBank of England 
was re t t 1 i m making payments in cash. This measure w^ 
only a p 11 t 1 not a cure of the evil which produced it ; 

and esp h m do it doulDtful, whether a reeoinage of the gold 

money f h w ight aB might have rendered it unprofitable 
either t m It t port it, would not haye been more expedient. 

In th my contract was entered into with Mr. Boulton of 

Soho, near Birmingham, for the coinage of 500 tons of copper moneys 
in penny and two penny pieces. The penny piece was to weigh one 
ounce Avoirdupois. Each piece was to have on one side the king's 
effigy, with his name or title, and on the reverse the figure of 
Britannia, sitting on a rock in the sea, holding a trident in her left 
hand, and a branch of olive in hor right, and the date of the coinage. 

Two years after this a proclamation was issued for the currency of 
Mr. Boulton's now coinage. Owing to an unexpected rise of copper, 
the Privy Council allowed 36 instead of 33 halfpenny pieces to be 
coined out of tlio pound of copper. 

1801. Upon the union of Great Britain and Ireland, it was 
declared by proclamation on 1 January, 1801, that His Majesty's 
royal style and litle should be Georgina Tertius, Del Gratia Britan- 
niarum Res. Fidel Defensor; and that the arms of the United 
Kingdom should be, quarterly, first and fourth, England ; second, 
tseotTand; third, Ireland; and on an escutcheon of pretence the arms 
of His Majesty's dominions in Germany. 

In the year 1804 the Bank of England was authorized to issue 
silver tokens of five shilliniTs value, and 1211484 were issued during 
the year. These s had on the obverse the king's bust laureat, with 
the circumscript n Geo o its III. Dei Gratia Ees. On the reverse 
wi« Britannia se t d nde a t irreted crown, holding an olive branch 
in her right h nd and e n the left on a shield and spear. On 
her left side was a op a and a bee-hive on her right, with the 

inscription Bask Eno nd 1804. Five 8 hillthos Dollar . 

Prom a sudd n e n he i rice of copper, the greater part of the 
penny and twopenny pieces disappeared, because they were worth 
when melted down nearly one-third more than their value in coins. 

On 7 May, 1806, a new coinage of penny, halfpenny, and farthing 
pieces was made cun-ent on the same terms as those issued in 1799. 
There were 150 tons of copper coined into penny pieces, 24 to the 
pound Avoirdupois ; 427J tons into halfpenny pieces, 48 to the pound ; 
and 22^ tons into farthings, 96 to the pound. All these were of the 
same type and form as those of 1797, but of less weight. 

In 1810 a Committee of the House of Commons was appointed to 
inquire into the causes of the high price of bullion and its effect on 
the credit paper ourrenoy. This report declared that the evil arose 
from the excessive issue of Bank of England notes since 1797; that a 
rise in the price of gold, and a fall in foreign e.xchanges, and a general 
rise in prices of a!I commodities, would always be the effect of the undue 
quantity of the currency of a country, which is not exportable to other 
countries ; and that no sufficient remedy for the present evil, or 
security against its recurrence existed, except in the repeal of the law 
which suspended cash payments. Other causes might be stated, one 
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of which is the law which fixes bullion when coined to a certain value, 
but which has no power over uncoined bullion, and, therefore, leavea. 
it like other commodities to find its price according to the supply 
and lemand 

Aagold ons ire fixel at £3 17 lOki the o n e t ^ s ug ki- 
th t tl o Oomm ttee should be su p ae 1 that tl e o a e coan vas n t 
ejual n val e to the o nee n bull on wh ch latter ww wortl £4 
and m wards anltlat they should conoo ve such neq al ty a value- 
to have been oecia oned by a super bundance of pape money vh n 
they m ght have seen tl t f the o n? wore f ee fiota restr t on 
they w Id become of the sane vilue aa standa d b 11 on 

Xhe Oomm ttee as med that the goll ensi/ a a e oj I 
and on th s ass mj^ t on f nded the most essent al po nts of tl e r 
Eeport But an us mpl es something fixe 1 and unchangeable 
wh h the miter al of co ns cannot be bo long as t s a s bject of 
traffic The t th s the i ound sterl n^, s our tual measure n th 9 
1 n^dom anl the co n s only the natrument by vh ch that meas a 

sapplel So long as t rema ns or ssupjosel to rem n pre sely 
equal to ta prototyt e so Ion"- only s t in ace r te ubst tute for t 
Wh never t ex eda o f'Uls bel v the value of the pound aterl ng 

t equally becomes an nco eot leaemblince of t 

The debate in the House turned on tho question, whether the 
bank notes were depreciated or the guineas enhanced in value. If 
the dividends payable for the interest of the National Debt were made 
the test, the bank note was not depreciated, but tho guinea was 
raised, If coin or any other mercantile commodity be the test, it will 
appear that the guinea was not enhanced, but that the bank note was 
depreciated. This dilemma was not oonsidered, but after a debate 
which lasted seven nights, the majority of the House voted that th& 
bank note was not depreciated,' but that it was highly important 
that the restrictions on cash payments at tho Bank of England should 
be removed whenever it was compatible with the public interest. 

It is curious to remark, that the Bank of England issued a notice 
on 18 March, 1811, that the price of silver had risen so much since- 

' From. 1797, the eiieulatrag medium lias been chiefly carried on. by n credit 
currency of exehequer bills, bank notes, and promissory notes. The raanuliicturcr 
having employed his capital in the production of goods, sold them to the mer- 
chant, and received a proiJiiB9ory_ note payable at a fised date. The country 
banker discounted this note with his own local notes payable on demand. With 
these nocea the manufacturer could pay his workmen and produce other goods, 
aud his workmen could with them procure necessaries. When the promissory- 
note became due, it was diseharged by the produce of the sale of tho goods. This- 
method of local currency dispensing with the precious metals, and depending on 
credit, became the means of very largely increasing the industry' of the people. 
The system, however, is subject to serious drawbacks and dangers, which have 
not failed to cause both embarassment and even ruin, both to manufacturers, 
merchants, and bankers, and great distress to the workmen. 

' Lord King, in a letter to his tenants, declared that " In consequence of the 
late great depreciation of paper money, I can no longer consent to receive anv 
bank notes at their nominal value iJi payment or salisfacUou of an old contract." 
He required payments in guineas, or Portugal gold equal in weight to the number 
of guineas due, or in bank notes with an addition of £U. 123. 6rf, per cent., such 
being the difference in the market price of gold, when the ^eements were made 
in 1807 and the market price in ISll. The government was reduced to the 
dilemma, either to strike at once sufficient golcT coins, or to protect from arrest 
those who were unable to procure guineas to meet the demands on them. The 
latter was determined on, and an opportunity was lost of establishing a gold 
coinage of such a weight as would have secured it from disappearing. 
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the issue of bank dollar tokena at 5s. each, aa to make them worth 
more aiS bullion than aa coins. It wslb deemed expedient, in order to 
prevent them from being withdrawn from circulation, that they 
should in future be current at the increased value of 5s. 6(?. each. In 
the year 1812, an Act was passed to amend that of 51 Geo, HI,, 
c. 127, respecting the gold coins and the notes of the Bank of 
England.' 

On July 1, 1817, a new gold coin, called a sovereign of 20s. value, 
was made current hy proclamation. It was 5 dwta. 3-274 grs. Troy 
weight of standard gold. On tho obverse was tho head of the king, 
with the circumscription GeoroiusIII. D. G. BRirAifNiAR. RbsI'. D,, 
and the date, and on the reverse, the image of 8t. George, armed on 
horseback, eneounteriug the dragon with a spear, placed within the 
garter bearing the motto, Hotri soit aur mal y eensb, with a graining 
on the edge (Stat. 57, Geo. III., e. 46). A new coinage of silver also 
was ordered. According to an account delivered to the House of 
Commons on 1 June, 1818, the coinage of sovereigns was 5,406,517, 
and of half-sovereigns 3,103,474, of shillings 50,490,000, and of six- 
pences 30,436,560. 

G-oorgelV., 1820—1830. Various coinages were issued both for 
the united Kingdom and the Colonies during this reiga. 

In 1821, tiiere was a silver coinage of crowns, shillings, and six- 
pences, and a gold coinage of sovereigns and half-sovereigns. Tho 
aovoreign had on tho reverse the figure of St. George and the Dragon, 
the half-sovereign, the ensigns armorial of the United Kingdom on a> 
shield, surrounded by tho rose, thistle, and shamrock, with the date. 

Earthings woro also struck, having on the obverse tho king's head, 
with his titles ; on the reverse, the figuro of Britannia seated on a. 
rook in the sea, holding a trident in her left hand and an oliv& 
branch in her right, with the inscription Beitanhias. Eex. Pid. Def., 
and the date. In this year and the next, above 51 tons of copper 
were coined into farthings, 96 to the pound weight Avoirdupois. 

In 1825, an Act was passed "to provide for the assimilation of 
the money and moneys of account throughout tho United Kingdom 
of Great Britain and Ireland," 

William IV., 1830—1837. William IV. ascended the throne on 
tho death of his brother. A new coinage was ordered in 1830, of 
gold, silver, and copper, without any alteration of standard or weight, 
for the United Kingdom, and in the following years coinages werO' 
effected for several of the Colonics By an order in Council, 3 Peb. 
1836, a fou p n y p n 1 w t k f mm n ul t n 

The coin f th d n m n t n w d nt d alt tl n f 

Charles I., and w n t t k f mm n n y nut 1 th j 

E U f h A w 1 



' The foil 


p m pp ir d hi 1 


through Pail 






B kN da 








To swim to a point in trafle's foaming 1 








Bant notes ci'iea to gold,— lielD na, oaal 




TUat paper sbould fiiiik, and guineas al 
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On the reverse is the figure of Britannia, acJ on the ohvoi'se, 
FouRFENOB, with the date. 

Victoria, 1837. Her Majesty Queen Victoria succeedod to the 
throne on the death of her uncle. 

1838. An order in council directed the coinage of a sovereign and 
half sovereign of the same type, containing the ensigns arniorial of 
the United Kingdom on a plain shield, surmounted by the royal 
crown, and encircled by a laurel wreath, with the inscription Victoria 
Eegina Fid. Def., with the rose, thistle, and shamrock placed beneath 
the shield. The type of the half-sovereign hears the arms without 
the wreath. The various coins struck dui-ing her Majesty's reign are 
in. circulation, and require no description. 

The following is a list of the names, weights, and current values of 
d circulation ; 









GOLD COINS. 




The Sovereign ; 
The half-Boverei; 


'Hi . 


ight, 


Sdwts. Sigra. Ttoy; 
2(l™t9, Uigve 


. valuo, 30 Bhillings steiling 
10 



The standard of the English gold coinage consists of 22 pai-ts pure 
gold and 2 parts alloy. The word carat used as a weight is equal to 
3J grains Troy, but when employed to express the fineness of gold, 
bears only a relative sense, as for instance, the English standard 
gold is said to bo 22 carats fine, meaning, that it is composed of 22 
J) arts pure gold and 2 parts alloy. 

Gold coins being the standard of value, are the legal tender in 
payments to any amount whatever. 



The Crown wciglit, 13 dwts. 4 A gts- Troy, vulue, 5 shillings 

Tlte Half- Crown 9dwla. 2^ grs 2 flhilljngs 8:6 penee 

The Florin 7dwta. 6^^ gra 2 shillings 

The Shilling adwts, ISA grs 12 pence 

The Sixpenny piece. Idwt. lOi^i gra pence 

The Fourpeiiny piece 1 dwt. 6,^ grs * pence 

The Thieepenny piece 2ltjgfs 3 pence 

The standard silver consists of lloz 3 dirts of purs silver and 
ISdwta. of alloy, or of 37 parts pure si and 3 pa ts alloy; and 
was in the time of Edward I. called th Id ta da 1 of England, 
which espressioQ clearly provea that such mu t h b en considered 
the standard for a long time before. Sil in d 1 not cease to be 

a legal tender before 1816, and are now only a I 1 tender for any 
sum not esceeding 40 shillings in one paj m nt 

BItONZE COIls'S. 
The Penny pieoB, weight Joz. Avoirdupois, value i farthings 

The Halfpenny piece, i oz 2 farthings 

The farthing piece 1 farthing 

The bronze-metal of the current coinage consists of fl5 parts pure 
copper, 4 parts tin, and 1 part zinc, and coins were first isauod for 
circulation in 18C0. 
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EDITED BY 

ROBERT POTTS, M.A., Trinity College, Cambridge, 

HON. LL,B., WILLIAM AND MART COLLEGE, VA,, T7.B. 

EUCLID'S ELEMENTS OF GEOMETRY. 

1. Euclid's Elements of Geometry, the Univereitj Edition, witli 
Notes, Questions, and Geometrical Exercises, selected from the 
Cambridge Senate House and College Examination Papers, with 
Hints for Solution of the Exercises. Demy 8vo., pp. 520, 10s. 

2. The School Edition, with Notes, Geometrical Exercises, &e. 
12ino., pp. 418, 4s. 6d. 

The School Edition has also been published in the following 
portions, with the Notes, &e., to each boob ; — 

3. Euclid, Books I.— IV. 12mo., 3s. 

4. Euclid, Books L— III. !2mo., 2j. 6rf. 

5. Euclid, Books I., II. 12mo., Is, 6d. 

6. Euclid, Book I. 12mo., Is. 

The University Edition of Euclid's Elements was first published 
in 1845, and the first School Edition in 1846. Both Editions have 
been enlarged and improved from time to time, and the total sales of 
copies of the work up to the present year amount to a number very 
considerably above half-a-million. 

la the year 1 853, the Council of Education at Calcutta were pleased 
to order the introduction of these Editions of Euclid's Elements into 
the Schools and Colleges under their control in Bengal. 

In the year 1860, a Translation of the Geometrical Exercises was 
made into the German Language, by Hans H. Von AUer, with a 
Pi-eface by Dr. Wittstein, and published at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
awarded to E- Potts, " Eor the Excellence of his Works on Geometry." 
Jurff Awards, Class xxix,, p. 313. 

Critical Remarks on the Editions of Euclid. 

" In my opinion Mr. Potts has made a valuable addition to Geometrical literafure by 
hia Editions of Euclid's BlBmenla."— IF. Whetoeli, DJ)., Master of -IHrnty College, 
CfBHh-idge. (1848.) 

" Mv. Potts has dona great KBrvioe by his pnbliehed works in promodng the Btndy at 
Geometiioal Scienoe."— .fl. Philpott, DD., Master of Si. Catharing} College. (1818.) 

" Mr. Potts' Editions of EacU^s Geometry are charaoteiiaed by a due appreciation of the 
Epiiit and ezectnesa of the Gto^ Geometty, and an acquaintance with its history, as nell 
as by a knowledge of the modem extensions of the Science. 'J'he Elements ai'e given in 
Buch a form b3 to pi-eEotve entii'c^ tiie spirit of the andent reasoning, and having been 
estensively used in Colleges Mid Fablio Schools, cannot fail to have tlie effect of keeping 
np the study of Geometry in its ori^nal pnrity."— J, Challis, M.A., Pinjnian Prq/essor 
of AstroKMiy and ExpeHmental Philosophy/ in the WBiwrsiij of Camln'idge. (i848.) 

" Mr. Potts' Edition of Euclid is very generally used in both one Unireisities and in 
our Fuhlic Schools; the notes wMch are appended to it shew gi'cat research, and are 
admhably oalcnlated to introdnca a stndent to a thorough knowledge of Geometrical 
principlee and methods." — George FeeKocK D.D., Lomadean Pro/esior of i/olAemaitej 
IB Oie U»ii>ertt^ofCmibridge,asdDeaaofBls. (1848) 

"By the publication of these works, Mr. Potts has done very great servios to the 
oanse of Qeometrioal Science. I have adopted Mr. Potts' work as the text-book for my 
own Lectures in GeometiT, and I believe that it is recommended by all the Mathematical 
TutoiB and Professois In this Univeraty."— ^. Walker, M.A., F.R.S., Reader in Experi- 
aenial Philosophy in tht Vniversity, andTwtor of Wadhoia College, Oxford. (1848.) 

" When the greater Portion of 'this Part of the Course was printed, and had for some 
time been in use in the Academy, a new Edition of Buchd's Elements, by Mr. Robert 
Potts, MA., of Ti-inity College, Cambridge, which is likely to supeisede most others, to 
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tlie extent, at least, of the SLc Boots, was puUiehed. From tlie mwiner of aiTangitig the 
iteraoiistratioDE, thia edition heia the advanfAgea of the symbolical form, and it is at the 
same time free from the manifold objeoKons t« which that form is open. The dnodecimo 
edition of this Woi'k, compri^g only the first Six Books of EneliciT with Deductions from 
them, having been introduced at tins Institution as a text book, now rendeiE any other 
Treatiee on Plane Qeometcy nnnecessary in our course of MathematicB," — Prpace lo 
Jkaci-^tive Geometry, ^./ar the Use sflhe Royal Military Academy, Sjf S. Hwittr £'hi-itlie, 
M.A., qf Triaity Callege, Cambridge, late Secritary of (i« Roy^ Society, ^., Profestor qf 
MathemaHa m the Royal Military Acadwiy, Waolwick, (IB17,> 

" Mr. Potts, b; the publication of hia EdilJDn ol 'EveSd, with ita most valuable notes 
Mid problems, and the solutions and oomraenlariea, has retailed the attention of 

■o — i.',v „. 4.1,. _,u!,.. . a^ ._ ui T, ^,3 the Siat«r Unii-etsities, then in the public 

cHi=i„„=.„>. .-„ tlie Country.— His Euclid la one 
and we find its artangements '-" 

_ _ „ , __ _ .. ..__ .._, a thorongh imdti'stondine of . . 

subject by the Gentlaraen Cadets." — 2'. S. Oavies, Prq/e)eor afMathenmlio in the Royal 
Military Aeadetny. Woobsich. (1818,) 

" The Ediljon of the Ekmerai of Evclid which Mr. Potta has published, is confessedly 
Hie heat which has vet appeared."— Join Pftiiiipi Si,SFoiaB, J/./1t F.R.B,, late Felloia aaa 
Tutor <if Ti-imty College, Caoiiridge. (1848.) 

" Mr. Potts hss latdy pnbliahea an Edition of EacHd'B ElemeniB of Geometry, which ha 
has illustrated with a collection of Exampless. I coasidei: tbat he has perfoFmed his task 
with great care iuid judgment^ ^d that the work seemato bid fair to possesaa larger share 
lA popular favouf than any edition of Ewilid jct published."— J(. Buston, B.D., Fellouj and 
Tutor <if Emmanmt.Coltege. (1848.) 

" I coneidaF Mf. Fotta' Editton of Eziclid to be a most valuable addition to our Cambridge 
Mathemalical literature, and e^iecially to the department of Geometry ; and look to it as 
a gnat help tontH^ keB[nng up, and indeed reviving, the true spirit and feeling for 
Geometry, whkh of late yeacs had been leo much neglected among ua." — W. Williamson, 
B.D., Feilom Bud Tutor of Clare College. (1848.) 

" I believe there is a general opimon in this Univeraity th!^ the Principles of Euclid 
and Elementajy Geometry cannot possibly be pi'esented to the mind of a commencing 
student in a better form, nor be accompanied by a more judicious selection of problems, 
with hints for their solotion, than occurs in the pages of Mr. Potts' publications. By 
combining symmetiy of arranBement with aimpbclty of language, a,nd by restoring the 

Sllogism to its plain and simple form, so as to make an introduction to Geometiy serve at 
B same time as an exerdse m kigic (an advantage which has been quite lost dght of in 
many o( the abbreviated editjons with which thia University had previously been deluged), 
I consider that Mr. Potta has done good service to the cause of education." — J. Power, 
JU-A., Fellme of Clare ColUge, and Unisersit^ Liirai-ian. (1848.) 

"Mr, Potts haa mainlained the ttittof Simaon, wid seoui-ed the very sfuritof Euolicl's 
Geomelry, by means which aie simply mechanical. It consists in printing the syllogism 
In a separate par^raph, and the membera of It in separate subdivisions, each, for the most 
pact, ooonpying a angle line. The divisions of a proposition are therefore seen at once 
without requirmg an instant's thought. Were this the only advantage of Mr, Potts' 
Edition, the great convenience whidi it affioi'ds in tuition would rive it a claim to become 
Hie (Jeomdmcal teit-boci of England. ThiB,however, is not its only Yuesit"— Philosophical 
Magaeine, January, 1848. 

" If we may judge from the solulions we have sketched of a few of them [the Geo- 
metrical Enerciaes], we shonld be ted to consider them sdmirably adapted to improve 
the taste as well as the skill of the Student. As a series of judicious esercises, indeed, 
we do not think there esiats one at all comparable to it hi onr language— viewed either 
in reference to the student or teacher,— Maiinniea'JWoifosiJK, No. 1175. 

■'The 'Hiuts' are not to be underatood as propositions worked out at length, in the 
manner of Bland's Problems, or like those worthleea tilings called ' Keys,' as generally 
' forged and iiled,'— mere books for the dull and the laiy. In some cases references onlj 
are made to the Pi-opositiona on which a solutjon depends; in others, me liave a atep a 
two of the process mdioated ; in one case the analysis is briefly given to find the constrao 
tion or demonstration ; in another case the reverse of tbia. Oceaaioiially, though aeldon^ 
the entare pvoceaa is given as a model ; but most commonly, just so much la au^jested al 
will enable a student of average ability to complete the whole solution— in short, just so 
"""ih (and no more) assiatance Is affioi'ded aa would, and utmt be, afforded by a tutor to 
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WEIGHTS AND MEASUEES. 



As the metliod of ©numerating by tens was originally derived from 
felie fingers of the human hand, so also in the same manner were the 
primary units of measures of length dei-ived and named from the 
members of the human body, and from the spaces included in their 
ordinary motions. The primitive names of these measures in the lan- 
guages of all nations prove the identity of their origin. U'hus of 
Sie foi-mer are the lengths of the humaa foot, the nail, the flnger- 
fcreadth, the hand-breadth or palm, and the cubit ; and of the latter, 
the span, the step, the pace, and the fathom, employed as ordinary 
measures of length. The palm was reckoned the breadth of four 
fingers; the nail was the length from the end of the nail of the 
longest finger to the first joint ; tlie inch, the length from the end of 
the thumb to ita first joint, was adopted as an unit measure of length. 
This unit repeated four times was considered equal to the palm or the 
hand-breadth, and the hand-breadth taten three times gave the 
measure of the foot. The greatest expansion of the hand between the 
ends of the thumb and the middle finger gave the span ; the distance 
from the end of the longest finger to the elbow, the cubit ; the entire 
length of the arm, the yard ; and the distance to which a man's two 
hands can be extended across the shoulders, the fathom. As the foot 
was too small an unit for estimating long distances with conveni- 
ence, the stop was reckoned ei^ual to three feet ; and the pace (passm), 
the interval between two steps, and equivalent to six feet, was also 
assumed as a measure ; and a mile, as the word imports, consisted of 
one thousand paces {mille passus). Other measures of length have been 
derived and named from other considerations ; as, for instance, the 
furlong {furrow long), taken to express the eighth part of a mile ; the 
league {higen, to see), a measure of three miles, supposed to express the 
distance the eye of a man, when standing upright, can see on a level 
plain ; and the bow-shot, an ordinary measure of length formerly used 
in England and among other people who used the bow as a weapon. 
It w 11 b evident that these measures, however suf&cient they might 
b f the ordinary wants and conveniences of life in the early 
It of human society, would be found to require more strict 
n d t definition as knowledge advanced, with the requirements of 

Th ■licet lineal measures of which any certain knowledge has 
d d d to modern times, are those of the Hebrews and Egyptians, 

th G ks and the Eomans. The most ancient writings of the 
H b w upply facts in evidence that Egypt in very early times was 
a t y under a regular form of Mngly government, its people 

I d nd trading with the people of other countries in the fruita 
dp 1 itions of those lands. 

Ih 1 lest lineal measure named in these writings is the cubit, a 
m ed in describing the dimensions of the Ark (Gen, vi.) 
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In tho tlGscription of tliB auburba to the cities to be asaigned to t!io 
Levites in Numb. sxxf. 4, 5, two cubits are refen-ed to, oiio of wMch 
is double the length of the othor. The cubit ia stated to be the 
diatance from the elbow bending inwai'ds to the end of the middle 
finger, and called in Dent. iii. 11, " the cubit of a man." The larger 
cubit was called " the cubit of the ai-mpit," as being measured ii-om 
that pai-t of the arm. 

It may be presumed from the mention iff the cubit in the later 
writings of the Hebrews, and in the writings of other nations, that 
the cubit was a measure known and generally recognised by other 
people besides those who came out of Egypt under Moses. 

Ia the British Miiseum there ia preserved a meaaiire which was 
discovered at Kai-nak, on the removal of some atones, a few years ago, 
from one of the towers of a propylon, between which it appoara to 
have been accidentally left by the masons at the time of its erection at 
the remote period of the eighteenth dynasty (about 1400 B.C.) It is 
divided into fourteen parts, but each part is double in length those of 
the elephantine, and therefore consists of four digits, and the whole 
measm'e is equal to 41*46 English inches. The double cubit ha^ tho 
first diviaion in its scale of fourteen parts subdivided into halves, and 
the nest into quarters, one of these last being equal to one digit. It 
is made of larch, and having been dosed up in tiie building between 
two stones, excluded from the air, the wood is as sound as when ifc 
was used by the workmen. It is called the cubit of Karnak, 

Herodotus (U. 13) relates "that the priests told him that, in tho 
reign of Mceris, whenever the waters of the Nile rose to tho height of 
eight cuUts, all the lands were overflowed, since which time 900 yeai-s 
have elapsed, and now (450 n.O.), unless the river rise to sixteen, or at 
least to fifteen cubits, its waters do not reach those lands." It is 
clear from this account that there was in Egypt a cubit in use, witliin 
less than n century after the Exodus of tho Hebrews, double of tho 
cubit used in Egypt in the ago of Herodotus, 

Among fho artificers employed in the works of the Temple of 
Solomon, Hiram is described as the eon of a widow of the tribe of 
Naphtali, whose territories wei-e .adjacent to those of the kingdom of 
Tyre, and his father was a man of Tyre, a worker in brass. Of this 
man it is recorded (1 Kings vii, 15), " Ho cast two pillars of brass 18 
cubits high apiece;',' but in 2 Ohron, iii. 15, "He made before tho 
house two piliars of 86 cubits high." If tho words cading m tho 
former, and making in the latter verse, have a difference of meaning, 
there is here no contradiction to the fact of one cubit being double the 
other. 

By a eomparisoa of the measures recorded in 2 Chron. iii. 3, and 
1 ICii}g3 vi. '2, of the dimensions of the parts of Solomon's temple, 
with the account in Ezra vi. S, of the rebuilding of the temple, it will 
appear that 60 cubits was the height of the latter, but 30 cubits tho 
height of Solomon's, or that the cubit which describes the dimensions 
of the first temple was double of that which describes the second. 

iiiter the return of the Jews from Babylon at the end of the 
seventy years of captivity, Ezekiel states (ch, xliii. 13) : " The cubit 
is a cubit and a hand-breadth," from which it would appear that the 
cubit there spoken of was a hand-breadth or a palm longer than 
another cubit. 

Various opinions have been maintained of the length of those cubits. 
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HTBIGHia Aim MEASTTSES. S 

Some maintaia that the double Jewish cubit is the oubit of Karnak, 
Others that the cubit of &vo palms w&s the cubit used in the measures, 
of the Temple of Solomon and the second Temple of Ezra, and called 
the royal cubit, and that the sacred cubit was that of six palms. This 
cubit ia supposed to he of the greatest antiquity. 

Sir Isaac Newton remarks in his dissertation on cubits, "that ifc. 
ia agreeable to suppose that the Jews, when they passed out of 
Ohaldea, carried with them, into Syria the cuhit which they had 
received from their ancestors. This is confirmed both by the dimen- 
sions of Noah's Ark, preserved by tradition in this oubit, and by the 
agreement of this cubit with the two ub't which the Talmudists say 
were engraven on the sides of th ty duiing the empire of 

the Persians, and that on© of them ex 11 the sacred cubit half a 
digit, the other a whole digit an wa a city of Babylon, and, 

conseijueiitly, their cubits were Chald n We may conceive one of 
them to be the cubit of the royal ty u n the other that of the 
city of Babylon. The sacred c 1 t h f agreed with the cubits 
of divers provinces of Eahylon a fa a they agreed with each 
other ; and the difference was sm 11 th t dl of them might be 
derived, in different countries, f m th m j imitive cubits." 

The conclusion of Sir Isa N wt n that the saerod cubit 
consists of 25'6 tincm of the Eoman foot. His reasons will be found 
in his " Dissertation on Cubits." 

Dr. Hussey remarks : — " There is no certain method of obtaining 
an absolute value of any one element of the ancient Hebrew measures, 
ii-om which a system of values might he calculated for the period 
before the captivity of the Jews. No weights, coins, nor measures of 
that age exist ; and we must have recourse to probable inference or 
conjecture for determining the values of all." 

The exact length of the Greek foot and of tho Eoman foot has 
engaged the attention of men of science in Europe for a very long 
period of time, and the result of their researches and investigations 
exhibit differences so small of these units in comparison with the 
foot measures of England and other countries, as to strengtiien the 
presumption that all of them, having the same name, have had also 
the same origin. 

Mr. Stuart measured the upper step of the basement; of the fi'ont 
of the Parthenon at Athens, and found the length to bo 101 feet 1-7 
inches English measure. And if the naxae heeaiompedon was applied to 
it on account of its length, he detei'mined the length of tho Greek foot 
from this measure to be 12-137 English inches. 

In 1639 Mr. Greaves measured the Eoman foot in the gardens of 
the Vatican,' and found it to be -972 pacts of the Englisii foot, or 

' The following account is gh'en by Professor Oreftves iiimself in his worts, 
vol. l, pp. 207-210:— 

"In the yisar 1639 1 went into Italy to view, ta tho other antiquities of the 
Romans, so especially tlioae of weights and measures, and to fake them with aS much 
„-.„» — „ „„ ,t „-= n.,coiM^ T "ai'ried inatrumants with me made by the best 



is; where my first imiuiiy was after that monument of T. StatiUus Vol. Aper, 

in the Yatictm Gardens, from wheiice Philander took the dimensions of the Roman 
foot, B3 oljioni have since borrowed it fcom him. In the copying out of this upon an 
En^ialt foot in hi'asa, divided into 2000 parts, I spent at least two hours (wlich I 
mention to show with what diliffenoe I proceeded in this and the rest), so often oom- 
pnring the several divisions and digits of it respectively one with another, that I 
think more circumspection could not have heen used, by which I plainly disoovei'ed 
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11-6G4 inches. He also found the foot of Cossittius to be -967 parta 
of the English foot, or 11-604 inches. Several other measm-es of the 
Eonian foot have been obtained, varying from one another, o£ which 
that of -971 of the English foot has been generally received. 

The Attio mina before Solon consisted of 72 drachmas, or 6 in the 
ounce. They were possibly at that time only lamina argmti, email and 
long pieces of silver, which, agreeably to the original meaning of the 
word drachma, might be grasped in the hand. But whatever might 
have been the form of the Athenian, money before Solon, the mina or 
pound of 73 drachmas, by bis celebrated 'S.tmix^tai, -was altered to 
100. In other words, Solon inti-oduced a nominal pound instead of a 
real one ; for the Athenian pound had no more than 84 drachma) 
coined out of it for many ages afterwai-ds. 

The Eomans fi.'om the beginning of their coining silver accom- 
modated themselves to the Gi-ecian practice ; their pound of silver was 
made into 84 denarii, but in tale it was always lOO. 

It is probable that the different States of Greece had in use 
different weights and measures; for on tho rise' of the Achfeaa 
League, b.c. 280, it was agreed that tie twelve associate cities should 
not only be governed by the same laws, but should be bound to use 
the same money, weights, and measures (Folyb. 129). It is not to 
be expected that the weights and measures of ancient fames would 
be made with the same exactness as in modern times, as the physical 
facts, by means of which extreme aecuraGy can be attained, were 
either unknown or not taten into account. 

The Eoman pound of Byzantium, preserved in the British Museum, 
weighs 4995 grains Troy;- and the pound of gold was made into 72 
coins, nominaUy each of 69-4 grains, but really of 68 grains. 

The Greek and Eoman physicians above all others are likely to be 
the best judges of the relative propoi-tions of the weights and measures 
used in their prescriptions. The Greek physicians, being in the 
iigheat repute at Eome, adopted as a weight the Araekma, instead of 
ifhe denarius, as the latter was not long after applied to coins of a 
lower class, and lost its foi'mer estimate in weight. Seriboniua Largue, 
a physician, who attended the Emperor Claudius into Britain, and 
recorded somo circumstances in that voyage, "Cum Britanniam 
peteremus cum Deo nostro Cassare," represents it indifferent whether 
prescriptions are made by the denai-ius or the drachma. And Galen 
has observed that in his time the denarius and drachma were but 
different aamea for the same weights. 

the rudeness and insufficiency of that foot. For besides that the lenfith of it is 
somewhot too iiraoli (whutsoever Latinius, ont of an observation made by Ant. 
Augustinus, Sigliicellus, Pacatus, Maffeua, Statins, ^gina, and Fulvins Ursinus, pre- 
tenils to the eouti'ary) there is never a digit that ia precisely answerable to one 
anotlier. Howsoever, it contains 194iBuch parts as the Euglish foot contains 2000. 

"My next seavoli was for the foot on the monnment of Coasntiue, iiihoTtis Colo- 
■Hawis, iraia whence it has received its denomination {though it be now removed), 
being termed by writers Pea Colotianus. This foot I took with gi'eat care, as it did 
wdl deserve, being very fejr and perfect ; efterwards collating it with that Bomiui 
foot whieh Lucas Ptetna cansed to be engraven in the Capitol on a white marble 
stone. . I found them exactly to agree ; and therefore I did wonder why he ahonld 
condemn this witi. his pen (for he makes some objections agtunat it), which, notwith- 
standing, he hatli ereotfid with his hands, as appears liy tho inscription in tlie 
Capifol, CijUAHTB Lu. I'JBTO. It may be, upon second thoughts, ha aftei'warda 
privately retracted his error, which he was not wilhng to publiali to tlie world. 
Now this foot of Cossntius ia 103i such parts as the English foot containing 2000." 
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Galen discovorsd, by comparing the measures and tlio eoale weights, 
that the horn used for measuring oil at Rome lield one-sisth part less 
than the weight of the libra. The metrical horn was diTided into twelve 
paits or ouni-os, like the libra ; and ea«h of these divisions was com- 
monly supposed to be equal to an ounce scale weight, and passed for 
such in estimation. Galen, aa a physician, thought it requisite to 
interpose some caution; that, in prescribing oil, they ought to 
distinguish by what ounces they prescribed, whether the scale oiince 
or the metrical ounce ; as the scale pound dafcermined the weight of 
bodies, but the motiical only the contents, or the qnantify of spaeo 
they filled. 

The pound of 100 denarii or 100 drachmso was merely nominal, 
and employed for the purpose of trade. Both the denarius and the 
drachma, during the Consular and part of the Impei-ial Government, 
were only seven to the ounce. Tliey began to lessen under Nero. 
"What Pliny writes of the aurei is oqually true of the silver coins, 
"Paullatimprincipesimminuerepondue." They probably did not coin 
8 in the ounce till the time of Galen, about a century after Nero. A 
dradima has ever since been reckoned the eighth part of the ounce, 
and probably was so some time before. Thus the drachma reckoned 
at 6 to the ounce, gives 72 in the pound; at 7, gives 84; and at 8, 
96 in tho pound. 

The congiua of Vespasian supplies a method of discovering the 
true weight of tho Poman pound. This congius was made a.d. 75, 
according to the standard of measure preserved in tho Capitol, and 
contains ten pounds, as the inscription upon it testifies; "Imp. 
GffiSAEB VI. T, O^a. At;g. I". IIII. Cos. MjensukjB exacts is Oaeitomo. 
P.X." It is commonly called the Farneso Congius, and ia now pre- 
served at Dresden. In 1824 Dr. Hase bad it filled with distilled 
water and carefully weighed, and the weight of the water was found 
to be equal to 52037'69 grains Troy weight, giving 5203-769, or 
nearly 6204 grains to the Eoman pound. 

It has been remarked by Dr. Hussey (Essay on Ancient Weights) 
that " the ancient metallic weights in themselves are too unequal and 
inconsistent with each other to give any certain residt." He regards 
more fevourably the two obtained from the excavations at Her- 
oulaneum — the only two largo specimens which are perfect — one of 
50 and the other of 100 Eoman pounds. Of these, the former 
weighing 256564 grains Troy, gives a pound of 613i-28 grains; tho 
latter, weighing 518364 ^'grains, gives a pound of 5183'64 grains, 
which ia between 20 and 21 grains less than that given by tho 
congius of Vespasian. If the experiment with the congius had been 
made with water not diatilled, the result would have shown a less 
difference. And so small a difference in the two calculations is no 
matter of surprise, when much greater differonces are found between 
the old Eoman weights themselves. The modern Eoman pound 
contains 6236 grains Troy, and exceeds the old Eoman pound, as 
given by the congius, by only 32 grains. This fact affords a strong 
presumption that tho ancient and modern weights were identical, and 
that the difference is not greater than was Hkely to be found in tho 
lapse of so many centuries. 

The Eoman pound lihra, called also as, was divided into twelve 
equal parts, called uncise (ounces) ; and for eveiy number of ounces 
under 12, the Latin language has a distinct name. 
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The Anglo-Saxon weights and meaaurea wero oataLlieLed through- 
out the whole o£ England. The weight of the Saxon pound waa not 
likely to be changed, as the same pound and the same division of the 
pound prevailed at that time ovor the greater part of Europe. Thia 
is certain of the common pound of Italy as early as a.d. 958, if not 
much earlier ; for one of their records mates mention of an estate 
sold in that country for 60 pounds of 240 pennies to the pound. la 
the time of King Alfred the Saxon pound weight was 240 pennies, and 
was estimated by the mancus, mating 8 to the ^ound, each of 80 
penniea ; and also by 48 shillings, each of 5 pennies. The mancus 
{mmn eusum) was probably derived from Italy, in the intercourae 
between that country and England after the friendly reception by 
Ethelbei-t of the mission of Augustine in 597. It appears the manoua 
was a name applied to a weight. Archbishop JElfric, at the end of 
the tenth century, states that the mancua waa oqual to 30 pennies or 
6 shillicge. 

It is recorded that King Edgai-, 975 a.d., with the consent of hia 
council, decreed "that one and the same money should be current 
throughout his dominions, which no man muat refuse ; and that the 
measure of Winchester should be the standard, and that a weigh of 
wool should he sold for half a pound of money, and no more." 

The Saxon coins were regulated by the pound weight brought from 
Geinnany, and afterwards known by the name of the Cologne pound 
weight.'^ The precise weight of the Saxon money pound cannot be 
exactly ascertained from positive evidence, but there is strong pre- 
sumptive evidence, first shown by Mr. Poulkes ("Tables of Silver 
Coins," p. 3, note), that it waa of the same weight as that known for 
some centuries after the Conquest by the name of the Tower pound, 
and waa ao named from the fact of the principal mint of England 
heing in the Tower of London. The Saxon pound was, like the Tower 
pound, divided into 12 ounces. If the supposition of the identity of 
the Sason and Tower pound be correct, liie Saxon pound contained 
ixon aniEuf,lLh Coins, 

The Stcasliu^h oraiee from standards mid 1_''S A D 451 dS 

The present Sti'aaliurgh oim <■ 454 75 

The old Saxon ounoe from the Chamber of Aci-ountsm Piiis, about 

the time of Edward III , atter 1327, a n 451 7S 

The present Cologne ounce i51 38 

Tha old Tower ounce, as taken from the accounts m the English 
liohefLuar, 1627, ad 450 OD 

The small differences of these several onnces seam to saggeat that all of them had 
the Eame oiirfn. The immemonal nsa^ of the Gologna or Strasburffh pound in 
Germany, and in Britain from tie first arrival of the Saions fill the time ot Heniy VII , 
is evidence of its gi'eat antiquity 

Dr, Arbuthnot makes the Greek ounce to consist of 4B5 3S grams Troy, \rhii,h is 
Boarly identical to the present Strasburgh ounce The Saxon wnters refer the 
origin of their nation to the Getie, to whom the Goths and Germans were related 
as kindred clans. The ueai agreement of the Greek ounce and the German ounce 
may form a ground for the pre&umption that the Greets and the Germans may hava 
descended throush dilteieut branches Irom the same people This presumption 
derives some probability fiom the similarity of usage in the Gieet and Sason Ian 
gunges of the ortiele, the double negatne, and the fo: mation of proper names 

Ovid, in some pieces written during his exile m Pnntus noted an affinity 
betVFeon tlie Greek and and Gatic tongues and remaikcd tUat though th" Cetis 
tonano was disguised by a boibuous pionunuiitiuii, tl eie «i.ih ovilont muka ot 
its Greek original.— Omt! 7>ist,v 7,10. 
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S400 grains Troy, and this weiglit of ailvor coins waa a pound 
«toi'ling. The pound of silver was always reclroned "by account at 
someihing more than the number of pennies which were etruclr out 
of it at the mint. It was a Eoman as well as a Saxon custom,' When 
the Eomana coined 8 denarii to the ounce, and 96 to their pound of 
silver, they paid 100 in taJo ; and when the Saxons coined 4 Bhillinga 
to the ounce, and 48 to their pound, they paid 50 in account. And 
it may be noted that the Saxon laws always reckoned their pound in 
the round number of 50 shillings, when it is evident thoy really 
coined out of it only 48. Mr. Foulkes's discovery of the old Tower 
pound being the same as the Anglo-Saxon pound of the moiioyers, 
lias made out the pound of 48 shillings. 

"When "William the Conqueror had ratified tho laws of Edward 
the Confessor, he decreed that the weights and me^ures which had 
been established by his predecessors should be continued in use, 
and ordered that the measures and weights should be true, and 
stamped in all parts of the kingdom.^ The same regulations were 
continued by his successors. Eichard I., who ascended the throno 
in 1189, not only enforced an unifoi-mify of measures, but also ordered 
that the vessels employed for measuring should be edged with iioop3 
of iron, and that standards should be kept by the magistrates in the 
■diffei-ent counties and towns of tlie kingdom. And this uniformity of 
weights and measures was confii-med by tho Magna Ohai-ta in 1325. 
The Act 5 Heniy III,, c. 9, ordained that " One measure of wine shall 
bo throughout our Eealm, and one measure of ale, and one measure 
of corn, that is to say, tho quarter of liondon ; and one breadth of 
dyed cloth, that is to say, two yards within the lists. And it shall be 
of weights as it is of measures." And by the statute of 51 Henry III., 
1266, thoy wore defined in the following form: — "By the consent of 
tho whole Eealm of England, the measure of our Lord tho King was 
made ; that is to say, that an English pony, calted a sterling, round 
and without any clipping, shall weigh 32 wheat corns in the midst of 
the oar,® and 20 pennies do make an ounco, and 12 ounces one pound, 
and 8 pounda do make a gallon of wine, and 8 gallons of wine do 

' lu the times of tlio later Eomau emperors, ttora appears to liave lieen a custom 
of ni airing alloiYBUcea in the payment of money by tale. This is evident from a law 
of the elder Talentinian, by woicli ha enforced a law of Constantiiie for paying by 
weight ; and he observes that it waa usual to take two or three solidi in tha pound 
as the common allowance in tale. " Facile enioj eoa proyinoite routor » diapendio 
viudioatiit, qui biais ceu femis eolidis neoessittidinem solutionis adimploverit." 
It may bo added, that both during the Republio and ander some of the emperors, 
the Romans coined 84 denarii out of a pound weight of eilver, though the pound 
by tale was always reckoned at 100. 

" On the aeceesion of TilUam I. to the throne oF England, the iioxmd in tale of 
the Kilvflr coins current was equal to the pound weight of standard silver, that ia,^ the 
moueyer's pound, afterwards called the Tower pound. The pound in tola was divided 
into twenty shillings, and each shilling into tiTelve pennies, or eterlings. ' Tho pound 
in wciglii was divided into twelve ounces, and each ounce into twenty pennyweights, 
so that eitch penny weighed one pennyweight. The only coins made at this period 
were peaniea This simple system of coinage, by which the pound in tale was made 
equal to the pound in weight, and was divided in the manner before mentioned, is 
supposed to nave been firat introduced into France towards the end of the eighth 
century. As the Norman princes for a long time before had considerable intercourse 
with England, it may have been introduce, from France in the times of our Anglo- 
Saxon aneeatora. Thia sj'stem of silver coinage continued without any alteration in 
the weight of the silver coins until the year 28 Edward I, 

^ The gi'aiii of barley and tha seed of the Abrvs precatorhia were assumed by tha 
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make a London Lusliol, wLicli ia the eighth part of a quartcr."'^ The 
"bushel here named was called the Winchester measure. 

There is a twofold relation stated between wdgH and volume, for 

Hindus as the pi-imnry elements of their weights. The ireiglit of tlio seed of the 
afarus WD3 toten equal to two harleyeorns. 

Mr. Thomas him shown that, from comparatire numismatie data of various ages, 
hs hns found the true weight of the rati or ganja seed to be If gmina Troy. In the 
siith volume of the EoyalAeiatio Society ho makes the following remarks, pp. Zi% 
343 ; — " The determination of the true weight of the raM haa dona much botli ti> 
facilitate and give authority to the comparison of the ultimately divergent standards 
of the Ethnic kingdoms of India. Having discovered the guiding xaiit, all other 
eakulations heootne simple, snd present singularly convincing results, notwithstand- 
ing the basis of all these estimates teats upon so ei-ratio a teat as the growth of the 
seed of the gunja creeper (Abnts ■precaiorius), under the varied incidents of soil and 
climate. Nevertheless this email compact grain, checked in early times by other 
products of nataro, ia seen to have had the remarkahle faculty of securing a aniEorm 
average throughont the entire continent of India, which only came to be disturbed 
when monarchs, Klce Shir Shah and Akhar, in their vanity, raised the weight of the 
coinage without any reference to the number of ratis inherited from Hindu sources 
as the given standaM, officially recognised in the old, hnt altogether disregarded anil 
leftundeSned iu the reformed Muhammedan taia.t'i.gsa."-~JouraalofihtRoyaiAsuiJ,ie 
Society, Vol. vi., p. 842. AriicU by EdioaTd Tlurraas, F.R.8. 

' ' The carat ia a bean, the fruit of an Abyssinian tree called kunra. This bean 
from the time of its being gathered varies vety little in its weight, and eeems to 
have been, intheearhest ages, a weight for gold in Africa." — Brace's IVaiwZs, 
v., p. 66, 

The carat haa heen adopted by most European nations in estimating the we^ht 
and purity of the precious metala. As used by goldsmiths the carat is a weiglit for 
gold. They divide the ounce Troy into twenty-four parts named carats, and each 
carat into four grains, so that gold twenty-two carats line means that an ounce of 
standard gold contains twenty-two paits pare gold and two parts alloy. 

' In the largest chamber of the Great Pyramid of Gizeh (Herod, ii. 121) ia a 
rectangular vessel cut oat of a single block of Theban marble or porphyry. This 
vessel is known by the name of the Pyramid Coffer, or the Porphyry Coffer, A 
singular coincidence has been found to exist between the capacity of this coffer and 
four quarters English measure. This sarneneas of volume affords a strong presump- 
tion uiat some rwation exists between the measure of capacity of this ancient vessel 
and lie measure of four quartei's, or a chaldron. This vessel has, at different times, 
been carefully measured by scientific men, three of whom have reported the follow- 
ing dimensions i— 

Professor Greaves in 1683-0 visited the pyramid and very carefully took the 
interior dimensions of the coffer, and found tliem ia be — Length, 77'856 inches ; 
breadth, 26'81G inches ; depth, 31-320 inches ; giving the content 71I1G-4 eubie 
inches. 

M. Jomord in 1799 reported the dimensions— Length, 77 '806 inches ; breadth, 
26-599 inches ; depth, 34'29S inches ; giving tlie content 709S2-4 cubic inches. 

Colonel Howard Vyae took tlie measures in 1837 and found them to be — Length, 
7S-0 inches; breadth, 26'5 inches; depth, 34-5 inches; giving the content 71311 
cubic inches. 

The English gallon contains 277'274 cubic inches, and the measure of com 
called "the qiiarUT" will contain 17745-B36 cubic inches, and consequently (Ac umiJJ 
•measaa-e of which this is the quarter will contain 709S2'144 ouhic inches. Hence 
it appears that four English quarters have very neaidy the same volume as the 
pyramid coffer according to the measurement of M. Jomard. This identity of volume 
Is surprising, and can scarcely be regarded as accidental. It may he o^rved thac 
it is highly probable that the coffer of the pyramid has been in the chamber for s. 
period above 1,000 years. 

The student may read some interesting information in the followhig works ; — 
Pyramidographia, or a Description of the Pyramids in Egypt. By John Greaves, 
Professor of Astronomy in the University of Oxford. London, 1616. The Great 
Pyramid. Why wm it built, and who built it ) By John Taylor, 18S9. Our 
Inheritance in the Great Pyramid, By Prof. C. Piaad Smyth, F.K.S.S. L. and E., 
Autronomer Royal for Scotland. London, 1S61< 
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ThLndnbh nmnSp d f wheat would hold 80 
pound f "svat Thaw ny naufr wheat and for ale 
wdl e| that oight galloaa of alo must weigh one-fourth more thau 
e ght g U n f wheat. 

In tl y a 1306 a statute of 33 Edward I. ordains that a foot 
shall onta u 12 mches, and an inch 3 barley-corns ' placed end to end, 
taken out of the midst of the ear of bailey. By another ordinance for 
the measure of land, the acre is also declared to contain 160 square 
perches, or 16 in length and 10 in breadth, and another statute names 
other lengths and breadths of an acre. 

In the year 1324, the 17 Edward II,, the statute of Edward I. was 
moro fally described, in the ordinance for tho determination of 
measui'es of length and surface. It was ordained that three barley- 
corns round and dry, mate an inch, twelve inches a foot, three feet 
a yai-d, five yai-ds and a-half a perch, and forty perches in length and 
four in breadth an acre. 

14 Edw, III,, 1340, in pursuance of the intent of Magna Chai-ta,. 
the King's treasurer was directed to cause standards to be made 
and sent into all the counties which were not already provided witlt 
them. And in 1350 an order was issued recognising the laws of the 
Great Cbai'ter, and declaring that every measure of corn shall b^ 
stricken without heap. 

If the measure of wheat was stnick off level with the lim of th©' 
measure, the weight became ruled by the measure of capacity ; whereas- 
before that time the measure of capacity was governed by the weight- 
Hence, as the strt'ie bushel contained only 62 pounds, while the oltt 
heaped bushel contained 64 pounds, this reduction of the bushel would 
reduce the gallon from 280 to 272 cubic inches. And the wine gallon 
was increasec! from 224 to 281 cubic inches. 

By the statute 25 Edw. III., on account of great damage and deceit 
done to the people by a weight called " auneel," an order was issued, 
that auncel weight should not be used, but the weights used should 
be according to the standard of the Eschequer, and that the beam of 
the balance bow not more to one pai-t than to the other. And two- 
years after, another statute (after noting that some merchants do buy,, 
" motr depot's,"^ wools and other merchandises by one weight and sell 

' It is a curious ooineidenee to find iu the Likvati, the barley-eorn employed as a. 
priraMy unit of length. " Eiglit breadths of a barleyoom, or tliree grains of rice in. 
lengtli, make a linger ; four times six fingers a forearm or euMt ; and other measures 
of length are formed fram these." The Italians, ivho recelliecl theii' knowledge of 
the Indian arithmetic from the Acal^ians, take the origin of their measures from thi; 
barley-oom (gnmo di oi'gio), and take fonr to make a dedo {digiius) or finger ; fonr 
dedi a pftlmo, &c. 

* The first notice of Avoiiviltipois with marehandise in tho English laws, occurs in 
1336, the 9 Edwd. Ill-, 1 stat., o, 1 :—" .... ordine eat et establi qe touz mar- 
chantz alienz et denzeina et touz autres et chescuna de eux de quel estat on condition 
qils soient qi achatre ou vondra voillent blez, vina atioir de pais chares pesson et tons 
autrea vivres et vitailles lainoa drapz mercez marchandlscs et tote manere dantres 
chosea vendables. . , . ." In other statutes, the expreBsion ia written tnwr rfis miff 
and. asoir du pais. The expression avoir du pois may have reference to Ihe weight 
by which the mercantile pound eiceaJod the moneyors' pound, and wns never em- 
ployed in weighing the precious metala, but only in estimating the weight of coarse 
and heavy wares and articles of meroliandise. In the Latin Commentary on the 
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liy anotlier) orcTaias tliat ono weigTit, and one measure, and ono yard, 
lie through all the land, and that wools and all manner avoir do jpois bo 
^^eighed by the balance, so that the tongue of the balance be even. 

In the year 1389, the IStli Eich. II., uniformity of ■weights and 
jneasures was ordained throughout the kingdom, " except ia the 
County of Lancaster, because in that county it hath always been used 
to have gi'eater measure than in any other part of the veaJm." 

An ordiaanee of 15th Eich. II, directed tlaat 8 bushels stricken be 
the quarter of corn, and penalties be enforced on all wTio made nee 
of 9 bushels to the quarter. 

By statute of 2 Hen. YI., 1424, a tun of wine was defined to con- 
tain 252 gallons; a pipe, 126 gallons; a tertian, 84 gallons; and a 
Jiogehead, 63 gallons. At a latei' period the measure called a ter- 
tian or tierce, being the third part of a pipe or butt, was called a 
puncheon. Another statute of 1429 required aU cities, boroughs, and 
towns to procure a common balance and weights at their own ex- 
pense, according to the standard of the Exchequer, to be kept by the 
mayor or constable. 

In the year 1495, on petition of the Commons, an Act, 11 Hen. 
VII., was passed, that weights and measures according to the standard 
lyl the Exchequer should 'be delivered for safe custody to the mayors 
of boiKiughs and corporate towns ; that all common weights and 
measures be made according to these standai-ds, and marked as the 
king's standard ; and that Si weights and measures in use should be 
examined twice every year. It was also ordained " that eight bushels 
raised and stricken diall be a quarter of corn ; and fourteen pounds 
a stone of wool; and twenty-six stone a sack." On more mli gent 
■examination some of the measures approved were found deficient, not 
having been made according to the o id la ws of the realm. 

By an amended statute, 12 Hen. Vii-, c. B, it was enacted " that 
the measure of a bushel contain eight gallons, and that every 
gallon contain eight poimds of wheat Troy weight, aad every pound 
contain twelve ounces of Troy weight, and every ounce contain twenty 
sterlings, and every sterling be of the weight of thirty-two corns of 
ivlieat that gi'ew in tlie midst of the ear of wheat, according to the 
old laws of the land." Tbe Tower pound then in use, and considered 
the same as the old Saxon pound, was, by this Act, exchanged for the 
pound Ti-oy. This alteration was owing to the Intereureus Magiim, 
or Great Treaty of Commerce concluded between England and 

English Laws, entitled Mcto, composed in the time of Edward I. (Lili. iii., c. 13), 
it is stated expressly that fifteen ounces make the merchant's pound. Tlie Sason 
jiractiee was the same as the Roiniiii. They both had two pounds, one for the 
Jixchetiuer and ono for trade, having the ounces the eame in both, but the com- 
iiiercia! pound differing from the other only in the number of ounces. This dilfercnoe 
lietweentbo Swon mercantile pound of 15 omioes and tlie Roman pound of 16 ounces 
\'.-.is not considerable, not more than half an onnco, and they might pass matnally 
lor each other in trade without much jjieonTenienee, Theaocount of rietaoonflrms 
the fact that tlie Conqneror's laws confirmed tlie Saxon praotico, and that the sub- 
KCijuent kings followed the same rule, and he also states that the usage continued to 
)iis time, and most probably till the reign of Edward XII. For in the ninth year of 
Ilia rdgt), the prohibition on foreign merchants was removed, and they were at 
liberty to buy all Avoirdupois wares and mercliandise at any place without the realm. 
Slid to sell them to any persons whatsoever except the kings enemies. It appears 
i'l'om this Act, and from several others, that the commeixie of England was far more 
eonsidcralilc in those early times dian is commonly imagined. 
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Flauders tlie year before. Tlie Flemish pound was adopted ns a com- 
pliment to the Diiehess of Burgundy, and for the mutusd convenience 
of all paymonte in future, which would be adjusted according to this 
pound. 

The following proclamation of 18 Hon. Till., November 5, was 
iesuedconfii-mingthestat. 12Hen.VII. C.5; — "And whereas heretofore 
every person who brought bullion to the king's mint to be coined 
paid two ehiUinga and sixpence for the coinage of eveiy pound Tower 
weight, which differed from the pound Troy three-fourths of an ounce 
in the pound weight, it was determined that the pound Tower should 
no more he used, birt that all gold and silver should be weighed by 
the pound Troy, being of twelve ounces, and heavier than the Tower 
pound by three-fourths of an ounce." 

In 1570, the 13th yeai' of Elizabeth, an Act declai-ed 28 gallons of 
old standard to be about 82 gallons wine measure ; whence the old 
gallon must have contained 264 cubic inches, or a little less than the 
Winchester gallon, if the wine gallon contained 231 ; or rather, since 
(he standard gallon of Elizabeth in the Exchequer actually con- 
tained 271 cubic inches, the wine gallon of that day must have 
contained 237. 

By a statuto of William III., the Winchester bushel is deolai-ed 
to be round, with a plane bottom 18| inches wide throughout, and 
8 inches in depth; hence its content must be 215042 cubic inches, 
and a gallon dry measure 268-8 cubic inches ; while by an Act of 
the next reign a wine gallon is declared to be a cylinder, 7 inches 
in diameter and 6 inches deep, or 231 cubic inches. 

In the year 1768 was appointed a Committee on weights and 
measures, aud they reported that serious discrepancies existed in the 
measure called the gallon, and that they found three standard gallon 
measures di£Fering from one another. Mr. Bird was authorised to 
ascertain the exact contents, in cubic inches of water, of each of the 
standard measures in the Exchequer. He was also ordered to make 
two brass rods according to the standard yai-d of the Exchequer, and 
these, on careful comparison with the yard of the Eoyal Society, were 
found to agree as nearly as possible. The Committee recommended 
the one which the legislature might approve to be marked " Standard 
Yard, 1758." Though these standards formed by Mr. Bird wore not 
made legal, as the Bill of 1760 for that pui-pose did not pass into a 
law, they became the foundation of all the measures which have 
since been used in England. 

Another report was made in the following year, in which it was 
recited that ever since Magna Oharta one weight and one measuro 
was ordained to be used throughout the realm, but that the means 
adopted in succeeding reigns from Edward III. to Henry YII. had 
not proved effectual for that purpose. 

It will be seen that measures were sometimes to be estimated by 
weights, or weights by measures; and the standards having been 
determined, they were in practice still liable to considerable modi- 
fication, according to the manner in which they were employed, and 
the nature of the substances concerned, so that various directions for 
weighing and measuring have been given in the statutes of different 
reigns, and different allowances have been made for different articles. 

In measures of lengtli, the custom, of interposing the thumb when 
doth was measm-ed by the yard had been so universal that the 
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thumb came to be considered as a pai-t of the measure, and ia process 
of time au inch was substituted for it, so tiiat a yard was made to 
consist of 37 inches. This was recognised in 1404, in the reign of 
Henry IV,, when it was ordered that the yard was to have an inch 
added to it, containing the breadth of a man's thumb. 

An Act of 10 Anne, in 1711, directed tiiat each yard of cloth 
sliould in measurement have one inch added to it "instead of that 
which is commonly called a thumb's breadth." There were besides 
different regulations ordered in different counties for different kinds o£ 
loloth, both of linen and of wool. Nothing is prescribed by the laws 
respecting any particular temperature at which measures are to bo 
■employed, tlie effect of any difference being too inconsiderable to bo 
perceived in any common case ; but the state of dryness and moisture 
ia by no means indifferent to the result, and particular directions havo 
beon given in many statutes respecting the effect of wetting clotli on 
the measure of its length and breadth. 

In 1790, Hie Constituent Assembly of France, on tlie proposition 
oi M. Talleyrand, agi-eed to invite tlie British Government to concur 
-with the French nation on fixing a natui-al unit of measures founded 
on tho length of the seconds pendulum in the latitude of 45°. A 
Commission of Members of the Academy of Sciences was appointed, 
and their repoi-t appeared in the following yeai'. 

Delambre and his colleagues, after much intemiption, completed 
"their operations in 1796. A Oomrnission of Members of the Institulo 
was appointed to inspect and revise the recojded observations and 
calculations, as well as the insti-uments employed in tlie com-se of tho 
operations. The Commission determined the length^ of tbe m^tro 
irom the c^uadrant of the meridian to be equal to 443'295936 lignes, 
being less than the mfetre provisoire (which was founded on La 
CaiUe's measure of a degree of the meridian in the latitude of forty- 
five degrees) by 'He of a ligue. 

The subsequent detemunation of the unit of weight, the kilo- 
gramme or decimetre cubed of distilled water, was made at its 
greatest density, and not, as it was at first proposed, at the temperature 
of melting enow. 

On 19 Aug. 1798, the oiiginal m6ti-e and Hlogramme were pre- 
sented, with a pompous address, to the two Councils of the Legislative 
Body of France: "This unit" (the m^tre), say they, "offers also one 
aspect which is not without interest. It must be pleasing to the 
father of a family to say, ' The field which supports my childi-en is 
such a portion of tho globe. I am in this proportion co-proprietor of 
the world.' " And fui-ther noticing that these prototypes shall bo 
deposited among tho national archives, to be preserved with religious 
care ; and that ' ' the ignorance and ferocity of barbarians sliall never 

' They proposed tlittt tlie ten-millionth. part of the quadrant of the meiitllnu 
should to eSled the mUre, and be considered as the unit of the now metiical eystom 
of Franco. 

That in order to determine the mttre, an arc of tho meridian extending from 
Dunkirk to Barcelona, six degroea and a half to the Jioith, and three degrees to the 
south of the mean narallel of forty-live degt'ees, should be measured. 

That the quadrant should bo divided into one hundi'od degrees, the degree into 
one hundred minutes, and the minute into one hundred seconds. 

That the weieht of a decimetre cubed of distilled water at the temperatare of 
melting iee should bo determined as the unit of measures of weight. 

That the subdivisions of all measures should be adapted to the decimal Eoale, 
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lieai' tliem away as tropHes from the valour, tho patriotisna, and the 
vh'tues of a nation enlightened in ita interests, ita honour, aad its 
rights. But if an eai-thquate Bhonld swallow (iiem up, or if it were 
possiWe that a ieiTiflc blast of lightning should fuse the metal which 
IS the conservator of this measure, it will not therefore follow, citizen 
legislators, that the fruit of so many laboui-s, that the general type 
of our measures, shall be lost to the national glory aad the public 
benefit." 

On the grand question of an international system of weights and 
measures, the British Government at that time appears not to have 
appreciated the lofty aims of the Constituent Assembly of Prance; 
notwithstanding its professions of being " so renowned for its feelings 
as to the government of nations and the general welfare of mankind." 
A motion, however, was made on the question in tho House of Com- 
mons, but no fm-ther steps appear to have followed the motion. 

It was not before the year 1837 that tho metric system was made 
legal in France, but then so aa not to be brought into use before 1840. 
It has been affirmed that the adoption of the system had been post- 
poned chiefly from political motives, and by Uie hatred which attached 
to eveijthing connected with fho Eevolution. In some districts iu 
France at the present day, and even in Paris, the ancient measures 
have not yet been wholly superseded. 

In 1798 an account of some endeavouia to aseei'tain a standard of 
weight and measure by Sir George Shuckburgh Evelyn was printed in 
the Transactions of tlie Eoyal Society. He states that iu 1780 he had 
taken xip the idea of an universal measure from whence all the test 
might be derived by means of a pendulum with a moveable cenh-e of 
suspension. It appears that Mr, Whitehurst, F.E.8., published a 
pamphlet in 1787, in which he described a method of finding an in- 
variable length. The mechanism he employed consisted of a pendu- 
lum of variable length, which was kept vibrating by means of clock- 
work. The standai-d measui-e of length he defined to be nothing 
more than the difference of the lengths of two pendulums, which 
vibrate in different but ascertained times. Sir G. B. Evelyn obtained 
the use of this machine, and having ascertained that the difiference be- 
tween the pendulum which vibrates 42 times, and that which vibrates 
84 times in a minute, is eqiud to S9-89358 English inches, he made use 
of that length for the determination of a standai-d of length. 

To ascei-tain a standard of weight he provided microscopes and 
micrometers for the most exact obaei-vations ; a hydi-ostatic balance, 
which when loaded with six pounds had ita equilibrium disturbed by 
the hundredth part of a grain ; a solid cube of brass, whose edge was 
five inches ; and a solid brass cylinder, whose length was six inches 
and diameter of the base four inches. He employed pure distilled 
water, and weighing the cube in air and iu water he found the weight 
of a volume of water equal to the volume of the brass cube. The 
same operation was perfoi-med with the brass cylinder, and on com- 
paring the results of these two, and by other expei-iments, he deter- 
mined the weight of a certain volume of distilled water to a very 
great degree of accuracy. 

The two results arrived at by these experiments may be thus 
briefly expressed : — Tho difierouco of the lengths of the two pendu- 
lums vibratiiig 42 ajid 84 times in a minute of mean time, in the 
latitude of London, at 113 feet above tlie level of tho sea, at 60° of 
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Fahrenlieit'B thermometer, the bai'oiiieter being at 30. inches, is 
59-89358 inches of the Parliamentaiy standard. And that according 
to the sams scale of inches, a cubic inch of pure distOled water, at 66'^ 
of Fahrenheit, Tvhen the barometer is at 29-74 inches, weighs 252'422 
Pariiamentary grains. 

In 1814 a Select Committee was appointed under the Privy Seal, 
to inquire into the original standards of weights and measures in the 
kingdom, and into the laws relating thereto. They state in their 
report that the Statute Book from the time of Henry III. abounds with 
laws for maintaining an uniformity of weights and measures through- 
out the realm. They remai-k that tke measures prescribed in the 
Exchequer are at variance with one another, and, as the law stands, 
aU of them are considered to contain hke quantities ; that the laws 
are at variance with one another, and that exceptions ai-e allowed in 
different counties, as well as in some articles of merchandise They 
attribute the cliief causes of the esiating inaccuracies to the wmt of 
a fixed slandai'd in nature, and a simple mode of connecting measure 
of length with those of capacity and weight. In order to compile 
the standard of length with some invariable natural standard thfy 
reported that it appears from the experiments made for deteimining 
the length of a pendulum vibrating seconds in the latitude of London 
in a vacuum, and reduced to the level of the sea, that the distance 
from the axis of suspension to the centre of oscillation of such pen- 
dulum is 89-1393 inches, of which the standard yard contains 8G 
Nest, that the weight of water contained in any vessel affords tho 
best measure of its capacity. If the standard gallon of water weigh 
10 pounds avoirdupois and contain 276-48 cubic inches, tlie quart wjII 
weigh 40 ounces and contain 69']2 cubic ineliea, and tho pint will 
weigh 20 ounces and contain 34'56 cubic inches. And such a simple 
connection between the standards of weight and measure of capacity 
wiU most iilcely tend to pi-eserve from error the unifoi-mity of these 
measures. And in this manner the standard of length is kept 
invaaiable by means of tho pendulum, the standard of weiglit by tho 
standard of length, and the standard of the measure of capacity b> 
that of weight. The Committee concluded their report witli twenty 
resolutions for the consideration of the legislature. 

It does not appear that these recommendalions were so far 
approved by the House as to enter upon legislation ; but in 1818 a 
Oommission was appointed further to consider the subject of weights 
and measures, and the Commissioners made their first report in 1819. 
In the appendix to their report they mate the following remarks : — 

"A general uniformity of weights and measures is so obviously 
desirable in every commercial country, in order to the saving of time, 
the preventing of mistakes, and the avoiding of litigation, that its 
establishment has been a fundamental principle in the English Con- 
stitution from time immemorial ; and it haa occasionally been enforced 
by penal statutes, and by various other legislative enactments. At 
the same time, it has commonly been considered as one of those 
objects which cannot, consistently with logical accuracy, with natural 
justice, and with the liberty of the subject, be very precisely defined, 
or very peremptorily and arhitcaiily enjoined on every occasion ; and 
there are many instances in which a departure fi-om complete uni- 
fonimity is not only tolerated, but established by law. It must, indeed, 
eomctimea be almost as impossible to control tlio despotic influenco 
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ff tti'^tom ■With le^pect to the ' contents of a mcasuro of a certain 
d jjiommation as Tvith respect to the signifioatioix of a iroi'd of any 
other nature, and e\en the terms of numbers, precise as they 
neeessanly aio m then strict meaning, have become liable to porpetual 
sanations accoiding to the objects to which they are applied ; and 
these variations, however inconvenient they may appear upon a 
general view of the subject, have been repeatedly sanctioned by their 
adoptioa lu the Acta of the legislature. The Commissiouers also 
obseive " With respect to the actual magnitude of the standards of 
length, there did not appear to he any sufficient reason for altering 
those which were m general use." They fui'ther remark that " there 
is no practical advantage in having a quantity commensurable to any 
original ijuantity existing, or which may be imagined to exist in 
nature, except as affording some little encouragement to its commoa 
adoption by neighbouring nations. But it is scareely possible that the 
departare from a standard once tiniversalh/ established in a gnat country, 
should not prodme muck more lalow and inconvenience in its internal 
relations, tlian ever it could even he expected to save in tlie operations of 
foreign commerce and corre^ondenee. The subdivision of weights and 
measures, at present employed in this country, appears to be far more 
convenient for practical purposes than tlie decimal scale, which might 
perhaps be performed by some persona for making calculations 
■with quantities already determined. But the power of expressing 
a third, a fourth, and a sixth of a foot in inches, without a iraetion, 
is a peculiar advantage in the duodecimal scale ; and for the operations 
of weighing and measuring capacities, tlie continual division by two 
i-enders it practicable to raake up any given quantity with the smallest 
number of standard weights and measures, and is fai' preferable in 
this respect to any decimal scale." 

In the appendix to the second report, made in 1820, is an account 
of the variations of weights and measures then in use in different 
parts of the kingdom. A few of them ai'e noted. The pound Avoir- 
dupois of IC ounces was found in some places to be reckoned at 24 
ounces. It is noted that in the time of 31 Edward I., the stone was 
reckoned to be one-eighth of 100 pounds, or 12 j pounds. In later times 
the etone was reckoned at 8 pounds in some places, in others 14 or 
16. A iiundi-ed weight was originally 100 pounds, but the meaning of 
the word hundred had varied in its use. Atone time it meant 108 
pounds, and at lengtli became^ fixed to 112. 

In reckoning articles of n'lerchaudise, a score numerically meant 
twenty articles, so that 5 score made 100. In some ai-ticles of com- 
meroe 6 score is reckoned to the hundred, which has been named " a 
long liundred." And " a great hundred " contained 24 long hundreds 
of 120 each. The word dozen was the same as 13, but in some articles 
of commerce 13 were taken to the dozen. Twelve dozen was called 
the small gross, and the great gross consisted of 13 small gross. 

The oldest measure for wine is a gallon preserved in the Guildhall, 
London, and said to contain 234 cubic inches; in 1813 its exact 
capacity was 224'4 cubic inches. The Exchequer wine gallon, dated 
I707, was found to contain 133'4 ounces, answering to 230-9 cubic 
inches; while the measurement of 1758 made it 231-2 cubic inches. 
A duplicate of this measure, and of the same date, w^ preserved at 
the Guildhall, London. 

The ale gallon contained 4i per cent, moro than the corn gallon. 
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The "VVincliester gallon, aecorcb'ng to tlie definition in tlie statute 
1 William and Mary, should contain 269 cutio inehea, ■whUs in other 
Acts it was fixed at 272i cubic inches. The ale gallon of the Exchec^uer 
coutained 283 cubic iachea, while the wine gallon wasfixed by statute, 
5 Anno, at 231 oubie inches. One of the standard pints of the 
Exchequer was found to contain 20 onnees of distilled water, which 
most probably suggested the assumption that the imperial gallon should 
contain ten pounds weight of distiUod water, being exactly eight times 
the weight of the pint of the Exchequer. 

The third report concisely refers to the results obtained, and 
recommends the adoption of the regulations and modifications sug- 
gested in the two former reports. 

In the year 1820, the first year of the reign of George IV., a 
select committee was appointed to consider the repoi-ts laid before the 
House relating to weights and measures. In their report of the data 
of 28th May, 1821, they state that " They concur entii-ely in opinion 
with the Commissioners on Weights and Measures, as to the inex- 
pediency of changing any standard, either of length, superficies, capacity, 
or of weight, which already exists in a state of acknowledged aecuraey ; 
and where discrepancies ai-e found between models equaSy aiitlieutic, 
they deem it right that such a selection should be made as will prove 
most accordant with generally received usage, and with such analogies 
as may connect the different quantities in the most simple ratios. 
They also concur in recommending that the subdivisions of weights 
and measures employed in this country bo retained, as being tai: 
better adapted to common practical purposes than the decimal scale. 
They recommend Mr. Bird's yard of 1758 to be ilie legal standard 
of length, and approve of tho means of its recovery by means of the 
seconds pendulum in the event of the standard being lost or injured, 
and that superficial measures remain as now defined by law. Also 
(he brass weightof two pounds made by Mr. Bird in 1758 bo considered 
authentic, and one half of this weight be tho imperial standard pound 
Ti-oy, consisting of 5760 grains, and that 7000 grains Troy be declared 
to be the pound Avoirdupois. The committee are, on the whole, in- 
duced to believe that the gallon of England was originally identical 
for all uses, and that the variations have aiisen, in some cases, from 
accident, and in others from fraud. They also agree with the com- 
missioners that tho measures may be brought back to an equality, 
and at the same time made to bear a simple relation to the standard 
weight. And aa it has been ascertained that the pint contains twenty 
ounces Avoirdupois of distilled water, the cubic inch thereof weighing 
252-456 grains in air, at the mean height of the barometer, they 
recommend the pint to be taken as a basis, which wOl make the 
imperial gallon to contain 277-276 cubic inches of distilled water, 
weighing exactly ten pounds Avoirdupois. They conclude by recom- 
mending that leave be given to bring in a bill for declaring theso 
standards of length, of capacity, and of weight, to be the imperial 
standards for Great Britain and li-eland, and for its colonies and 
dependencies; and they recommend that several copies of the stan- 
dards be made with the utmost possible accuracy for the use of the 
Exchequer, for the three capitals, for the principal foreign possessions, 
for the government of Franco, in return for the communication of 
their standards, and especially for tho United States of America, 
where the committee havo reason to believe that they ivill be adopted, 



y Google 



WBICHTS AK1> MEASURES. 17 

and thas tend, in. no small tle^ree, to facilitate the oommGrcial inter- 
course, and ty so doing to consolidate a laatiag friendship between 
the two great nationa of the world, moat assimilated by tlieir language, 
their laws, religion, customs, and njanners." 

In the eourae of this year, 1821, Mr. Jolm Quiaey Adams, Socre- 
tary to the United States, by order of the Senate, made and published 
an important report on ■weights and measures, from whicb. the follow- 
ing brief abstracts are taken. He observes that "Wben M^chain and 
Delambre -were employed by the National Assembly of Frtaiceto 
make an admeasurement of tbe arc of tbe meridian to an extent ■which 
bad never before been attempted, and to weigb distilled 'water ■with an 
accuracy -wbich bad never before been effected. Nature, aa if grateful 
to those exalted spirits, who were devoting the labour of their lives to 
ike knowledge of her laws, not only yielded to them tbe object which, 
they Bought, but disclosed to each of them another of her eeorete. 

" She had already communicated, by her own inspiration, to the- 
mind of Newton that the earth was not a perfect sphere, but an oblate 
spheroid, flattened at the poles ; and she had authenticated ■this dis- 
covery by the results of previous admeasuiemen^la of degrees of the 
meridian in different parts of tbe two hemispheres. But the propor- 
tions of tbia flattening, or, in other words, the difference between tbe 
circles of the meridiaa and equator, and between tbeir respective 
diameters, had been variously conjectured front facts previously 
known. To ascertain it with greator accuracy was one of tbe tasks 
assigned to Delambre and M^chain, for, as it affected the definite 
ostension of the meridian circle, the length of the mfetre, or aliquot 
part of that circle, which was to be the standard unit of weights and 
measures, was also proportionably affected by it. The result of the 
new admeasurement ■was to show that the flattening was of j^^ ; or 
that the asis of tbe earth was to tho diameter of the equator aa 333 to 
334. Is this proportion to the decimal number of 1000 accidental? 
It is confirmed as matter of fact by tbe existing theories of nutation 
and precession, as well ^ by experimental results of the length of tho 
pendulum in various latitudes. la it also an index to another com- 
bination of extension, specific gravity, and numbers hitherto ■ondia- 
covered? However this may be, the fact of the proportion was, on 
this occasion-, &e only object sought. The fact was attested by tbe 
diminution of each degree of latitude in the movement from the north 
to the equator ; but the same testimony revealed the new and unex- 
pected fact that the diminutioa was not regular and gradual, but veiy 
considerably different at different stagesof the progress in the same direc- 
tion, from which the inference fr:ema conclusive that the earth is no more 
in its breadth than in itslengtb, perfectly spherical, and that the north- 
em and southern hem iapherea are not of dimensions precisely equal." 

After this sHght digression,. Mr. Adams proceeds to observe that, 
"Considered as a whole, the established weights and measures oi 
England are but the ruins of a system, tbe decays of wbich have been 
often lepaired with materials adapted neither to tbe proportion nor to 
the principles of tbe original construction. The metrology of France 
is a new and complicated machine, formed upon principles of mathe- 
matical precision, tbe adaptation of which to the uses for which it was 
devised is yet problematical, and abiding, with questionable success, 
the test of experiment. 

"To the English system belong two different ■units of weight, 
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and two corresponding meaemes of capacity, the natural standard of 
TrMch is the difference between the sjecific gravities of whea; aadwms. 
To the French system there is only one unit of woiglit and one 
measure of capacity, the natural etandard of which is the speoilic 
gravity of water. The Preach eystem has tJie advantage of unity in 
the weight and in the measure, but has no common tost of both ; its 
measure gives the weight of water only. The English system lias the 
inconvenience of two weighte and two measures ; but each measure is, 
at the same time, a weight. Thus the gallon of wheat and the gallon 
of wine, though of different dimensions, balance each other. A gallon 
of wheat and of wine, each weighs eight pounds Avoirdupois." 

" The litre, in the French system, is a measure for all grains and 
for all liquids ; but its capacity gives a weight only of distilled water. 
As a measui-e of com, of wine, or of oil, it gives the space which they 
occupy, but not their weight. Now as the weight of these articles is 
quite as important in the estimate of their quantities as the space 
which they fill, a system which has two standard units for measures 
of capacity, but of which each measure gives the same weight of the 
respective articles, is quite as uniform as that which, of any given 
article, requires two ii^truments to show its quantity — one to measure 
the space it fills, and another for its weight. In the dilferenne between 
the specific gravities of corn and wine, nature has also dictated two 
standard measures of capacity, each of them equiponderant to the 
same weight. This diversity esisting in nature, the Troy and 
Avoii-dupois weights, and tho com and wine measures of the English 
system, are founded upon it. In Eagland it has esistod as long as 
any recorded existence of man upon the island; but the system did 
not originato there, neither was Charlemagne the author of it. The 
weights and measures of Greece and Eome were founded upon it. The 
Bomans had the mina and the libra,, the nummulary pound of 12 
ounces, and the commercial poimd of 16. The Avoirdupois pound 
eame through the Eomans from the Gi-eets, and through them, in all 
probahiiily, from Egypt (or Tyre). Of tliis there is internal evidence 
in the weights themselves, and in ttie remarkable coincidence between 
tlio cubic foot and the 1000 ounces. Avoirdupois, of water, and between 
the ounce. Avoirdupois, and the Jewish shekel; and if the shekel of 
Abraham was the same as that of his descendants, the Avoirdupois 
■oimce, &c., may, like the cubit, have originated before the flood." 

'"iheresultof these reflections is, that the unifoi-mity of nature for 
ascertaining the quantities of all substances, ■ both by ^vitj; and by 
occupied space, is a imiformity of proportion, and not of identity ; that 
instead of one weight and one measure it requires two units of each, 
l>roportionei to each other ; and that the English system of metrology, 
possessing two such weights and two such measures, is better adapted 
to the only uniformity applicable to the subject, recognised by nature, 
than the new French system, which, possessing only one weight and 
one measure of capacity, identifies weight and meoaurc only by tho 
single article of distilled water; the English unifoimity being rela- 
tive to the things weighed and measuMd, and the French only to the 
iiuirumsnta used for weight and mensuration. The habits of every 
individual inure him to the comparison of the definite portion of his 
person with the existing standard measm-es to which ho is accustomed. 
■Lliei'e are few English men but could give a yard, a foot, or inoh 
measure from their own ai-ms, liands, or fingers with great accuracy. 
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But ttey could not give the mfetre or decimetre, although, they should 
iaiow tlieii' diniensiona aa well as tliose of the yard or foot. 

" The decimal priaciple can. be applied only with many q^ualifica- 
tiona to any general system of metrology ; that its natural application 
is only to numbers, and that ime, y>aee, gravity, and extension, inflexibly 
reject ite sway. It is douhtful whether the advantage to be obtained 
by any attempt to apply decimal arithmetic to weights and measures 
would ever compensate for the increase of diversity, which is the un- 
avoidable oonaequenco of change. Decimal arithmetic is a contrivance 
of man for computing numbers, and not a property of time, space, or 
matter. Kature has no partialities for the number im, and the 
attempt to shackle her freedom with it will for ever prove abortive." * 

In the year 1824 the Act of Imperial "Weights and Measures 
(5 G-eo. IV. c. 74) was passed, founded on the preceding repoita for 
ascertaining and establishing uniformity in weights and measures. 

The preamble of the Act declares the necessity that weights and 
measui-es should be just and uniform for the eecui-ity of commerce, 
and for the good of the community ; and recognises the provision of 
the Great Charter, wherein it is provided tliat there shall be but one 
measure and one weight throughout the realm. Of nearly sixty Acts 
of Parliament of foi'mer reigns, some have been wholly or partly 
repealed, and others have been confirmed by this new Act for Imperial 
Weights and Measui-es. This Act brought baet into use very nearly 
the ancient corn measure wHoh had been superseded for between 
three and four centuries ; the new measui-o being somewhat greater 
than the old measure by nearly one part in one hundred of the new 
measure. 

This Act directs that after let May, 1825, the standard brass weight 
o£ one pound Troy weight, made in the year 1758, thou in custody of 
the Clerk of the House of Commons, shall be the standard measure 
and unit of weight, and denominated the imperial standai-d Troy poimd, 
feom which all other weights shall be derived ; and that one-twelfth 
part of this pound shall be an oimce, and one-twentieth pact of the 
ounce shall be a pennyweight, and that one twenty-fourtli part of a 
pennyweight shall be a grain, so that 6760 gi-ains mate a pound Troy : 
and that 7000 grains make a pound Avoirdupois, and tbat ono-six- 
ieenth part of this pound shall be an ounce, and that one-sixteenth 
part of this ounce shall be a dram. 

And in case of loss or injury to the standard, since it has been 
ascertained by the late commissioners that a cubic inch of distilled 
water, weighed in air by brass weights at the temperature of 62° of 
Fahrenheit's thermometer, the barometer being at 30 inches, is equal 
to 252-458 grains, of which the imperial Troy pound contains 5760, 

' In tlie Minutes of Evidoiico taken 'before tlie Select Committee of ths House of 
eommoM, ott Weights and Mcasitvss in 1862, tlio following question by the Chair- 
man, and answer ty James Yatea, Esij., r.E.S., ate printed, p. 6i : — 

" 489. Did not the Americans, in the year 1821, estaUisti an inquiry by Comis- 
sion into the desirability of adoptiiig a, deoimal system 1 — Yes ; it was brought before 
them, and they appointed Mr. John Quincy Adams to inqaite into the subject and 
■mal;e areport; and this is the report which he delivered to Confess Wtmtijsw ftooJ; 
to the Gommlllee), and the main substance of his report is, that he most deoidedly and 
in the atixmgeat terms recommends the metric ayatem. " 

If Mr, yatea liad read Mr. Adams's report, he could only have made out his answer 
on the prineiplo of the jion-natiiral employment of language, as practised by a certain 
school of Oxford thcologinna. 
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it -was ordered that a new standard Troy pound shall be made tearing 
the same proportion to the weight of a cublo inch of distilled water as 
the said standard pound Troy. 

It ia also ordered that the imperial gallon shall be the only standai-d 
nnit or measure of capacity, as well for liquids as for dry goods, which 
are measured like liquids and not heaped, and that from this measure 
all other measures shall be derived. That the imperial gallon shall 
contain ten pounds Avoirdupois weight of diatillea water, weighed in 
air, at the temperature of 62° of Fahrenheit's thermometer, the 
barometer being at 30 inches. That a measure shall be made of brass, 
of such contents, and shall be the imperial standard gallon measure, 
and that all other measures shall be taken as parts or multiples, or 
certain proportions of the imperial gallon ; that the quart shall be the 
fourth part of such gallon, and a piat shall be one-eighth of such 
gallon, and that two gallons shall be a peck, and eight gallons a 
bushel, and eight bushels a quarter of corn or other dry goods not 
raoasurod by heaped measure. And in using these measures, the 
goods measured shall be stricken with a round stick or roller, straight, 
and of the same diameter from end to end. 

And fui'ther for heaped measure the standard measure shall be the 
bushel containing eighty pounds Avoirdupois of water distilled, being 
made round with a plane and even bottom, and being 19J inches from 
outside to outside. And in using such bushel, the goods shall be 
duly heaped up in the form of a cone, of the height of sis inches, and 
the outside rim of the bushel shall be the extremity of the base of the 
cone ; and that three bushels shall be a sack, and that twelve such 
sacks shall be a chaldron. 

When heaped measure is used, it is declared that the bushel being 
in form cylindrical, and having a diameter not less than double the 
depth, shall contain 80 pounds Avoirdupois. It further orders that 
the goods measui-ed shall bo heaped in the form of a cone, the height 
of which shall be at least three-fourths of the depth of the measure, 
and the outside rim of the bushel shall be the circumference of the 
base of the cone. 

The Act also provides that the straight Hue between the centres 
of the two points in the gold studs in tho straight brass rod made 
by Mr, Bii'd, whereon the words and figures " standard yard, 1760," 
are engraved, shall be the imperial standard yard, or unit of length 
fi-om which all other measures of extension whatsoever, whether lineal, 
superficial, or solid, shall be derived ; and that all other measures 
of length shall be taken ia parts or multiples, or certain proportions 
of the said standard yard ; and that one-third part of this yard shall 
be a foot, and the twelfth part of such foot shall be an inch ; also that 
tho pole or perch shall contain 5} such yards ; tho furlong, 220 ; and 
the mile, 1760. And farther that all supei-ficial measure shall be regu- 
lated by this yard, or by certain parts, multiples or proportions thereof, 
and that the acre of land shall contain 4E40 squai'e yards, being l&i) 
square perches, poles, or rods. The Act provides, in case of the standard 
yard being lost or injured, that it shall be restored by means of tho 
length of the seconds pendulum, as recommended by tho Commis- 
sioners and the Select Committee. 

In the same year 1824, a standard yard and a standard pound 
weight were, according to the Act, made and deposited in the Houso 
of Commons. At tho burning of the Houses of Parliament in 
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OetolDer, 1834, both the imperial standard yard and tho standard 
pound were so injured by the fire as to bo cLuite useless as standards. 

The Act of 1835, 5 and 6 William IV. was passed to render more 
effectual the preceding Acts. It repeals some of the provisions of the 
Act 5 Geo. IV., c, 74, ivhich afford facilities for fraud, and abolishes 
heaped measure aa liable to considerable variation. The new Act 
omits all regulation respecting the form of the measures of capacity. 
An uniformity of the ratio of the diameter and depth of cylindrical 
measures of capacity would appear to have been a desirable proviaioa. 
It is obvious that of two measures in the form of a cylinder, the more 
shallow of the two will allow of a larger heap in the form of a cone 
above the rim of the measure, tliaix the deeper measure of tho same 
capacity. This uncertainty was remedied by providing that such 
articles of merchandise as before were sold Sy heaped measure, should 
m future be sold hy weight. And the Act directs that the uncertain 
■weight called a stone, shall henceforth consist of 14 standard pounds 
Avoirdupois, and a hundredweight of 8 such stones ; and a ton of 20 
such hundred weights. The Act also provides that all articles are to 
be sold by Avoirdupois weight, except gold, silver, platina, diamontla 
and other precious stones, and drugs sold by retail ; and that such 
articles and none others may be sold by Troy weight. 

In the year 1838 a Commission was appointed to consider the best 
method of restoring tiio standards of weight and measure which had 
been damaged in the burning of the Houses of Parliament. Their 
report, with an appendix, was printed in 1841, and presented to both 
Houses of Parliament by command of Her Majesty, 

They considered that the provisions for tho restoration of the yard 
hy means of the length of the seconds pendulum cannot bo carried 
out, as several of the elements of reduction were doubtful or erro- 
neous ; the reduction to the level of the sea was doubtful, tho re- 
duction of the weight of air was erroneous, the specific gravity of 
the pendulum was eiToneoualy estimated, and the faults of the agate 
planes introduced some degree of douht. 

And as the exact weight of a cubic inch of distUled water is yet 
doubtful, the pound weight cannot with certainty be restored, as 
directed by the Act. They were, however, fully persuaded that, as 
several weights and measures exist which were most accurately 
■compared with the former standards ; by the use of these, the values 
of tae original standards can be restored without sensible error. And 
further that it is always possible to restore standards by material 
copies more securely than by any experiments refemng to natural 
«onstants, such aa the length of a degree at any assigned latitude 
on the earth's surface, or the length of the seconds pendulum. 

They advised that the standards of weight and of capacity should 
be defined, the former by a piece of metal, the latter by a certain 
weight of distilled water, without reference to the standard of 
length ; but that the content of the standard of capacity as ex- 
pressed by the units of cubical measure dependent on the standard 
of length, should be stated as the best determination known. 

They advised the adoption of the Avoii-dupois pound, and the 
abolition of the Troy pound. They considered the definition of the 
standard yard and pound in the Act 5 Geo. XV., c. 74, the heat 
possible, and advised that the definition of the gallon he retained. 
After weighing most cai'efully the advantages and disadvantages of 
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the metric system, they decided to rocommend (though, not with abso- 
lute anauimity) that no change he made in the value of the prjmaiy 
units of the weights and measures of this kingdom, or in the meaning 
of the names by which they are commonly denoted.^ They aleo 
thought it undesirable to enforce the decimal system in. all parts cf 
the Tarioua scales of weights and measures, oven were the attempt 
likely to be attended with fewer difficulties than would be experienced 
in this country; In their opinion the scale of binary subdivision ia 
well adapted to the email retail transactions that seldom become tho 
subject of written accounts, and which constitute a large part of tho 
daily traneaefions in every country. 

Another Commission of scientific men was appointed in 1843 for 
the restoration of the standards, and they made their final report to 
the LokIs of the Treasury on 2ath March, 1854. 

On the general adoption of the report, an Act 18 & 19 Vict., 
c, 72, was passed for legalising and preserving the restored standards, 
of weights and measures, which received the royal assent on 30 July, 
1855. This Act repeals certain parts of the Act 5 Goo. IV., e. 14, 
and provides that the straight line, or distance between the centres 
of the two gold plugs or pins ia the new bronze bar, deposited in tlio 
office of the Exchequer, shall he the genuine standard yard of that 
measure of length called a yard,^ and the said line or distance 
between the said plugs or pins in the bronze bar at 62° of Fahrenheit's 
thermometer, shall be the imperial standard yard,^ 

' One of tha Comniiasionets, 3. E. D. Betlmne, Esq. (thougli he aigned tliu 
report), differed in opinion from hie eolleagnsa, and espresaed his views in a letter to 
the Chancellor of the Escheijuor. One of hia proposed changes -was, that the stono, 
the hundredweight, and the ton, should be abandoned for weights of 10, 100, and 
1,000 pounds, and adds immediately after, these words ; "My own opinion of the 
ohmacter of these changes is that, if it were possible to substitute privately tho 
weights and measures which 1 have proposed, the gieat mass of the population would 
never discover by the mere use of them that any change whatever had been made." 
The Commissionera report that they think it probable that not Itss than 80,000 
tons of thesB weights are now in use, and that the expense of changing them for 
weights in the decimal scale would be hetween £100,000 and ;G200,000. Is the 
practical advantage worth the money, and the confusion that would follow ! 

2 The following description of the new standard imperial yard as restored, is 
given in the preariblo of the Act ;— "The form adopted lor the standard of length, 
and for all the copies thereof, ia that of a solid square bar 38 inches long, and 1 mch 
square ia transverse section, the bar being of bronze or gun-metal ; near to each end 
a cylindrical hole is sunk (the distance between the centres of the tiro holes being 
86 inches) to the depth of half an inch ; at lie bottom of this hole is inserted in 
a smaller hole a gold plug or pin, about one-tenth of an inch in diameter, and upon 
the suiface of this pin there ore cut three fine lines, at intervals of about tho one- 
hundredth part of an inch transverse to the axis of tho bar, and two lines at nearly 
the same interval ptmdlel to Uie axis of the bai ; the measure of length is ^ven by 
the interval hetween the middle transversal line at one end and the middle transversal 
line at the other end, the part of each line which is employed being the point midway 
between the longitudinal lines ; and tho said points are herein rcfeired to as flie 
centres of the said gold plugs or pins." The standard yard and pound have h&an 
deposited in the office of the Exchequer at Westminster. Copies have also been 
deiioeited at the Royal Mint, at the Eoyal Observatory, Greenwich, and with the 
Eojij Society of London, 

In the 147th volume of the TcansactJons of the Eoyal Society, pp. 621—702, is 
contained a very interesting account cf the consti'uction of the new national 
standard of length, and of its priiieipal copies, by G. R (now Su- G. B.) Airy, 
Astronomer Royal. 

^ Mr. Whitworth, befoiu the Lords' Committee, In 1855, exhibited tin inch mea- 
sure, with an apparatus for testing its length to tlie milliontli part cf an inch, and 
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The Act also proviJea that the new weight of platimim containing 
7000 grains, and equivalent to the pound weight AToirdupois, is the 
legal standard of weight, and named the imperial standard ponnd 
Avoirdupois, from which all other -n-eighta and measures liaving 
reference to weight are to be derived : and 5760 grains shall be a 
a pound Troy. 

And if at any time hereafter the imperial standard yard or imperial 
staudai-d pound Avoirdupois respectively be destroyed or injured, 
the Commissioners of Her Majesty's Treasury may cause the same 
to bo restored, by reference to, or adoption of any of the authorised 
copies that have been deposited in the places named in the Act. 

On the motion of Mr. W. Ewai-t, in the House of. Commons, » 
Select Committee was appointed on 8th Apnl, 1862, to consider the 
practicability of adopting a simple and uniform system of weights and 
measures, and they made their Report on tlie 15th July, 1862. 

They recommend "that the best course to sAo'gt is cautiously hif 
steadily} to introduce the French metric system into this country ; " 
adopting its nomenclature, at first merely legalising its me, and then 
after a time rendering it compulsory ; but that no compulsory measures 
should be resorted to until the metric weights and mefsures are 
sanctioned by the general conviction of the public. As the date of 
this period ia so distant and indefinite, it may fairly be regarded as 
likely to be coincident with the date of the Greet Kalends. 

A large amount of evidence was taien by tlie Committee, and 
different views aad opinions were stated. The evidence of Mr. (now 
Sir) C B. Aiiy is distingiiiahed by sound, practical common sense. 
while admitting the anomahes of the existing system of the English 
weights and measures, he maintains they do not occasion any very great 

insisted on the greitter importance to nil wlio ore engaged in tbo meelianieal arts 
of having a standard foot and a standard icoh, than a standard yard. Engineers 
adopt the inch as tte unit of length, and aU fractional pacts are expressed in dedmals 
of the inch. They prefer the inch to the English yard and the French mStre. Like 
their 8a:!on forefathers, they have found its practical value, and approve of it in their 
daily work. 

1 The following remaj-ka of the late Professor Do Moi^an on this point are not 
unworthy of attention : — "Tho progress of this question is one of those remarkable 
signs which show the tendency of onr present politioa. If the classes from which 
legislators and ministBra are usnally chosen inteuded, and were jnstifled in intending, 
to train up the country into a pnre demooraoy, in whioh the ComMa of the people 
shonld he the real eseentiva government, and Parliament should exist only tor the 
registration of their condnsiona, thoy would deaerve admiration for ViB sieady aniC 
eavtioxts roaitreflr m whieh they am and liaiie iesn proaeeiUng. Instead of having and 
acting upon a fixed opinion as to what is wise and Tight, or even professing to hnTO it, 
both tlio Cabinet and the House of Conmions give the country to understand that 
their bneiness is only to apply their test endeavour to carry into effect such measures 
as are dictated hy a sufScient pressure from without. It is held f^> be a good answer 
to a demand for the consideration of an important question, that there is no outcry 
for it in the coimtry. Even the House of Commons cannot put the Government in 
motion without this outcry at its back. A few days after the House had voted a 
strong resolution in favour of the pound and mil scheme, orgiDK its immediate 
adoption, the Chancellor of the Eschenuer informed a deputation that the Govern- 
ment intended to — do nothing." 

' Mr. Airy quoted the following case in his evidence : — lu 182i M. Damoiseau, 
under the authority of the French Board of Longitude, published some lunar tables- 
on the centesimnl division of the quadrant, which were found of great advantage ; 
but the French Board of Longitude subsequently destroyed them. It was found that 
the people of France would not use the eenteaimal division of the quadrant. Tho 
work appeared again in 1828, but the st«j-eotype was broken up, and the tables ors 
the old system were substituted. 
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inoonvenience in tlie use of them. He lielioyes that the French syatem 
■would not suit the habits o£ the people of tliia country ; but being 
guidei by no broad or symmetrical principle, but simply by the con- 
venience of things and the use of them, he prefers tlie existing system, 
and declares he does not see how the decimal subdivision is to be 
carried through, aa it is limited, and unsuited to the -wants of retail 
trade. And ttat any interference of GoTemment for compeDing the 
use of foreign measures in the ordinary retail business of the country 
would be intolerable ; that they could not enforce their penal laws in 
one instance in a thousand, and in that one it would be insiipportaih/ 
oppressive. He admits that there should be a legal poit-er to nse decimal 
parts of anything, because that in different trades and manufactures 
there are different measures ^sed on the one hand and different 
weights on the other, which have been adopted by custom on account 
of their convenience. Such divisions, lie adds, are likely to be adopted 
in other trades and manufactures, whenever advantages of a practical 
nature can be shown. And fui-ther, the reference to the different 
parts of any scale of weights and measures is made by different 
persona and for different pui-posea ; and the various parts of any one 
scale are not usually combined in the practice of trades or of manu- 
factures. He also reniarlis, it must be remembered, that there is no 
country which interferes so little as this country does with the educa- 
tion of the people, or with their internal affairs. The rule in this 
country is, that the people should act for themsolveB, but the rule of 
foreign countries is that their paternal government should act for the 
people. This mates all the difference between a people which is self- 
helping and one which is not. The object of legislation on weights 
and measures is to prevent fraud and misunderstanding, and in no 
case is the legislature of this country justified in interfering in a 
contract between man and man, except for the protection of the 
ignorant and the weak. 

The leading journal of England of the date 9 July, 1863, thua 
supports the views of the Astronomer Eoyal ;- — " From, a division in 
the House of Commons yesterday, it appears ive are seriously 
threatened with a complete CB^mUation of all our weights and 
measures to the French system. Three years are given to unlearn all 
the tables upon which aE our buying and selling, hiring and letting, 
are now done. Three years are supposed to be amply sufdcient for 
undoing and obliterating the traditions of eveiy trade, the accounts 
of every concern, tire engagements of every contract, and the habits 
of every individual. But we very much doubt whether the general 
shopkeepers, who take possession of the comers of our small streets, 
or the greengrocers, will be able in three years to translate their 
accounts into decas, heetos, kilos, myrias, sterea, and lih-es, m^res, 
millimetres, centimetres, and the hundred othertorms extracted by our 
iageniona neighbour from Latin or Greek, aa may happen to suit 
their purposes. Is the House of Commons, then, really prepared to 
see the votes, the reports, the returns of the revenue, the figures of 
the national debt, aU run up in paper francs, and actually paid in gold 
Napoleons?" 

In 1864 was passed an Act to render permissive the use of the 
French metric system of weights and measures,^ The ; 
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ileelares tbat " for the promotion and extensioa of tTi« intGrnal as well 
as of foreign trade, and for the advancement of science, it is expedient 
to legalise tho motrie system of weights and measures." The con- 
venience and utility of any syBtem of weights and measures constitute 
the chief reason for retaining them, and any proposal to substitute 
a new for an old system which has been for ages deeply imbedded in 
the laws, the eustoms, and the habits of a people, appears to be at 
least a matter of doubtful expediency. It may be observed that the 
retail trading ti-anEaetlons of the mass of tlie population, and the 
exactness of scientific inquiry, do not require the same weights and 
measures. The weights and measures that would be proper ifor retail 
trade would be unfit for the exactness of scientific investigation. The 
past history of the progress of science owes little, if anything, to the 
French m-etrie system for its advancement; and it is not obvious how 
in future it could be employed for this purpose, so as to secure, 
by its employment, any advantages which have not been already 
secured by the system long employed in England. The decimal system 
has been, and still is, largely employed both in measures and calcula- 
tions where its use has been found to be convenient, and will continue 
to be so employed. 

The decimal division of the British coinage, though very strongly 
advocated,' has not been authorised by the Act which legally pendU 
the use of the decimal system of weights and measures. It is possible 
that in some trades and manufactures the use of it may suggest 
some improvements, without superseding the established system, 
which is understood and suited to the wants of the people- 

The opinion of the late Sir J. W. F. Herschel, in 1864, on the 
standards of measure, is worthy of consideration : — " Whatever be 
the historical origia of o\ir standards of weight, capacity, and length, 
as a matter of fact our British system refers itself with q^uito as much 
arithmetical simplicity, through the medium of the inch, to the earth's 
polar axis as the French does through that of the motre to the elliptic 

of the jneaeme proposed fw adoption. Mr. Ewatt had forgotten that the conatnio- 
tion of a perfect and just standard ia the Sratstep in kgidation on su-ch eulgeets. 

1 The merohauts and banlcers of the City of London in one of the most in- 
fluendallj -signed petitioaa which ever emanated from the city, presented in 1865, 
use language on this subject -which is hardly that of petitionera. They say, tbat 
"the pound constitutea ttn English national tixed idea of value asiA position, and ia 
associated with eveiy existitig wntract^ and eveiy eomparison of past revenue, 
expenditure, and pnoe, Mid miist & retaitied." They say, also, that every other 
method, except that from the ponnd downward, is altogether impracticaMe. . . . 
We feel perfectly easy in our reliancs on the common sense at the country, that it 
will not hear of the expiJaion of the x>ound sterling from accoants, while liie 
sovereign is to he retainoil as meana of payment, nftet division hy £4 ; that it will 
not hear of the mixed ejicnktion of shiltinga and teu^eaces ; tiiat it will stick to 
its old and sueceeeful plan of reforming &ai which, as, instead of siibitituticg (hai 
which hat Jtei-er Seen, especially in matters connected with our oldest habits of 
estimation, usages of action, and aesoGiafions of thought. ... If, however, 
the shillings and sixpenecB could be replaced by an equivalent amount in tenpenuy 
and fivepenuy iits, in the course of a single night, and by the wand of a magician, 
the country would find itself iu a poor state m tie morning. Everj idea of value 
would be unset ; all noUouB of cheapness and dearness would require translation. 
A man who had made up his mind over night that he would go as far as £1 17s. foe 
a purchase, must take pen and paper, if not more ready than usual, to find out how 
many francs he may venture upon. And this wotild last for years with many, for 
months witli all. And for what! To avoid an alteration in the copper coin, whidl 
would amwant to a liUJe short of one iaitliing in. sixpence. — Tro/essorDe Morgan, 
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q'liiwlraiit of a meridian passing' fhroTigli Fails. It does so aa regards 
our actual legal standards of woiglit and capaeitj wiili much more 
precision than the French system; and aa regards tlia,t of length, 
■with still greater, and indeed with, all but mathematical exactness, 

"If the eartk's polar asis lie conceived divided Into 500,000,000 
inches, and a foot toe taken to consist of 12 suek inches, them 1-00 of 
wur actoal legal imperial half-pinta by measure, or 1000 of our 
a«jtual imperial ounces by weight of distilled water at onr actual 
standard temperature of 62° Fahi-enheit, wiU fill a hollow cube having 
one such foot as its side. The amount of error in eitlier ease is only 
one part in 8000. 

" jChe theoretical French m^tre is the ten-millionth part of the 
elliptic quadrant above-mentioned ; Siie theoretical litre is thu thou- 
sandth of a cubic metre ; and the theoretical gramme the millionth 
of a cubic metre of distilled water at 32* Fahrenheit. jChe actual 
error of the French legal or standard litr« and gramme, or the 
deviation of these atandatda aa they actually exist from their true 
theoretical value, ia one part in 2730, and is consequently relatively 
nearly three times as great as the error in our own standards of 
capacity and weight, when referred to the earth's polar axis aa their 
theoretical origin in the manner above stated. Our actual imperial 
measures of length deviate, it is true, by more than this amount from 
their theoretical values so defined — that is to say, by one part in a 
1000; so that a correction of one exact thousandth part subtracted 
from the ^lated amount of any length in imperial measures suffices to 
reduce it to its equivalent in such units as correspond to similar 
aliquot parts of the polar osis. So corrected, the outstanding error 
is only one part in 64000, The actual legal m^tre in use in France 
is, however, not immaculate in this respect, its amount of error being 
one part in 6400, which is ten times that which our British measures 
so corrected would exhibit, British commerce extends, however to 
Eussia, British India, and Ansti'alia (besides North America), all of 
them superior in area; and the two last at least of equal importance, 
commercially speating, mth the totality of the meirwised nations. 
The Euasian iogene is aji exact multiple of the English foot. The 
hath, the legal measure of length in British India, ia 18 imperial 
inches. The Australian system is identical with our own, as is also 
that of North America. Taking into conaderation this immense pre- 
ponderance both in area, in population, and in commerce, we are not 
only justified in taking our stand against this innovation, but entitled 
to inquire if uniformity be insisted on; why, with an equally good 
theoretical basis, to say the least, the majority is called upon to give 
way to the minority," 

The Act of 5 Geo. IV., o. 74, for the British imperial system of 
weights and measui-es, being no rash act of legislation, is founded 
on the experience of the past history of the English nation, and adapted 
for the practical convenience and benefit of the conimunity. The 
French system was devised by their philosophers, who, having re- 
jected all past experience, led by ideas, scarcely ever by facts, have 
sacrificed every praotic3l consideration to the idea of reducing the 
^visions of all weights and measures to the denary scale of arithmetio. 
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ON THE DIVISIONS AND MEASURES OF TIME. 



" "nme of itself is nothing, but from thought 
Eaceivea its rise ; by labouring fancy wrought 
From things considered, wliilst we tliink on soma 
As pMsent, some as paat, or yet to come. 
No thoneht can think on time, that's still confest. 
But thirdca on things in motion f* at rest" — LticreHua. 



Thb following l>rief notices aie intended to mark tte natural 
measures and divisionB of time, as regulated ty the apparent and 
real motions of tlio eim and the moon, and tJie artificial adjustments 
that have been made so as to 'iecure their agi-eement with the orderly 
returns of the seasons, and to regulate the division of time for tlie 
purposes of oi'dinaiy lif o. 

A measure has always a rcftronce to some quantity whieL. can be 
measured; and any quantity can be measured by any assumed 
measure of the same Irind, Any lengtli can be measured by any line 
assumed as the unit of measurement, as a yard, a mile, &c- But with 
respect to time, it is clear fiom its fleeting oatui-e, being continuous, 
no standard measures can exist, like tlie measures of space or otiier 
quantities. There is, however, an analogy between the nature of a 

feometrical line and time, and an identity of language is employed of 
oth by all nations. For instance, a point in a line and a point of 
time ; the beginning and end of a line and the beginning and end of 
a period of time ; the length or shortness of a line, and the length or 
shortness of time ; also the extension of a line backwards or forwards 
exactly correspond with the extension of a period of time into the 
past or the future. This language implies that the ideas of time are 
closely associated with the ideas of a line and motion; and that exact 
measures of the motion of bodies in lines may bo assumed and 
employed as measures of time. It was by haying recourse to the 
opparent motions of the sun and the moon in the heaveus, that 
measures of time were at length ascertained. 

The fact of the apparent daily motion of the sun round the. 
heavens being observed to be constant and regular, led men to believe 
that the sun did really move round the earth, and this belief lasted 
for many ages. It had its origin in mistaking apparent motion for real 
motion. When a body at rest is seen by an observer from another 
body in motion, the former appears to nuwe in a direction contrary to 
that in which the latter body is actaaUy moving. As the daily revolu- 
tion of the earth on its axis causes the eun to appear to move from 
east to west ; also while the earth is actually moving in its orbit round 
the sun, in the direction from east to west, the sun appears to an 
observer on the earth to move among the stars from west to east. 
This distinction between real and apparent motions, not having been 
observed, was the cause of the erroneous belief.^ 
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2 ON THE DIVISIONS AND MEASURES OF T13IE. 

Ill the very brief notices of tlie records of creation eontainod in 
the first chapter of the Boob of Genesis, it is stated that the Creator 
made two great lights, the greater light to rule the day and tlie less 
light to rale the fiight, and set them in the expanse to give light upon 
the earth; and that he also ordained them to be for sigas and for 
seasons, and for days and for yeai-a. 

From the earliest times the whole expanse of the starry heavona 
has appeared (as may be observed on a dear night) to move ronnd 
the earth as stationary, during the alteraate periods of darincss and 
light, in orderly succession. The sun, the moon, and " the wandering 
stars " also appeared, as they do now, to move round the eai'th within 
tliis vast espanse, in the boundaiy of which tho fixed stars appear as 
sliining points of different degrees of brightness. 

The sun, the soui-ce of light, was observed to rise successively and 
regularly in the east, and to move round the heavens, giving light to 
the eaiih, and to go down in the west; and the period of da^neas 
came on and lasted until the sun rose again on the next morning in 
the east. The sun also, besides its daily rising and setting, appeared 
to move round the whole circle of the heavens during the period of 
the four seasons of spring, summer, autumn, and winter. 

The moon alio, like the sun, appeared to move round the earth, 
and to pass through a regular succession of changes, alternately waxing 
and waning inhrJghtness. These risings and settings of the sun, the 
changes of tho moon, and the orderly succession of the seasons, marlicd 
the primitive divisions and periods of time. 

It is highly probaWe tbat before the deluge the period of the 
month was rectoned from observing the number of days in which the 
moon passes through all its changes from new moon to new moon, or 
from full moon to lull moon. The month was rectoned to cousist of 
ihii-ty days at the time of tho deluge. For it appears from the 

ajiis and rouDd tlie sun was contrary to the Sorijitarefi, and tie following sentenee of 
the Inquisition on G^ileo in 1633, is foanded on tliis infallible decree. " The pro- 
position thai the sun ia in the centre of the world and immovable from its place, is 
absurd, phil:«ophieally false, and formally heretical, because it is espreasly contmiy to 
the Holy Scriptures." "The proposition that theearthianot the centre of the world, 
lior immovahle, but that it moves, and also with a diuiiial motion, is also absurd, 
philosophically false ; and, tbeolodoally considered, at least erroneous in faith." 
The Pupal deoi«e is acknowledged, in the following declaration printed on the 
seventh page of the third vtdume of an edition of HbwI^ii'h Prineipia. It waa 
edited by the Jesuit fathers Le Sem and Jaequier, and published at Geneva in 
3, vols, ito in 1742, "Fewton, in tHs thiivl book, assumes the hypothesis of tho 
motion of the earth. The propositions of the author could not be explained other- 
wise than by m jting the same hypothesis. From this circumstance we have been 
compelled to personate the character of another ; but we profess to obey the decrees 
made by thesupremepontiffeagBiDst theniotiottof the earth." 

That the motion of the earth ia "expressly contrary to the Holy Scriptures," 
cwinot be maintained without perverting the plain sense of Scripture. Natural 
phenomena are described in itte Scriptures as thty appear, and no claims or pre- 
tences are therein found ta explain the true system of the universe. 

FfomthefoUomingextractof a letter of Cardinal Mai to the late Canon Townaeod, 
it appears that the dogmas and decrees of Infallible Authority once issued, stand, 
Jrtevoeable for dl time. " Saneta quidem Komana Ecclesia in doamatibus aemel 
definitis peratat, semperqne perstabit : neqne a Concilioram quommlibet oseumeni- 
coram plaoitis unqnam reoadet ;" that is, "The Holy Bonian Church stands, and 
always will persiBt in standing, firmly on its dogmas once defined ; and will never 
recede fiotn tlifl decisions of any {Ecumenical Councils whatsoever." — Ctmon Tuym- 
send's Jimrnal o/a Torn- ia Ilaly in 1860. 
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account in the sopenth and eigKtli chapters of the Book of Genesis, 
that the rising of tho watorB began on the seventeenth day of the 
second month, and continued until the seventeenth day of the seventli 
month, a period of five months, or one hundred and fifty days. The 
account also supplies evidence that the year was reolioned to consist 
of twelve months of thirty days each, or of three hundred and sixty 
days, For it states that the deluge hegan on the seventeenth day of 
the second month of the six hundredth year of Noah's life, and that he 
and his family left the arii on the twenty- seventh day of the second 
month of the foUomng year, that is, after three hundred and seventy 
days, or a year of twelve months of thirty days each, and ten days. 

This mode of reckoning the month and the year having descended 
from Noah and hia sons, was naturally followed by their descendants. 
And in the early period of the world's history the year was reckoned 
according to the phases or appearances of the moon, and not according 
to any comparison of the apparent motions of the sun and the moon. 

In tho course of time it was ascertained that the lunar month of 
80 days was greater than the true length of the time in which the 
moon passed through tiie changes, and that the true length was less 
than 30 but moro than 29 days. 

It was also observed that the year of S60 days was less than the 
period iu which the sun appeared to move round the circle of tho 
lieavens, and that this period was more than 365 but less than 366 
days. It will be seen that the month of 30 days and the year of 12 
months of 30 days, could not be made to correspond exactly with the 
motions either of the sun or of the moon, but that these reckonings 
would always fall short of the true year. Neither could the months 
be made always to correspond witli the seasons to which they were 
first adjusted, but in the space of about 34 years they would be found 
reckoned in opposite parts of the year. 

If each lunar month did consist of an exact number of days, and 
each year of an esact number of lunar months, there woidd have 
been no difficulty in adjusting thorn with each other. But as neither 
the lunar month consists of an exact number of days, nor the solar 
yoar an exact number of lunar months, difficulties arose in the attempts 
made to adjust these different measm-es of time to one another. 

In order to remedy the discrepancies and to make the reckonings of 
the seasons agree with the motions of the sun and the moon, diffe- 
rent methods were adopted by different nations. Some regulated their 
yoars by the moon, and others by the sun, making from time to time 
such an addition of days as to bring the periods of reckoning to. 
correspond with the lunar and solar motions whenever the lunar year 
ranged too widely from the solar year. Herodotus writes (ii. 3, 4),. 
that he wM informed by the priests at Holiopolis, tho chief seat o£' 
Egyptian learning, that "the Egyptians were the first to discover.- 
the year, dividing the year into twelve parts, and this knowledge, thoy 
said, they obtained from the stars." And he adds hia opinion, " that 
they reckon their years more judiciously than the Greeks ; for these 
intercalate a whole month every other year, but the Egyptians, dividing 
the year into 12 months of SO days each, add every year a space of 5 
days besides, by which means the order of the seasons is made to 
return with uniformity." Fromthefactof Egypt having been one of tho 
earliest of civilised nations, it is not improbable that this adjustment of 
the periods of the moon and of the sun is due to tho ancient Egyptians. 
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s unlmown at what period the intoi'calation of Sve days waa 
d. It was in uso 1322 c.c, -wlien Aumnopli I. was king of 
]gypt, as an. inscription of tliat age, preserved in the Museum of 
'Junn, records the year of 365 days. 

Alter the discovery that the apparent motion of the heavens and 
of the eun ronnd the earth was caused by a real motion of the earth, 
it becamo necessary that the definitions of the day and the year should 
contain some reference to the true causes, as well as the apparent 
causes of these phenomena. 

Instead of the sun daily moving round the earth at rest, it was 
found that the earth, being nearly globular, was actually revolving 
round its own axis, and that the natural day, the intei'val between two 
successive lisings or settings of the sun, is, in fact, the time in which 
JJie earth makes one complete revolution on its asis ; and that the 
periocU of light and darkness ai'e caused as one half of the surface of 
the earth in its rotation is turned towards the sun and receives its 
light, or is turned from the sun and does not receive it ; and instead 
of the sun moving round the heavens, it was discovered that the earth 
was actually moving in an orbit round the sun, the central luminary 
of the system of worlds of which the earth ia one ; and it 
■was ascertained that the natural year, during which the eun. appears 
from the earth to move once round the circle of the heavens, is, in 
fact, the period in which the earth completes one revolution in its 
orbit round the sun. It is this revolution of the earth round the sun 
that occasions the different lengths of the light and darkness, and tho 
change of the seasons by the different positions of the earth in its 
orbit. The asis of the earth maintains very nearly the same inclina- 
tion to the plane of the orbit in which its revolution takes place ; 
but more exact observations have shown that the obliquity of the 
ecliptic is slowly diminishing. 

Though the period of light and the period of dai-kness is different 
at different seasons of the year, yet the natural day, or the whole 
period of light and darkness, has always been of constant length. The 
days ai-e longer and the nights are shorter in summer, and the nights 
are longer and the days are shorter in winter. And there is one day 
in summer when ilie daylight is longest and tho darkness shortest ; 
and one day in winter when tlie darkness is longest and the light 
shortest. Also, twice in the course of the year, both the periods of 
light and daiWess of the day are equal. The two days on which 
these events take place are called the vernal and the autumnal equinox, 
one happening in tho spring and the other in the autumn. 

If l3ie orbit of the earth were f ircular, there would be no difference 
between the suecessiTO days of tlie year. But as the earth's orbit 
is not a circle but an ellipse, having the sun in nno of the foci, the 
eai-th's daily motion in her orbit is not uniform, and tho sun in its 
apparent motion does not daily return to the same meridian of tho 
earth after equal intervals, and conseqxieutlyits appaient daily motion 
cannot be an exact meaaiu'e of time. 

IVom the time of Hipparchus, the intervals of the successive returns 
every day of any place on tlie surface of the eai-th to the same star in 
the heavens has been obsei-ved to be constant at all times of the year, 
and this period of time has been named the sidereal day. On this 
account ttic sidereal day has been adopted by astronomers as the 
pi-incipal unit of time. It may appeal paradosieal that at whatovci 
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OK THE DIVISIONS AND MEASURES OF TlilE. 5 

place on any clay the earth may be moving in its orhit, the same place 
oa its surface always returns to the same fixed star at the eame 
moment of tima This fact arkes from the vast distance of the eai-th 
fi'om the fixed stars, ■which is so immense that even the diameter of 
the orbit of the eai-tti, a distance of above 180,000,000 miles, is so 
email in comparison as to be inappreciahle. 

To an observer on the earth the snn appeai-s to move round a great 
circle of the heavens in 365j days nearly, or through 59' 8" of a 
degree of this circle in one day, which motion corresponds to three 
minutes fifty-sis and a half seconds of time. The average interval 
between the sun appearing to leave, and to return to the same meridian 
of the place, ^111 be longer than the stderml day by three minutes, 
fifty-six and a half seconds, and has been defined to be tlis solar day. 
And it is obvious that the mean solar day,^ or the mean of aU the 
solar days in one year, -will be constant, but sometimes longer and 
sometimes shorter than an actual solai day, aeeoiMiing to the velocity 
of the earth in its orbit dm-ing that day. A clock, tiierefore, which 
koops mean solar tlnie does not always indicate 12 o'clock at the moment 
when the snn passes the mei-idian. The mean of solar days, being 
coustant, has been assumed as the unit of measure for the civil day. 

The difi'erence between ti-ue time and apparent solai' time is g^-eater 
or less according to the sun's apparent motion, or rather according to 
the actnal angular velocity of the earth in. any part of its orbit. The 
solar day being the intei-val between the sun's apparent depai-ture from 
any given point in the heavens and its next return to that point, with 
60 much more as is added to its diurnal motion eastwai'ds, it is obvious 
the solar day is longer than the sidei-eal day. 

The civil day is the same as the natui-al day, but in different ages 
and among difi'erent people it was considered to begin at different times 
of the day. Some nations reckoned tiie day to begin at sunrise, 
others at sunset ; some from noon, otliers fi-om midnight. Hipparchue, 
tlie Gtreek astronomer, who lived in the second century before tlia 
Christian era, reckoned the day to begin fi-om midnight, and his 
example has been since followed by astronomers. 

The origin of the custom of dividing the period of daylight into 
twelve equal parts is unknown. There is no mention or allusion 
made by Moses to any such division among the Egyptians at the timo 
of the Exodus. After tliis event the time from sunset to sunrise was 
divided hy the Hebrews into three equal parts, called watohes. The 
morning watch is noted in Exod. siv. 14, and the middle watch 
in Judges vii. 19. In later times, when the Romans held posses- 
sion of Judea, the Hebrews adopted the Eoman method of dividing 
the night into four watches, aU of which are stated in the thirteenth 
chapter of St. Mark's gospel. The division of the day, the period 
from Bum-ise to sunset, into twelve equal parts, is noted in John 
si. 9. The fii'st hour began at sunrise, midday or noon was 

' Tlio mean solar day lias been described as the mean of tlie Bolar days of a year. 
Att imaginary sua is suppoeed or conceived to move nniformly in tiic equator with 
the real sun's mean motion, and tlio intarval between the depai'tnre of any meridian 
from the mean sun and its retmrnina; to it, is the duration of the mean solar day. 
Cloefca and chronometers are adjustea to mean solar time ; so that a complete revo- 
lution through 24 hours of the hour hand of the Astronomical clock should be per- 
formed in exactly the same ictBtval as the revolution of the eaith on its axis with 
respect to the mean mm. 
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> MEASURES OF TIME. 

the sixth hour (John six. 14), and tlie twelfth hour endod at 
sunset. The third hour divided the interval between sunrise aiid 
noon (Mark xv. 25), and tlie ninth hour hctwoen noon nnd Butisi;t 
{Matt, xxvii. 45). The two intermediate points of time whiiih 
equally divided the periods of light and darlinosa were noon and 
midnight. 

The month having been defined to be the time in which the moon 
was observed to pass through its changes, is in fact tho period during 
which the moon completes one revolution in its own orbit round tho 
earth, and is at the same time carried with the earth in its orbit 
round the sun. As the moon receives its light from the sun in 
the same manner as the earth, the appearance of the new moon 
■will take place when the dark sido of the moon is tui-ned towards tho 
earth, or, more correctly, ivhen the moon and the sun are in conjunc- 
tion, or on tho same side of the earth. And the full moon will happen 
when the moon and the snu aro in opposition, or on different eidea of 
the oarth. On the second day after the conjunction the new moon ie 
first seen as a tiiiu curved line of light, as part of a circular arc; bub 
the actual fact of conjunction can only be seen when the conjunction 
is so close as to occasion an eclipse of the sun. In early times tho 
interval between two successive new moons was observed to be about 
iliirty days, and this period was reckoned the length of the month, 
until more accurate observations showed that the exact time between 
two new moons was less thau thirty but more than twonty-nine doys. 
At length in modem times it was found that the average interval betiveon 
two successive new moons is 29 days, 12 hours, 44 minutes, and 3 
seconds ; and the average interval from new moon to fuU moon is H 
days, 18 hours, 22 minutes, and 1^ second ; and the full moon will, 
therefore, generally happen on the 14th or 15th dayof themoon'sage. 

Tho natural day, the lunar m.onth, and the solar year are fixed, 
but incommensurable with each other ; thus, if the year be measured 
by days, it contains more than 865, but less than 366 days ; if 
by lunar months, it contains more than 12 but less than 13; and if 
the lunar month be measured by days it contains more than 29 but 
less than 80 days. 

In addition to the three natural divisions of time, the year, tlie 
month, and the day, the most ancient of the artificial divisions of time 
is the weeh, a period of seven days.' The origin of this division of time 
' The perioil of seven days, the seventh day, and tte number seven, are found 
in tlie traditions and languf^cs of almost ail nations, fragments of the original 
institution of the sovontli doy. It is not improbable that the name of the prauticc 
cj an oteervanee might remain amonp a peopia long after the original tradition Iiad 
hcou losi, and any snperslitioii might become connected with tho name. The 
imcient Egj'ptians celebrated the festival of their god Apis for seven days. The 
time of bIx tunea seven days was the period of mortification imposed on the Egyptian 

Sricats. And their custom of monming for the dead was extended to ten times seven 
ays. It is recorded (Numb, siiii. 1, 2) that Balak, the king of Moab, offered, by 
the direction of Baiiam, sovon okou and soven rams npon seven altars. And in u 
later ago, the Syrian ffcnexal Faaman was directed by the Hebrew prophet Elisha to 
waaU seven timea in Uie river Jordan for the cure of Ms leprosy (3 Kings v. 10). 

In a still later age, the most ancient writers of the Greeks recognised tlie saaetity 
of the seventh day of the mouth. Thus Heaiod calls " the seventh day the illustrious 
U«>if (if tliA Bim '* And TTnmj»r lAi-itpft :— **Tbftn OAmfl tbe jiRventh dav. wbich ia a 



le primeval institution of the seventh day. 
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is to bo re-feiTed to tliat period of the osiateneo of the planet, the 
earth, ■whon the first man. and woman were croatod, as recorded in the 
Yory brief noticoa contained in the first two chapters of the Boot of 
Oenesis. At the beginning it was ordained by the Creator that every 
s is suoeossivo daya of human life should be assigned to ordinary work, 
imd tho seventh day bo a day of rest from labour for the whole 
human family. 

In tho first ages of the world the seventh day of rest was observed. 
It is also evident from the eighth chapter of the Book of Genesis that 
time was reckoned by periods of seven days in the ago of Noah ; and 
there are indications in tho same book that this division of time was 
observed during the lives of the Hebrew patriarchs. 

This tradition was probably neglected or forgotten dirring the 
period of tho elavery of the Hebrews in Egypt. The primitive law 
of a seventh day of rest was, however, recognised in the opening of tho 
fonrth preeopt of the Decalogue, in the words, " Eemember that thou 
koop holy the sabbath day," 

On the seventh day of rest being re-proclaimed to the Hebrews, 
some additions as to its observance were made for their use, oom- 
nieoeing with the year of their settlement in Palestine. The number 
seven is connected and, as it were, interwoven with almost all their 
ceremonial Jaws and religious rites. Besides every seventh day as a 
<lay of rest, every seventh year was to be a year of rest to tho land, 
nnd seven times seven years brought the great year of rest and release. 
It would also appear that tho custom in the more ancient times of 
celebrating a marriage feast for seven days (Gen. xxix. 28) was con- 
tinued to be obsei-red by the Hebrews in later times (Judges xiv. 12, 
1 7). Tho seventh day is observed by their descendants in all countries 
fit the present time. Tho Hebrews, who were the first disciples of 
the Messiah, observed the flrat day of the week on which He rose 
fi-om the dead, instead of the seventh day, as a day of rest, and, in 
accordance with this early practice, all Christian communities in auo- 
ceeding times have followed their cuatom. 

In the prophetical writings of the Hebrews, a day is used some- 
times for a year, and a week of days for seven years, also (Dan. ix. 
24) seventy weeks is the expression employed to mean seventy times 
seven years. The seventh day of rest and the time of the beginning 
of the natural day are both noted in the early part of the Book of 
flenesis. The words used to describe the two parts of the natural 
day, " the evening and the morning," are exactly preserved in the 
Oreek word wxBl^itzpov (Gen. i. 5; Dan. viii. 14; 2 Cor. si. 25). 

The ancient Hofarows reckoned the day to begin in the evening at 
eiinset, and the length of the day was reckoned as the period between 
two successive settings of the eun (Exod. xii. 18 ; Luke iv. 40). The 
Hebrews appear not to havo assigned any names to the seven days of 
(ho week, but simply numbered them in order. 

In the Eoman Fasti, Ovid makes no mention of weeks or a seventh 
day. Dio Cassias, who lived in the time of the Emperor Alexander 
Soverus (a.d. 222-235), writes that the custom of dividing time into 
weeks was derived from the practice of the Egyptians a little before his 
time, and that the seven days of the week were named from tho planets : 
Dies Solis, Lunte, Martis, Mereurii, Jovis, Veneris, Batumi. It may be 
added that the first day of the week is named ifMou iijilpa by Justin 
Maiiyr in his " First Apology," about the middle of the second century. 
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The names given to the eeTen days of the week by our Anglo- 
Sason ancestors before tlioir conversion to Christianity continue in 
use at the present time. It is a singular fact that these names havo 
descended unaltered and unchanged by the revolution which took 
place in England when it was subjugated by William Duke of 
Noimandy. Tho namea of the seven daya of the week are fonned 
by annexing the word daeg, a day, to the names of tho Sason 
deities : Sun, Moon, Tuiseo, Wodin, Thor, Priga, Seator. The word 
se'mtigM (seven night) is nsed to denote a period of seven days, 
and hears on its face a faint trace both of the day beginning at even, 
and the original appointment of the aeventh day ; so also its kindred 
fortnight (fourteen nighty, fourteen, or twice seven nights. 

In addition to the divisions and measures of time already noticed, 
other divisions of tho day havo boon made both for the purposes of 
science and the convenience of human life. It is recorded by Hero- 
dotus (ii. 109) " that the sundial,' the gnomon, and the division of tho 

1 The sundinl is a contrivance to mark the hours of the day while the s\ni 
sbines above the horiron. It is not known wlien the Hebrews adopted the division 
of ti» day into hours ; thero is no trai» of it m tho Pentateuob. The mention of 
the dial of Ahaz in the time of Hezekiah, s o about 730 (2 Kings xx. 9 — 11 ; Isa. 
xxsviiL 8), implies Bome sort of division, but the records give no account of the 
magnitude of tl I ees h t p rt" f time was marked by tliom. The word 

taanslated "ho D mean an honi' in the sense of a twelfth 

part of a day b w uld b ly rendered "moment," as the context 



d m d dis p e of Thales, is reported by later Gioek 

wtiiera to nav li h di died about B.a Sl7, in the sixty.fouvtli 

year of his age D g rt h derived his knowledge of the sundial 

from the Baby h h b he first to introdaco the knowledge of it 

to the Greel;s. Th un re ks later times to th« invention of the sini- 

dial can scarcely be correct ; it is, however, highly probable that tho Gi'eeks . made 
improvements of the dials thiy received, just as they advanced the knowledge of 
geometry and other sciences which their predecessors originally brought from Egypt. 

There is in the British Miiscnm a stone block on which are marked lines which 
clertrly indicate that they are tlie lines of an ancient snndiaL It is supposed to be 
tho oldest specimen of sundials known to be extant. The reader will find some 
interesting information in "An Inqmry into tba Geometrical Character of the Hour 
Lines upon the Antiq^ue Sundials," by T. B. Daviea, Esq., F.E.S., pinted in the 
Transacljons of the Rwal Society of Edinburgh, February, 1S3I. 

The Clepsydra, or Water-olo^, was a eylindrioal vessel with a small hole at tlio 
bottom. On the side of the ve^el from the top downwards the hours ivere mmkccl. 
The vessel ivna filled with water, which, in the space of a day, flowed out through 
the apertnre ; an index, while floating, pointed to the horn's as the suiface of tlio 
water gradually snhsided. They were of vai'ious kinds, hut all of tliem were inaecn- 
rato measurers of time, as the water would flow through the orifiee in the bottom of 
the vesselmore rapidly when full than when nearly empty, on account of tho preasuro 
being greater according to tho depth of tho water, 

Ctesihiua of Alexandria, in the time of Euoigetes II., invented a more por'ect 
hydraulic clock, and moreshnplo than those which were then known. It isdesciibed 
by Aiistotle (Prob. Sec 16, p, 933) and mentioned by Aristophanes as well kuoivn 
in his time. Vitruvios affirms that Pliny relateB that it was mtroduoud into Home 
by Scipio Hasica (Pliny vii, 87 ; Ji. 73, in Horologium), 

. The clock as an instrument for the msBsnrement of time was nnknown to tlie 
Orooks and Romans. The invention of thia complicated »Bcliine belongs to a more 
improved state of scientifio knowledge. The invention of the dock (probably tho 
balance dock) is asoiibed to the Arabians, about tho year 801 a.d. 

Dante, who was bom in 12S5 and died 1321, montions a clock in Italy that 
Btnick the hours, which is the earliest instance on lecord. A clock about 1288 was 
fixed in the famous cloek-house in "Westminster Hall. In 1292 a similar clock was 
constructed for the cathedral of Canterbnry ; Peter LigUtfoot constructed a clock at 
Glastonbury in 132o (Brady's " Claris Calend.," vol. i., p. S). In Eymet's Ecedera 
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day into twHhe jiartf the O-ieeLi learnQrl from the Babylonians. " 
The diiisioii of tho natural day into twenty-four equal ^oi-ts ia of 
ancient dale, and vaCh. cf these equal parts is named an how. The 
woid iJpawas not known m Qieeco so eaily as the age of Anaxi- 
raandei, yet it is piobabie that the division of the period of daylight 
into twelve equal parts was in use. Nor ivae the word hera known 
nt Borne for 30O years after the foundation of the city. 

The hour was also divided into sixty equal parts, called minutes, 
the minute into sixty equal parte, called second minutes, afterwards 
abbreviated info seconds, and so on. This division of the hour, &o., 
most probably was talcen from the sexagesimal division of the degree, 
or the 360th pax't of tho circumference of a circle. 

In the history of mankind, certain points of time, called epochs, 
have been noted, from which periods of time have been reckoned, as 
tho date of tlie Exodus fi'om Egypt by the Hebrews, of the Krst 
Olympiad by the Qi-eeks, of the Building of the City of Eome by tlie 
liomans, or of tlie Birth of Christ. A series of years not defined but 
reckoned ffom some fixed epoch is called an era, as the Christian era, 
and this differs fi-om a period of time, which is supposed to have its 
beginning and ending fixed. 

It appears tiie more desirable plan to adopt the chronology of the 
Hebrew Scriptures in connecting the history of ancient nations, as far 
as the correctness of it can be determined. The eaa-ly periods of 
Qi-ecian and Eoman history are involved in fabulous micertainty. It 
was llie object of heathen priests to invest in mystery and in ob- 
Bcurity the events of early times, the origin of their rites and super- 
stitions, and the exploits of those heroes they worshipped as gods. 
They were careful also to refer events to an antiquity beyond aU 
record, and by artifice and ingenuity to keep the minds of tlieir 
deluded votaries from any scrutiny into the ti-uth and origin of tho 
superstitions they found advantageous both for fhoir own power and 
profit.' 

mention ig made of a protection griiiitetl ly Edw. III. in 1E6S to two Dutclimen who 
were docfcmakers to eserciso their trade in Engliuid. And it is not improbable tliat 
the clock Bet up at Westminster in 1368 A.D. wna oonatrueted by thtse artists. 
It WEB, however, fonnd to he imperfect. Eiohard Walingford of St Albans, ia tho 
rdgn of Eichsrd II., 1S77— 13S0, made a clock for the Abbey at that placB, The 
clouk ut up at Hampton Court Fiilace, 1510, was the Jirst which kept tinie with 
rcgnlarity- Clocks wore mad9 portable about 1580, hut were not in general use till 
1631, and the balaacB clock, itien in use, received its greatest improvement in the 
snhstitntion of the pendulum for the halanee by Huyghens, in 16i9. The idea of 
employing the pendulum was first suggested by Galileo, who had noted tie regularity 
and aqnauty of its vibmtionfl. "Watehes were invented atKuremburg ia 1^77 by 
o German, and appear to have undergone oonsidBinWe improvements befoi'o 1530. 
Tliey were brought to England in 1577, and about eighty years after that time 
Hooke invented the apring pocket watehea, which wero followed in 1670 by Barlow's 
repeaters. — See Treatiso on Watch-work, by the Eev. H. L. Tfelthroip, 1873. 

1 Prom the tact of tho early preralBaoe of tho worship of the host of heaven, the 
nspeota and motions of the sun, moon, and the plaoetB engaged the attention of 
mankind. In the progreee of idolatry, powers and influences wore nEeribed to the 
planetfl and coustellatioua, supposed hf their aspects to forebode good and evil to 
men, Tlioac who studied the stars imposed on the ignoraoee of ths people and 
flamed the science of Astrology, This superstition prevailed in tlie neighbouring 
Bountties of Judea (Jer. i. 2). It was common in Choldea (Dan. ii. 2). It pre- 
vailed long before in Egypt, and ivas professed both in Greece and Rome i and the 
snperatiKoii is still found in almost every oonntry. That people under the influence 
of such mistaken notions should be alaimed at eclipses, as Sidaa was (Thucyd. 
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The dates recorded of some important events in tho most ancient 
histories are uncertain. In different wi-itinga the same events are 
referred to different dates, and even in different copies or versions 
of the same history, errors in numbers have crept into the records, 
whether from design or the inaccuracy of copyists, it is impossible to 
affirm. According to the genealogies in the manuscript copies of the 
Hebrew Pentateuch, the deluge happened 1656 a.m. The Samaritan 
test places this event 1307 a.m. ; but the Greek Septuagint mates it 
2262 A.M., and Josephus 2256 a.m. The date adopted iu England is 
that of the Hebrew Pentateuch. Dr. Uoyd, Bishop of St. Asaph, 
fixed the epoch of the creation at 400iB.o., differing by four years 
from that of Archbishop Usher, who fixed it at 4000 e.g. 

The earliest mode of reckoning periodaof time was by generations, 
or the times which intervened between the birth of a father and his 
first son. The periods from the creation to the deluge, and from tho 
deluge to tho birth of the patriarch Abraham, the head of the Hebrew 
race, are defined in this manner in the fifth and eleventh chapters of 
the Book of Gfonesis. 

The periods of the reigns of kings were in course of time employed, 
where communities had adopted the kingly form of government. 'Xhe 
periods of the reigns of the Hebrew kings, and after the disruption of 
the kingdom, of the kings of Israel and Judah, were adjusted in this 
way, until the captivity of the former kingdom by Shabnaneser, 721 
B.C., and of the latter by the king of Babylon, 588 n.c. 

The time of the appearance of the now moon which happens near 
the vernal equinox became at a very early period a remarkable epoch, 
and by divine command was reckoned the first day of tlie year of the 
Hebrews. It was the day of their deliverance from bondage in Egypt, 
and was ordained to bo observed in successive gonera-tions as a 
memorial of that event. Their departure from Egypt began on tho 
night of the full moou, on the 14th day of that month. The four- 
teenth day of the moon "at even" was the evening of the full moon, 
or tho evening preceding it. This first month of their year always 
began with that new moon which came nearest to the vernal equinox:, 
and this new moon would fall sometimes before, and sometimes after, 
the equinox. 

This epoch regulated all their fostivala and religious observances, 
while they retained the epoch of the beginning of the year at tho 
autumnal equinox for the regulation of civil affairs. Tho Hindus 
reckon by lunar years tho times for religious purposes, and by solar 
yeai's for civil purposes. 
vii, 50), lieed ocnas 
the overthrow of n: 

13 of planetary inlluenos wove not confined to ancient times. The rebellion in 



appeared the preceding year. The hieroglyphica of Bome almanacs, regavded by 
maiiy aa infallible adumbrations of the future, are striking proofs that the science 
of astrology, whence the materials for prognostications are prolessedly obtained, is by 
no means consigned to oMivion. In England, Queen Elizabeth seems to have been 
Eo fully satisfied of the truth of astrology, that she caused the Parliament to enact 
a law (28 liliz., o. 2), ordaining the penalty of death. to any person found guilty of 
caatmg her Majesty's nativity. The science, so-called, of jadicial astrology (or 
rather superstition) has had many admirers since her days, and still survives, 
though chiefly in the peisona of crafty and ignorant pretendei's, who, dealing in 
ini]iosture and casting nativities, impose upon the ignorance and credidity of the 
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OK THE DIVISIONS AND MEASUKE9 OF TIME. H 

Itt its early ages of the Gtreoian States, the traditions which the 
settlers brought with them appear to have been of the most primitive 
character. 'Tbeir years were divided into seed time and harvest, and 
their days into tho times of Jaboiir and rest. Tlie time from sunriao 
to sunset was divided into three parts, the morning, midday, and 
evening. In the age of Homer, lunar months wore in use among 
them (Odys. xiv, 162), and the Athenian year was reckoned by the 
periods of the moon, and it was long after this tims before any 
attempts were made to adjust the motions of the moon and the sun. 
The traditional accounts extant of the sages of Greece in their travels 
in search of wisdom, about 600 B.O., cleai'Iy show that scientific taow- 
ledge had cot then begun to be cultivated in Greece. Thales of 
Miletus, and Solon, his contemporary, both visited Egypt as the chief 
school of knowledge in their time. Hei-odotus has recorded (i. 7i) 
that Thales foretold to the lonians an eclipse of the sun, which has 
been determined to have taken place in. the year 585 B.C. Thales 
taught that a revolution of tho moon did not exceed thirty days, and 
assigned the year to consist of twelve months of thirty days each. 
This he probably learned in Egypt. Herodotus (ii. 3, 4) writes that 
he himself acquired much information from the priests at Memphis, 
and that he went to Thobos, and to Heliopolis, the great seat of 
learning, expressly to try whether the priests of these places agreed 
in their accounts with the priests of Memphis. 

Solon found the adjustment of the year by Thales was erroneous, 
and settled the twelve months of tho year to consist of twonty-nino 
and of thb-ty days alternately. This method made the year to consist 
of 354 days. Both Thales and Solon devised different modes of 
adjusting tka motions of the sun and the moon, but neither of them 
appears to have been successful.' 

Meton was an astronomer of Athens at the time of the I 
sian. war, and refused to sail irith the expedition to Sicily, i 
the calamities that were likely to follow that rash enterprise, iio 
had observed that the motion of the moon feU short of the motion of 
the sun by some hours every year, and this difference, scarcely por- 
coivable in a small number of years, he foresaw would, in the course 
of a long period of years, entirely invert the reckoning of the seasons, 
and it would be found that the season of summer would really happen 
in winter, and the season of spring in the autumn. He succeeded in 
his attempts to adjust the motions of the sun and of the moon more 
accurately than before, and maintained that the lunar year and the 
solar year could begin at the same time, or that tho sun and the moon 
«ould begin to move from the same point in the heavens. He calcu- 
lated that when the sun had finished nineteen periods of its yearly 
motion, and the moon 235 of its monthly periods, both the sua and 
the moon would return nearly to the same position in the heavens in 
which they had been nineteen years before ; or, in other words, after 

^ The jes. f th t Greeks was luni-solar, consisting of 12 months of 

SO diiya, each 1 y 1 If d jl ght and half darknees, as is clear from several teali- 
monios, and j ted by the riddle of Cleobnlus : — 

U ~S pi, vra, SiMix" <^'-! IX""""- 
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the completion of tliia period, the eonjunctioBS, oppositions, and all 
other aspects of tho moon, ■would fall oa the same days of each Buc- 
ceeding year as of the preceding niaeteea jeara. Aa the solar year 
did not contain an esact number of lunar montha, ho found out, 4S2 
B.C., that by intercalating seven lunar months in nineteen lunar years 
there would be 235 lunar montha in nineteen Bolar yoara very nearly,, 
eo that tho times of colebrating the Grecian games and festivals 
conld be adjusted both to the new and full moona, and to tho 
equinoxes and solstices. It was afterwards discovered that, the moon 
and tlie sun beginning to move from the same part of the heavena, 
would not at the end of nineteen years be exactly together, hut that 
tho moon would be in advance of the sun, and in 810 years the new 
moon would appear at the end of this period one day in advance of 
the time reckoned at the beginning o£ the succeeding period. 

In order to remedy this discrepancy, Calippus, 330 b.o., proposed 
four times nineteen years instead of nineteen years ; hut this amended 
Echenle did not completely bring the motions of the stm and the moon 
into conformity. A small difference having been observed at the end 
of this time, Hipparchus, 146 B.C., proposed a period of eight times 
nineteen, or 162 years. And it may be remarlced, that these three 
astronomers in their successive attempts, approached nearer to suc- 
cess in adjusting the motiona of tho sun and the moon than any of 
their predecessors. 

The Olympic games were celebrated by the Hellenic people every 
fourth year at Olympia, a city of Elia, on the banks of tho Alphcus. 
The time of the first institution of these games lies somewhere in the 
mythical period of history. These games, after some inteiTuption, 
Tvere restored by Iphitus aboiit 884 B.C., and celebrated every i'ourlli 
year at the time of full moon at the summer solstice (Pind. Ode iii.) 
The interval of four years between two celebrations wf^ called au 
Olympiad. It was not, however, wntii long after this date, that 
Olympiads were employed for arranging the dates of historical events. 
"When the Olympiads were adopted as a measure of time, the date of 
the first Olympiad was reckoned &om that year in which Corcehus was 
victor, and its date is placed 108 years after the revival of the games 
by Iphitus, which year coiTcsponds to 77C b,o. Strabo writes that 
the early historians of Greece were ill-informed and credulous; and it 
ia difficult to distinguish what is mythical from what is historical. It 
was not until later times that any exact mode of fixing tho order of 
events by dates came into use. 

The method of reokoning by generations and the succossion of 
tinga was variable, and likely to lead into eiTor, if the early Greek 
historians wrote from tradition without any original records and 
authentic memorials to guide them. In the poems of Homer and 
Hesiod no allusions are made to Olympiads. In the histories of 
Herodotus and Thucydides, the dates of important events are not 
fixed by reference to the Olympiads or to auy other epoch ; and even 
after the use of these had been established, ancient writers appear 
not to have been much guided by them, and consequently there is 
room for doubt in their statements of the exact times when events 
happened. 

IJionysius of Halicamassus observes that Herodotus in hi a histories 
has followed the order of events, but Thucydides, in his history of the 
Peloponnesian war, the order of time ; that while Thucydides has 
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divided Lis Bingle subject iato manypEwts, Herodotus, tavJog caibraced 
many subjects, baa formed tbem into a single wbole. 

Thueydides in recording events keeps to the order of tbe years of 
the war, and fixes the date of its beginning (book ii. 2) by naming 
several events, one of which, ia the Arohonship of Pythodonis at 
Atlieiis. With respect to the events ■which happened long before the 
war (book i. 13, 19), he reckons back from the end of the war. 

TmiEOua, who lived in tbe time of Ptolemy Philadelphua, 383 to 
245 B.O., appears to have been the first who applied Olympiads to fix 
tbe dates of events in history. Even so late as 283 B.C., the Ariin- 
delian marbles make no mention of Olympiads. Eratosthenes, 191 b.o., 
and Apollodorus, 115 B.C., arranged events by Olympiads and the 
order of succession of tbe kings of Sparta. 

The custom of reckoning fi;om the first Olympiad appears to hare 
been continued to 312 a.d.' In memory of tbo victory gained by 
Constantiae over Maxentiua, on the eigbth of tbe Calends of October, 
312 A.D., by which entire freedom was given to Christianity, the 
Council of Nice ordained that the accounts of years should no longoi- 
bo kept by Olympiads, but that instead thereof, the Indiction should 
bo used by which to reckon and date their years. And after this date 
the public mode of reckoning throughout the Soman Empire, both in 
the east and in the west, was by periods of 15 years, called Indiction s.* 

The chronology of early Eoman history has been shown to be 
still more uncertain than that of Greece. In fact, the early bistoiy 
of most nations is obscure and doubtful, and bence the confusion and 
the conti-adictions winch are met vrith in the accounts whidi have 
come down to modern times. The epoch, a.u.c, of the foundation 
of the City of Eome comes next in order to that of tbe Olympiads. 

Terentins Varro makes tbis epoch to coincide with the 23rd year 
of the Olympiads, or 753 B.C., which has been generally accepted as tfio 
true date of that event. The older records of liome were burnt by tlie 
Gauls in their attack on the city about 388 B.C. Ia early times of the 
Republic, the Eomans distinguished their years by the names of tbo 
consuls for each year in sixccession. The pei-iod of five years was 
named a lustrum, and marked the intervals of taking the census of 
the people, first by tbe kings and afterwards by the consuls, but after 
the date 810 a.u.o., it was taken by the censors. 

The ancient Eoman year consisted of 10 months, and was reckoned 
to begin nilli that month which ia now the tbii-d month of the Eng- 
lish calendar. Nnma Pompilius ia reported to Lave rofoiTned tho 
calendar by adding two montJis to tho year, and thus making it to 
consist of 12 months or 354 days, according to the course of the moon. 
These two months were named Januarius and Eebmarius. He after- 
wards added a day to the month of January, and so made tbe year to 

1 Any yotir of a given Olympiad may be ooiiTBrted into the ooTrespondiog year 
B.C. or A.n. by multiplying tlie eoniplete Oiyrapiad by 4, and tLdding 1, S, or 3 to 
tbe product, aeeoi'ding as tlie given yooir may be tbe iirst, second, oi' third of the 
Oiyaipiad. If fJiis number bo greats ihwii, 776, then tJie eiocss of this number 
r.bove 77fl gives tbe year a.d. If, however, this number be less than 116, tbe esceEa 
of 776 above this nnmber inoreaseil by unity will give tbe date u. c. 

' Tbe Itomaii Indietion was institnted by Constimtin^ sumamed tbe Grent, and 
ivns properly applied to certain tl'ibutfls which were ordered by imperial tdiets to be 

Sid overy fifteen yeara. These tiibutes, or Indictiona, were EometmiEa found to ba 
niens too oppressive to be endured. The name Indiction was afterwards MEed 
eiiBply to denote a period of fifteen years, and was adopted by tbe cbni'ch. 
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consist of -355 days. But as 10 days wero wanting to make tie luaar 
year correspond with the solar year of 365 days, he ordered in every 
third year a month (called mensis intercalarisy to be inserted in the 
calendar according to the discretion of the Pontifieea, and by this 
authority they made the years longer or shorter as was found from 
circtunatances most convenient. If Numa had retained the lunar year 
of 354 days, and not added one day to the month of January, his 
method of intercalation would have made the year as regular as 
that of Julius Caisar. But by adding one day to the mouth of 
January, each year deviated from the solar year one whole day too 
m.uch ; and this irregularity ho might have easily corrected by omitting 
eight days of the intercalary month every eighth year. This, how- 
ever, was not done, and the progression of all the months of the year 
relative to the seasons continued to go onward. 

Tho Decemviri about the year 452 b.o. ordered the month of Pobruary 
to ha tecioned next after the month of January, and it has held tliis 
position from that date down to the present time. 

The method of arbitrary intercalation in course of time was calcu- 
lated to produce confusion and disorder in the reckoning', so tbat the 
months became removed from their proper seasons ; the winter months 
being carried back into the autumn, and the autumnal m.onths info 
the summer. Tliia arrangement of the year, notwithstanding its 
imperfections, was continued until the times of Julius Otesar, who 
resolved to remedy the confusion by abolishing the cause of it, namely, 
the arbitrary use of intercalation by the Pontifiees. Por this purpose, 
with the aid of Sosigenes, an Egyptian astronomer in the year 707 
A.TJ.o., or 47 B.C., he adjusted the year according to tho course of the 
Bun, and assigned to each month the days they still retain. He found 
that the reckoning of the months had receded from their proper 
seasons, December coming on in September, and September in June. 
In order to bring the seasons forward he found it neoessaiy to devise 
a year of fifteen months or 445 days (called the last year of confusion), 
so as to make tho ensuing year, 708 a.u.c, begin on the first day of 
January, and so proceed regularly afterwards. 

Aa the aolar year consists of 365^ days, Julius Ctesar ordered that 
the months should bo reckoned, and the civil year regulated from 
tho course of the sun and not of the moon, and disposed of the 5 days 
among the months, making them to consist, some of SO days and some 
of 31 days, except the month of February, which, in common years, 
should still retain its number of 28 days. And to account for the 
quarter of a day over 365 days, he calculated that the intercalation of 
one day every four years in the month of February would bring tho 
new scheme into concert with the order of tho seasons. This inter- 
«alary day followed the 6th of the Kalends of March in the Julian 
Calendar, and was called bis-aextilis, the sisth day of the Kalends of 
March twice reckoned. From this fact every fourth year has been 
called bissextile, or leap year with us, one day having been passed or 
leaped over without reckoning ia the JuUan Calendar. It would not, 
however, have been strictly correct to say, according to the Eoman 
mode of counting, that leap years had one day more than common 
jeai-s. In leap year, whon the mouth of Febraary consists of 29 days, 
both the 24th and 25th days of that month wero marked in the Julian 
Calendar as tlie sixth day before the Kalends of March, and these two 
days were reckoned as one day, or one real day being leaped over. 
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and the year was called bie-sextilis, aa having the sistli day twice ia 
one month. 

Soon after the reformation of the calondar Julius Ctesar ■was tilled, 
and his scheme was so im.perfeotly understood by the Pontifioea, that 
instead of making the fourth, they made the third year bisaestile. 
This error was discovered 37 years after the epoch of the Julian 
corrGotion, when 13 intercalations had talioa place instead of 10, and 
the year began 3 days too late. The error was eon-ected by the 
Emperor Augustus ordaining that the f olio vriug 12 years should be 
of 3G5 days each, dropping the 3 intercalary years, so that there 
ehould be no leap year till 760 a.tj.c, or 7 a.d. Erom tbat time the 
account has been tept free from error, and tlie Eaman year has been 
adopted by almost ail Christian nations, with no other variation than 
tahing the epoch from the birth of Christ instead of from that 
of the foundation of the city of Eome. 

The name of the month Sextilis was changed to Auguslua (our 
Auffust) in honour of the Emperor Augustus, and this name it hasevei." 
since retained. The name of the month Qumtilia was also changed to 
Jiilttis in honour of Julius Ccesar, who had been bom. in that month. 
The names of the Eoman months are retained in the English Calen- 
dar. The suhdivisioQ of their months was difieront, as they counted 
the order of their days backwards instead of forwards, making a 
threefold division of the days of each month into Kalends, Nones, and 
Ides ; our subdivision is into weeks, and reckoned in order forwards. 

The Eoman Calendnr, thus reformed by Julius Ciesar, by founding 
his corrections on the length of the solar year (called also the Julian 
year), was ordered by the edict of the Dictator himself to be adopted 
and used throughout the empire ; and after its amendment by 
Augustus continued to he used in Eui-ope without any variation doivu 
to the year A.D. 1583. 

From the time of the Exodus the fourteenth day of the moon has 
been reckoned by the Hebrews the full moon. The feast of the 
Passover tvas ordered by Moses to bo celebrated at the time of full 
moon, and the Hebrews who became Christians would naturally cele- 
brate the festival of Easter, the day of the resurrection of the Messiah, 
on the same day aa the Hebrew Passover (1 Cor. v. 7 ; xv. 20), and 
there can be no doubt that tho Christiana of the East celebrated 
Easter on tlie fourteenth day of the moon. It appears that tha 
Christians of the West, about the middle of tho second century of tho 
Christian era, celebrated Easter on the first Sunday after the four- 
teenth day of the moon. Both the Eastei-a and the Western Christiajis 
declared they were guided in their practice by apostolic tradition, and 
a schism arose between them in consequence of tliis difference of fimo 
in observing the festival 

The question which give n e to this controversy was deemed of 
sufficient impoitance to bo brought und^'i the consideration of tho 
Council of Mue, 325 ad After then deliberations, the Council sent 
an epistle (still extant) to the Chuich of Alexandria, declaring their 
judgment in the following foim — " We send you the good news con- 
cerning the unanimons consent of all m reference to the celebration 
of the most solemn feast of Easter, so that all the brethren in tha 
East, who formerly celebrated the festival at the same time as tho 
Jews, will in future conform to tho Eomana and to us, and to 
all who havo of old observed our manner of celebrating Easter." 
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Tiie fathers at tlie Council give no aocotiiit of tlio reasons by 
Tpliicli tliey ordered the Western rather than the Eastern manner 
to be preferred, nor even whether they consulted tho astronomers 
of Alexandria. 

Aa the Julian year escocda the troe solar year by about II' 15", 
the excoss in four years amounts to 45', This escoas of 45' in the 
pei-iodof 131 years amounts to one day and 35'; and hence originated 
the difference of the day, when SosigeaeB ohseived tlio oc^uinox, from 
that in which it was observed in 325 a.d., for which the Nieene 
Council could not account. 

The cause of that difference was not then ascertained. In fact, at 
that time astronomical instruments had not beea invented by 
means of which small differences of times and motions could be 
measured and estimated. It was only after long periods, when the 
error had accumulated to several days, that it became so apparent as 
to require correction, as at the time of the Julian correction of the 
calendar, and at the eettlement of the rule for finding Eaeter* at the 
Council of NicKia. The cause of this difference was not aseertained at 
the Council, though the fact was apparent, of the venial eqiiinox 
Loving gone back four days. 

It is reported that bishops fi'om the Biilish Isles attended this 
Council, but it appears tliat tho British Cliriitiins aftpiwarde ad 
liercd to the Eastern mode of observing tho testi\al of Eastei Tor 
when Augustine came on Lis mission to the Angl) Saxons m 590 a d , 
or more than 200 years after this Council, he demanded thit tho 
British Christians should conform to the Eoman piictice of observing 
Easter. They firmly declined to submit cleaily pioving that tho 
Christian Ohui-ch in Britain existed before the mission of Augustine 

The epoch of the Christian era was not used m the computation 
of time for several centuries after the time of the birtli of the Mefsiah 
Dionysius, a native of Scythia called E"^iguue, on account of his 
stature, was the founder of this epoch He wis a monk, a man of 
great learning, and he became an abbot at Eome in the early piit 
of the sixth century. He calculated that the time of the buth ot 
tho Messiah coincided with the 26th December, 753 Auc, which 
is now considered to bo four yeais too late In t^ro letters ot 
Dionysius, one written m 626 a.d., and the othei the j eai after, is 
described bis reformation of the calendai The alterat on pioposed 
he thus states: — "But since Oyrillus began his fiist cycle from tho 
153rd year of Diocletian, and finished the last m the 247th j ear , we, 
beginning from, the 248th year of that tjrant rather than prince 
refuse to connect tho memory of a blasphemei and peioetutor with 
our cycles, but rather choose to note the dates of our jears from tha 
incarnation of our Lord Jesus Christ."^ 

Instead of reckoning tho beginning of tho Christian era from (he 
25tli December, a.u.o. 753, he made the Ist day of January, the first 
month of the Julian year, to ho the Leginiaing of the Christian era, 
80 that the year I a.d. (Anno Domini) was made to coincide with 734 

' "Qoiavero S. Cyrillua primnm C jclran ab anno Diodosinni centesimo quia- 
quagesimo toitio wnpit ot ultimnm in duoentesinio (inadragesimo aeptimo tennimvit, 
nos a dueenteaimo quadragesimo ootavo aano ejusdem tyraiinipotiiis, qiiamprincipis, 
inclioaiites, noiumoa oircmis noatris memoriam impia et peraeoatoiis innuctere, eed 
magis elerimns ab incamationo Domini nostii Jesa Cliristi annonim tcmpora 
pricuotBre. — PetavU Bcctr. Ttv'p- subfinem. 
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A.u.c. It will be obvioua this ancient mode wns different from the 
modem mode of reckoning. The year before, after tlie Boman 
manner of recltoning, being considered the year of tho birth, the 
pi-eoeding year was reoltoned the BBCond year before the evont. It 
M'ilJ be obvious, as the date a.d. did not begin to he rechoned from 
0, but from 1, in calculating any number of days between any 
year befoi-e and any year after the epoch of the Christian era, one 
year must be subtracted &om the sum of the dates. 

The pontificate of Gtiegoi-y XIII. was distinguiBhed by the re- 
formation of the calendar, but was indelibly disgraced by his 
approbation of the massacre of the Protestants in France on St. 
Bartholomew's Day in the year 1572. His infamy is perpetuated 
by the medal he had struct to commemorate that deed of bloodshed.^ 

The eleven minutes' excess of each Julian year above tlie tropical 
yoar had so accumulated beticeen the years 325 and 1582, a.d., that 
the reckoning of the vernal equinox took place 10 days too early. At 
the time of the Council of Nicfca in 325, the vernal equinox fell on 
21at March, and the Council decreed that the festival of Easter 
should be celebrated on the first Sunday after the full moon that 
happened after this equinox. In 1582 the Teraal equinox, according 
to the lectoning, fell on 11th March; and the festival of Easter, 
coming 10 days too early, occasioned also iri'egularity in the times of 
celebrating other festivals of the Church. 

In order to bring back tho reckoning to the time time of the 
equinox, Pope Gregory XIII. caused ten whole days to be omitted 
or left out of the month of October, ia the year 1582, so as to make 
the years in future to agree with the seasons, and the vernal equinox 
to be reckoned at the right time. And in order to prevent the recur- 
rence of this error at any future time, it was fixed that, besides the 
Julian correction of every foui-th year being a bissextile, the last year 
A.D. of every complete century, if divisible by 100, should also be a 
bissextile year, but if not so divisible, a common year. 

According to this rule the year 1600 would be a bissextile year, 
and the years 1700, 1800, 1900 would be reckoned as common years. 

' "Wlieit the Frenoli ambassador waited on Queen Elizabeth to report such on 
account of the proeeediiiga at Paris as Charles IX. deemed proper t^i he announced, 
«n anterina the palace be found the apartments leading to the Queen's presence- 
chamber filled with crowds of courtiers in deep mourning, and as he passed through 
them, no one offered any fiiendly salutation. He said that Ma master had instructed 
him to inform tlia Queen tbtit Admiral Coligny, smitten by Ms conscience, bad 
eoiifessed to the Kiaigthat the Protestants had consiiii-ed fo seize both him and the 
Queen mother, and that the dread of a civil war had driven bis sovereign to dlow 
the ojiposite party to proceed lo the execution of their enemies. On hearing Ms 
message, the Queen expressed her esteem for King Charles, and proceeded to say : — 
"AltSoi^h, indeed, if tho information had been found true, yet the manner of 
cruelty used could not be allowed in any government, and least in that place, where 
the King might, by order of justice, have done due execution, both on the AdminJ. 
and on all others that should have been proved otfenders. For it could not be denied 
but the samB force that munjered so many multitudes might more easily have pnt 
down the leaders, especially the wounded Admiml, under arrest. She was TviUing 
to helieve that those councillors, whose ago and expei-ienee ought to have made 
them useful guides to their yonng sovereign, were more to he blamed than he." 
And tho Qaeen concluded by saying that " she did sorelv peranade herself that if 
the King would not use liis power to make some amends for so much liood, so 
horvibly shed, God, who saw the hearts of all, as well of princes as of others, would 
show His justice, in time and place ; when His honour should therein be glorified, 
as the author of all justice, and the avenger of all blood-shedding of the it 



y Google 



18 OH THE DIVISIONS AND UEASCRES OF TIME. 

By this correction of the Julian Calendar, tlie Htb day of tlie pascliiil 
moon was brought back to the eamo season in which it was found at 
tho Council of NicEea. The decree of that Council declared that 
Easter ought to be tept on tho first Sunday after the Hth day of this 
moon, if this 14th day should happen on or after the 21st March. It 
will l»nce appear that according to this rule, Easter Sunday cannot 
happen earlier than the 22nd March nor later than tho 25th April, 
wMeh have teen called the paschal limits. 

Tho calendar, as coiTected hy Gregory XIII., is called the Qi-egorian 
Calendar,or" the New Style, "and as corrected by Julius Cresar is called 
tho Julian Calendar, or " the Old Style." The Old Style was formally 
abrogated in 1582, and tho New Stylo was adopted in all countries 
where the Papal supremacy was acknowledged. 'The Protestant States 
of Germany at £xst rejected it, as they did everything that bore any 
semblance of Papal authority, and did not adopt tho New Style until 
the month of February, I700. 

In England until 1752 there were two beginnings o£ the year, one 
on the 25tii March, and the other on the 1st day of January. Great 
incoaTonienees were esperienoed from having two modes of reckoning. 
At length in 1752 an Act of Parliament was passed, entitled an Act 
(23 Geo. U.) for regulating the commencement of the year, and for 
correcting the calendar. It declared that "Easter day, on which the 
rest depends, is always the first Sunday after the first full moon which 
happens upon or next after the 21st day of March j and if the full 
moon happens upon a Sunday, Easter day is the Sunday after." But 
as 170 years had elapsed since the epoch of the Gregorian correction, 
the Old Style had gained one additional day more on the course of the 
enn than it had at that epoch. By the Act it was therefore ordered 
that eleven days should be dropped. And accordingly, on the 2Dd 
day of September, 1752, tho " Old Style " ceased, and the next day, 
instead of tho 3rd, was called the Hth September of the "New Style." 
By the same Act the beginning of the year was changed from the 
25th March to the first day of January, and its reception encountered 
much opposition through tho prejudices of people of all ranks — rich 
and poor, high and low j^ and these feelings in no small degree arose 
from the fact of the change having originated with the Bishop of 
Rome, Iho calendar, so corrected, has ever since 1757 been printed 
at the beginning of tho Book of Common Prayer. 

Tho method of intercalation used in the Gregorian Calendar is not 
the most accurate, as 97 or 100 — 3 days are inserted in the apace of 
four centuries. This supposes tho tropical year to consist of 365 days, 
5 hours, 49 min., 12 sec. : hut the reformers of the calendar made 
use of the Copernican year, 865 days, 5 hours, 49 minutes, 
20 seconds. Eeoent observations have determined the length of 
the tropical year to be 365 days, 6 hours, 48 min., 45^ sec, and if 
41,851 days bo intercalated in 172,800 years, there would be no ei-ror. 
As this mode of intercalation is different from that now in use, it is 
obvious that the Grogorian Calendar must be corrected after a certain, 

' On tlie adoption oE the Hew Style in 1752, by Actof Parliament, itwasordared 
that tha third day of September ehould he accounted aa the lourteaDth, This gave 
intense offence to the isnorant miiltitude, soma of whom believed fJuit eleiien days 
were thus taken from Iheir lives against tlteir will by Act of Parliaineid. Hogarth, 
the eelchrated painter, to ridicule this absurdity, represented them in one of hia 
pictuKa, Tooiferating " Give ua back our eleven days." 



y Google 



i DIVISIONS AND MEASDRES OP TIME. 



19 



number of years. The correction, however, will be inconsidei-able 
for many ages, as it will amount only to a day and a half to be 
auppreaaed iu the space of 3000 years. 

!tiie modern Hebrew Calendar was settled by Eabbi Hillel, ahotit 
the middle of the fourth century of the Christian era, and is founded 
on the periods of the moon and the sun. It is so arranged that the 
festival of the Passover should be celebrated on the day of the new 
moon at the vernal equinos, or on the day nearest to the day of the 
moon's conjunction with the sun. The months are arranged, some of 
29 days, and others of 30 daya. The intercalary year had an addi- 
tional month, called Ve-Adar. This intercalary month is placed 
between the months Adar and Niaan, and consists of 29 days m. 
common years and of 30 days in intercalary years. According to the 
scheme of Eabbi Hillel, a common year may consist of 353, 354, or 
855 days, and an intercalai-y year of 383, 384, or 385 daya ; but his 
rales and limitations secure the reckonings of the calendar from any 
inconvenient discrepancy with the seasons. 

The most recent scheme for the reform of the calendar was made 
at the French Eerolution, and lasted about fourteen years. The first 
fruits of this Eevolution were tbe constitution of the National Oonvon- 
tion, the deposition of the king in IT92, and France declared to be a 
Eepublic. These proceedings were followed by the murder of the 
king and the queen at Paris in the following year. Tlie Convention of 
the Eepublic, by two decrees issued on 5th Oct. and on 24th Nov., 1793, 
abolished the old calendar, which reckoned from the epoch of the 
birth of Christ, and decreed a new calendar, on what they considered 
true philosophioal principles. But from the inconveniences ariaing out 
of the regularity of the motion of the earth on its axis and in its orbit 
round the sun, and of the moon round the earth, they could only 
change names, and decree minor subdivisions of time, and begin tho 
year at a different epoch. Accordingly it wi^ decreed that the era of 
the EoYolution, 22nd September, 1792, should be distinguished as the 
first day of the year of the French EepizbJie, being the day of the 
autumnal equinox. 

The year was divided into 12 months, of 30 days each, with five 
complementary days. The leap years were styled Olympic years. The 
following descriptive epithets they gave to their new months are not 
new names, but merely an imitation of the old JOutoh names. 

m 21 Mar. 

20 May 
19 Juno 
19 July 



The new calendar appointed the five complementary days of the 
ordinary years to be celebrated as festivals ; the 17th September dedi- 
cated to Virtue, the 18th to Genius, the 19th to Labour, the 20th to 
Opinion, and the 21st to Eewards, 

In every Olympic year from 11 Ventfise (29th Feb.) to the end of 
the year, each day of the month was one day earlier than in ordinary 
years, and there were sis instead of five festival days. It is curious 
to remark that the designation of sam-cahttides (taken from sans- 
culottes) was given to these festival days. The name at first had beea 





Germinal, budding month, 


Bramaire, foggy „ 22 Oet 


FlM'eal, flowery „ 


Frimaire, sleety „ 21 Nov. 


Fmrial, meadow „ 


Niv63e, Bnowv „ 21 Dec 


Messidot, harvest 


PiuviBse, rdiny „ 20 Jan. 
VeiitSse, winiy „ IB Feb. 


ThoLinidor, hot 


Truotidor, fruit 
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applied in contempt to the Eepublican party, tut tlie same party 
thus attempted to invest it witli honour and respect- 
Each month of 30 days was divided into three decades, or periods 
o£ ten days each. The week of seven days was abolislied, aud the 
seventh day as a day of rest was no longer to be obseived. 

The names assigned to each of the ten days were respectively 
Primidi (from primus dies), Daodi, Tridi, Quartidi, Quintidi, Sextidi, 
Septidi, Ootidi, Novidi, Decadi, They made the day to begin at mid- 
night, and retained the division of the day into twenty-four houra ; 
but the hour they divided and subdivided dedmally. It appeaJ's a 
singular inconsistency that the Convention did not divide the day 
into ten parts, and the year into ten montlis, as they had divided 
the monfh into threo parts of ton days each- It is not improbable 
that the Convention foresaw, if they ordained the denary division of 
the day and of the night, thcro would be found the insuperable 
difficulty of compelling the clocks of Paris and of the rtst of Fi-ance to 
obey the now order, to strike the hoars up to ten, when they had 
been accustomed to strike them up to twelve, from the first day they 
were set up to tell the hours. 

Daring the period of the first Eepubiic all events and important 
facts connected with the history of I'Vaace were recorded according 
to the new calendar; and to complete their wort, the Archbishop of 
Paris and his clergy were compelled to abjure Christianity, and the 
Convention decreed the worship of Beason. Befoi-e the end of 1793, 
during the Eeign of Terror, nearly 2,000 of the ciei^y lost their lives 
at the hands of iho Convention- The new French Calendar continued 
in use until 1806, nearly two years after Napoleon Buonaparte had 
been proclaimed the first Emperor of the French in 1804. He 
then ordered the discontinuance of the new calendar, and the restoration 
of the Gregorian, The week of seven days was resumed, but the 
Christian sabbath, as a day of rest from ordinary work, has not even 
at the present day recovered its sanctity in Paris. 
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LOGARITHMS. 

In the Hveg of soientiQc men thore is commonly lUde of iniereet 
besides tteii- discoveries and improvements in science, and their 
writings and correspondence with the learned of their own times. The 
inventor of logarithms, however, was eminent in other respects than as 
a man of science Hia patriotic conduct and decided Christian character, 
exhibited on diiEcult occasions, are not unworthy of some brief notices 
m connertion with his important inventions in the mathematical 
sLienees John Napier, son of Sir Archibald Napier, of Merchiston, 
master of the mint in Scotland, was born in the year 1550. Hia 
mothei's brothei was the first reformed bishop of Orkney, and the 
wi^e advRe lespecting the early education of his nephew appears not 
to hai e beea tendered in vain. 

In the fomteenth year of his age, young Napier was incoi-poratcd a 
member oi ^t Salvator's College in St. Andrew's University, which 
only a few years before had been almost deserted in consequence of 
the tumults raised against the Beformation. About that time, 1563, 
it appcai-s that the students of St. Andrew's were exercised once a 
weeic in theological disputations, at which one of the masters presided. 
The students were exhorted to avoid the altei-oations usually practised 
in the schools, and to behave themselves as men desirous of mutual 
insti-uction, and as the seiTants of Olu-ist, who ought not to strive, but 
to be gentle to all. Young Napier had before studied the sacred 
^Scriptures, and aspiring to become a decided Protestant, he applied 
]iis energies to the sacred cause of truth. 

This fact is dei-ived from his own words in the address " To tlie 
Godly and ChiistianEeader," prefixed to his "Plain Discovery of the 
Eevelation of St. John," published in, English in 1593. ^ Ho writes : 
"la my tender yeares and barneage in Sanct-Androis, at the schooles, 
having, on the one part, contracted a loving familiai'itie with a cei-taino 
gentleman, &c., a Papist ; and, on the other part, being attentive to the 
sermons of that wortlue man of God, Maister Christopher Goodman, 
teaching upon the Apoodyps, I was so mooved in admiration against 
the bliadnes of Papists, that could Eot most evidently see their seven- 
liilled citie. Home, painted out there so lively by Saint John as the 
mother of all spirituallwhoredome, that not onely bui'stedl out in con- 
tinual reasoning against my eaid familiar, but also from thenceforth I 
determined with myselfe (by the assistance of God's Spiiit) to employ 
my fitudie and diligence to seaicli out the remanent mysteries of that 

' His work oa tiio Apoca]ypse containB miict that is soimd, and much that is 
plftuaible; but, like all who fiaveventuredto open the seals of unfulfilled prophecy, 
ha has failed to convince any rational man that he has heea admitted to the secrets 
of tho kingdom of heaven. Hia study of tlie prophetic visions of St. John appears 
to have led him to assume the prophetic character (always a dangerous assninptiDn], 
and topradict that the day of judgment was to happen hetween the years 1G88 and 
1700 {Bisok I., Prop. 14). It is, perhaps, aJmost needless to remark tliat the pra- 
.^ress of tinie has proved that Napier, as well aa a later Scotch prophet, the Eev. 
Edward Irving, had hoth made a mistake in converting their conjectures into 
prophetic "- 
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Holy Book ; as to this Iioure (praised fee tlie Loide), I Lave bin cloiug 
ivt al Bueli times aa conveniently I might Iiave occasion." 

It is not known Low loi^ Le remained a student at St. Andi'cw'a ; 
it is certain be had left before 1588, when his contemporaries were 
admitted to the degree of M^ter of Arts. It is probable that under the 
advice of his uncle he pi-oeeeded to the eminent schools of learning in 
tlio Low Countries, and to the University of Paris, where ho had the 
advantage of hearing the most distinguished men of that age, and among 
Uiam Peter Ramus, the eminent mathematician, who was one of tlie 
victims at tlie masaaoi'S of St. Bartholomew. It is not known whether 
the troubles in hia own country, or the state of affairs on the continent, 
were the causes which led to iJie return of John Napier to his home, 
probably in 1571, as it appears that hia first marriage took place in 
1572, and by his first wife he had one son and one daughter. Some 
time after the deatli of his first wife he married again, and bad a 
second family of five eons and four daughters. Some of Iiis sons 
became distinguished, and such were his daughters, that it is reported 
of them, "that they were all blessed with honourable or rospocteble 

John Napier, finnly devoted to the Protestant cause, was ever 
loyal to his sovereign. He lived apart from the intrigues and plots 
of the Papists, though connected with them by his second morriage ; 
and in tne midst of his mathematical lucubrations and theological 
studies, was always ready to take hia part in public duty. In 
1584 ICing James made hia first determined attack on the privileges 
of the Chui'ch, and his duplicity and inconsistent conduct caused great 
troubles to tlie Chui'eh wlule beset by powerful eneniiea fi'om abroad. 
In liie memorable year 1588 Napier was chosen one of the Com- 
missioners to the Genera! Assembly called together at Edinburgli 
under circumstances the most alaa-ming for Chui-eh and State. On 
this occasion his mind seems to Lave been much agitated, aa will 
appear from the following extract from the preface to hia " Plain 
llisoovery": — 

, "This new insolence of Papists, arising about the 1588 year of 
God, and dayly incresing within this iland, doth so pitie our hearts, 
Boeing them put more trust in Jesuites and Seminarie priests, than in 
the fi'ue Scriptures of Grod; and in the Pope and King of Spaine, 
than in the King of kings ; tbat to prevent the same, I waa con- 
strained of compassion (leaving the Latin) to haste out in English this 
present worke, almost unripe, that thereby the simple of tliia iland 
may be instructed, the godly confirmed, and the proud and foolish 
expectations of the wicked beaten downs." 

The destruction of the Invincible Armada had not entirely dis- 
couraged the King of Spain in his designs against Britain. For in 
the year after, the Dake of Parma supplied a large sum of money 
to the Papist party in Scotland, and a plot was contemplated that 
30,000 men from Spain should land on the west coast of Scotland, 
march to Carlisle, and invade England, leaving 5,000 8paniai-ds with 
the leaders in Scotland. The plot was frustrated when it was nearly 
ripe for execution. 

After this event Napier was sent as the chief of a mission to 
deliver to the King in person a petition from the General Assembly 
for the punishment of the rebels, the safety of the Cliurch, and tho 
iiuieting of the public mind. 
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LOGAUITHMS. 3 

It is remarked by bia cliief biograplier, when Napier ancl the 
delegates were usliered into the royal presence : " It must have been a 
scene worthy of historical painting — this intei'view between the gro- 
tesque King o£ Scotland and the reclasa philosopher. We may 
imagine the monarch, as portrayed in that ancient description of him 
which seems to have been drawn by an actual obsei-ver. ' Of a middle 
stature, more corpulent thi-ough his clothos than in hie body, yet fatt 
enonch, his clothes ever being made large and easie, tlie doublets 
quilted for steletto proofe, his breeches in grate pleite, and full 
stuffed; of a timorous disposition, which was the greatest reasone of 
his quilted doublets ; his eyes large, ever loulling after aney stranger 
cam in his presence ; in so much as roaney, for shame, have left the 
roome as being out of countenance : his beard wcrcy thin ; his toung 
too large for his mouth, &e.,'— confronted with John Napier, with his 
serene presence, thoughtful eye, and ample beard, rarely seen within 
the royal circle." 

On the 29th January, 1593, John Napier wrote an epistle^ to King 
James against his collusively favouring the Papists, and urged reforms 
both in Church and State. This episUe he also prefixed as the dedica- 
tion to that monarch of " The Plain Discovery," which was published 
the same year. It is described by one of his biographers as containing 
" remonstrance without sedition, rebuke without disloyalty, and admo- 
nition without impertinence." " The Plain Discovery " was translated 
into Fi-each, and three editions were published at Eochelle, the first 
in 1602. 

After tJio detection of the Spanish plot, Napier was engaged in. tho 
invention of some plans and machines for the defence of the island, 
which wore communicated by King James's ambassadors to the 
English Government. A desci-iption of them is preserved in his 
handwriting, and bearing his signature. The paper is prefaced by tho 
words; "Anno Domini 1596, the 7 June, Secrett Inventionis, 
profltabill and necessary in theis dayes for defence of this Hand, 
and withstanding of sti-angere, enemies of God's ti-uth and religion." 

How John Napier was led to the invention of logarithms appears 
from his own account of the matter. He had made several improve- 
ments in trigonometry: two of the most important have since been con- 
nected with his name — " Napier's Eules," and " Napier's Analogies.'' 
He became desirous of finding out some method by which he cordd 
abridge the labour of numericid computations connected with this sub- 
ject. In the yeajr 1614, when he was above sixty years of age, he 

' The following ia a ehort extract from the epistle ; — "Praying your Majesty to 
attotid yourself imto these enormities, and (without casting over the oreditc 
thereof to wrong wreaters of justice), your Majesty's self to wit, certainly that 
justice he done to these your true and godly lieges, agMnst the enemies of God's 
church, and their most cmel op^esaors. Assuming your llajeaty be concordance 
of al Scriptures, that if your Majeaty ministrate justice to them, God the supreme 
judge sliall winistrate justice to you againat al your eneniiea, and contrarily, if 
otherwise. Therefore, sir, let it be your Majesty's oontinnal atndy (as called and 
-charged thereunto by God) to reform the oniversall enormities of your country, 
and to hegin at yoar Majesty's owue house, family, and court, and purge the same 
of all suspicion of Papists and Atheists, or Newtrals, whereof this Revelation 
forcteUeth that the number shall greatly increase in these latter daies. For shall 
any prince be able to be one of the destojyera of that great scote, and a purgor of 
-the world from Antichristianisme, who purgeth not his owne country? shall he 

J urge his whole country who purgeth not his own house? or shall he purge his 
ouae, who is not purged himselfe ? " 
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4 LOGAHIIHUe. 

publishod his discoveiy at Edinbwrgli in a T\'ork entitlci:'!, "Miriflci 
Logarithmorum Oanonis Descriptio," reserving his mctliod of con- 
Bti'uctmg the tables uatil he taew what the learned migM thiak of hia 
iavention. The worlt is dedicated to Piince Charles, the soa of King- 
James. The dedication opens with the following oxpressiYe senti- 
ment r — 

" Seeing there is aeither study nor any kind of learning that dotli 
more actuate and etir up generous and heroionl wits to excellent anil 
eminent affairs ; and contrariwise that doth more deject and keep down 
sottish and dull minds than the mathematics ; it is no marvel that 
learned and magnanimous princes in all former ages have taken great 
delight in them, aad that unskilful and slothful men have always 
pursued them with most cruel hatred, as utter enemies to their igno- 
rance and sluggishness." And fui-ther adds, "And therefore this 
iaveation (I hope) will be much the more acceptable to jo«r Highness, 
aa it jieldeth a more easy and speedy way of accompt. For what can 
be more delightful and more excellent in any kind of learning than to 
despatch honourable and profound matters exactly, readily, and without 
loss of either time or labour ? " 

The preface of the work is interesting, being addressed to students 
of the mathematics. The following copy is taken fi-om the Englisli 
translation of Napier's work, as it contains some additions made by 
the author himself ; — 

"Seeing there is nothing (right well beloved students in the 
mathematickes) that is so troublesome to mathematicall practise, nor 
that doth mote molest and hinder calculators, than the multiplications, 
divisions, square and cubical extractions of great numbers, which, 
besides the tedious expense of time, are for tlie most part subject to 
many slippery errors, I began, therefore, to consider in my minde, by 
what certaine and ready art I might remove those hindrances. And 
having thought upon many things to this purpose, I found at length 
some eseellent briefe rules to be treated of (perhaps) hereafter. But 
amongst all, none more profitable than this, which, together with the 
hard and tedious multiplications, divisions, and extractions of rootes, 
doth also cast away from the worte itselfe, even the TOiy numbers 
tiiemselves that are to be multiplied, divided, and resolved into rootes, 
and putteth other numbers in their place, which perfoi-m as much as 
they can do, only by addition and subtraction, division by two or divi- 
sion by three ; which secret invention, being (as all other good things 
are) so much the better as it shall be the more common ; I thought 
good heretofore to set forth in Latine for the publique use of matiie- 
maticians. But now some of our countrymen in this island well 
affected to these studies, and the more publique good, procured a most 
learned mathematician to translate the same into our vulgar English 
tongue, who after he had finished it sent the coppy of it to me, to bo 
seene and considered on by myself. 

" I having most willingly and gladly done the same, findo it to bo 
most exact and precisely conformable to my minde and the oi-i(jinall. 
Therefore it may please you who are inclined to these studies, to- 
receive it from the translator with as much good will aa we i-ecom- 
mend it unto you. Fare ye well." 

This worit contains the natural sines and the logarithms of the sines 
for every miuuto of Iho quadrant, with a description and explanation 
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of the uses of the tables. A translation^ of this work^ nas made into 
English by Edward Wi-ight, M.A., Eellow of Qonvillo and Cains 
College, Cambridge, who died in 1615. The ti'aaslation, however, was 
published in 1618 by his son Samuel Wright (then a scholar of the 
same coUoge), and dedicated to the East India Oompany. 

A preface to the reader was added by Henry Biiggs, and "a table 
to findo the part proper tionall." Henry Briggs was educated at 
8t. John's College, Cambridge ; admitted to the degree of M.A. in 
1585; elected Fellow in 1588, and appointed reader on Dr. Lin acre's 
foundation in 1592. In 1596 he was chosen the first reader in 
Geometry in Gresham College, London, and afterwards, in 1619, he 
was appointed the first SaviHan professor of geometry at Osfoi-d, 
Soon after the publication, of the " Canon Mirificus," Briggs commu- 
nicated in hia leetm-es at Gresham College the improvement of making 
1 the logarithm of the ratio of 10 to 1, instead of 2-30358, as Napier 
had done. And from the evidence that exists, it appears that he was 
the first person who publicly made known the advantages of this 
change in the scale, which he also commuoicated to Napier himself. 

In a letter to Mr. (afterwards Archbishop) Usher, of the date of 
10th March, 1615, he writes: "Napier, lord of MarHnston, hath set 
m.y head and hands at work with hia new and admirable logaiuthms. 
I hope to see him this summer, if it please God, for I never saw a book 
whidi pleased me better and made me more wonder. I purpose to 
discourse with him concerning eclipses, for what is there we may not 
hope for at his hands." Accordingly he visited Napier in the Hummer 
of 1615. Their first meeting was described to William Lilly, who has 
thus recorded the account in his " Life and Times." 

"I will acquaint you with one memorable story related unto me 
by John MaiT, an excellent mathematician and geometrician, whom 
1 conceive you remember. He was servant to King James I. and 
Charles I. At first, when the Lord Napier, or Mai'chiaton, made 
public his logarithms, Mr, Briggs, then reader of the Astronomy 
Leotui-es at Gresham College, in London, was so surprised with admi- 
ration of them, that ho could have no quietness in himself until he had 
seen that noble person the Lord Marchiston, whose only invention they 
were. He acquaints John Mai-r herewith, who went into Scotlaad 

' The following "Admonition" does not appear in tie original Latin, page 22, 
sect. 9, cap. i- It was most probably added by Kapier himself when be revised 
Wright's trsnalation. It refers to that eyetem of the logajithms of the natural 
numbera in which 1 ismade the logarithm of the ratio of 10 to 1. " An Admoni- 
tion. But becanse the addition and aubtraction of these former numbers may 
seem somewhat painful, I intend (if it ehail please God) in a second edition, to 
set out such logarithma as shall maka those numbers above written to fall upon 
decimal nambera, such aa 100,000,000, 200,000,000, 300,000,000, &o., which are 
easie to be added or abated to or from any other number. " 

' The complete title-page is : — "A description of the admirable Table of Loga- 
rithmes :— with a declaration of the most Pleutif ull, Easie, and Speedy use thereof 
in both kinds oE Xrigonometry, as also in all Mathematical Calculations. Invented 
and published in Latins by taa.t Honourable Lord John Nepair, Baron of Marchiston, 
and translated into English by the late learned and famous Mathematician, Edward 
Wright. With an addition of flie Instrumental! Table to linde the parli Proportionall, 
intended by the Translator, and described in the end of the Booke, by Henrie Brigs, 
Geometry-reader at Gresham House in London. All perused and approved by tlie 
Anthonr, and published since the death of the Translator. Whei'eunto is added 
new Rules for tbo ease of the student. London, printed for Simon Wateraon, 
161&" 



y Google 



® I.OQAEITHMS. 

tefore Mr. Eriggs, purposely to bo there when tlicse two learnetl 
pei^sons should meet. Mr, Eriggs appoints a certain day wheu to 
meet at Edinburgh ; but falling thereof, the Lord Napier was doubtful 
he would not come. It happened one dayj aa John Marr and the 
Lord Napier were speatiug of Mr. Eriggs, 'Ah, John (said Mar- 
ehiston), Mr. Eriggs will not now come.' At the very instant one 
tnocfes at the gate ; John Marr hasted down, and it i)roved Mr. 
Eriggs, to his great contentment. He brings Mr. Brigga up into my 
lord's chamber, where almost one quarter of an hour was spent, each 
heholding the other almost with admiration before one word was 
spoken. At last Mr. Eriggs began : ' My loi-d, I have undertalien this 
long journey purposely to see your person, and to know by what 
engine of wit or ingenuity you came first to. think of this most excel- 
lent help unto astronomy, viz., the logarithms ; biit, my lord, being by 
you. found out, I wonder nobody else found it out before, when now 
Jtnown it is so easy.' " 

In the yeai- 1617, shortly before his death, Napiei" pubhshed his 
"Eahdologia." In the dedication is the following passage; — " Tho 
■.lifficulty and prolixity of calculation, the weariness of which is ao apt 
to deter from the study of mathematics, I have always, with what 
powers and little genius I possess, laboured to eradicate. And with 
that end in view I published of late yeais the Canon of Logaiithms 
TTEOught out by myself a long time ago, which, casting aside tho 
natural numbers, and tho more difficult operations pel-formed by them, 
substituting in their place others affording the same results, by moans 
of easy additions, suoti-actions, bisections, and ti-isections. Of which 
logarithms, indeed, I have now found out another species much 
-superior to the former, and intend, if God shall grant me longer Hfe, 
and the possession of health, to make known the method of construct- 
ing as well as the manner of using them. But the actual computation 
lof this new canon I have left, on account of the iniirmity of my bodily 
health, to those versant in those studies ; and especially to that truly 
most learned man, Henry Eriggs, publio Pi-ofessor of Geometry in 
London, my most beloved frie*d. ' 

In the following year Eriggs paid a second visit to Napier, and 
after his return to London printed, in 1617, his " ChOiaB Prima Loga- 
lithmorum," but did not publish it tiU tho next year after the death 
<if Napier, which happened on the 3rd AprQ, 1618; for in his preface 
Brjggs wiites, "Why these logarithms diffei- from thoso set forth by 
their mo.st illustrious inventor, of ever respectful memory, in his 
' Oanou Miriflcus,' it is to be hoped his posthumous work will shortly 
make appear." 

The posthumous work was miblished by his son, Itobei-t Napier, in 
1619, with the title of " Mirifici Logarithmorum Canonis Constiiictio." 
In tho preface, speaking of his father, he wiites : — " You have then 
-(benevolent reader) the doctrine of the construction of logarithms — 
which here he calls ai-tificial numbers, for he had this treatise beside 
him composed for several years before he invented the word logarithm 
r\dy<ui' opiH/io't] — most copiously unfolded, and their nature, acci- 
dencea, and various adaptations to their natural numbers perspicuously 
demonstrated. I have also thought good to subjoin to the construc- 
tion itself a certain appendix, concerning the method of foi-ming 
another and more excellent species of logarithms, to which tlio 
inventor alludes in his epistle prefixed to the ' Eabdologia,' and in 
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wliich the logarithm of I is O.'^ I have aJso pubiishod some lucuti'a- 
tions upon the new species of log'arithma, by that most esoellent 
mathematician, Henry Eriggs, public professoT in Lontlon, who under- 
took most willingly the veiy severe labour of calculating this canon, 
in consequence of the siugulai' affection that existed between him and 
my father of illustrious memory." Robert Kapier in this volume 
malies no allusion to the claim of Briggs, as his father, in the " Eab- 
dologia," laid claim to that improvement, and stated that he had com- 
mitted the execution of it to Brig'gs. From an expression in Briggs'a 
preface to his " Chilias Prima liogarithmorum," it would appear ho 
expected a recognition of his claim in the posthumous work of Napier. 
But as it had been passed over in silence, Briggs, in the preface to his 
" Arithmetica Logarithmica," cleaiiy declai-ed the part he had taken, 
and that he had first suggested the improvement in his lectures. 

In the year 1624 Briggs published his great work " Arithmetica 
Logarithmico," of which a translation in English appeared in 1631. 
In the address to his readers he gives the following account of the 

Eort he took in the improvement of logarithms, and his gi-eat 
ibour ia the calculation of the improved tables. "Be not sur- 
prised that these logarithms are different fi-om those which that 
Slustrious man, the Baron of Marchiston, pubHshed in his ' Canon 
Mirificus.' For when explaining publicly the doctrine of them to ray 
auditors at Gresham College, in Loudon, 1 remarked that it would be 
much more convenient that should stand for the logarithm of the 
whole sine [or radius] as in the 'Canon Mirificus,' but that the 
Jogai'ithmof the tenth port of the same whole sine, namely, of 5" 44' 21", 
should be 10,000,000,000. And concoi-ning this matter I immediately 
wrote to the author himself; and as soon as the season of the yeaa-, 
and my public teaching would permit, I wont to Edinburgh, where 
being most kindly received by liim, I staid a whole month. But 
whcQ we began to converse about this change in the system, ho 
said that for some time [diidum] he had been sensible of the samo 
thing, and bad desired to accomplish it, but however he had pub- 
lished those that he had abeady prepared, until ho coTild mate others 
more convenient if his duties and feeble health would permit. But 

' In. this apptsndix he shows how the logarithms of all compoaite numbers can 
he found from the logarithms of prime nnmhers, and thus describes his method. 
"In order to find the logarithms of all numbers, itianeoeesary that the logarithms 
of some two natural numbers be given, or at least assumed, aa m the former first 
construction 0, or cipher, was aasnmed for the logarithm of the natural number 
1, and 10,000,000,000 for the logarithm of the natural number 10. These, there- 
fore, being given, the logarithm of the natural number 5 (which is a prime num- 
ber) is sought in this manner. Between 10 and 1 ia songht the geometric mean, 
which is "au'iiVo'o'ffJ fio- ^" between 10,000,000,000 and is sought the aiith. 



metie mean, which is 5,000,000,000, Next between 10 and fii^ljfslnsffo '* 
tatcn. the geometric mean, which is uaomoemaen - ■^"'^ similarly between 
5,000,000,000 and 10 ia tahen the arithmetic mean, which is_75,OO0,OOO,0O0." 
It wiU bo seen by this process that the successive arithmetic means are the 
logarithms of the corresponding geometric means. But as these geometrio means 
are not the natural prime numbers, if the process be continued it will be found, 
after twenty-five operations, that the geometrio mean (taking seven places of 
figures) will be very nearly equal to 9, being defective only by the Eve millionth 
part of aa nnit ; and the correaponding aritbmetie mean may be taken without 
nensible error aa the logarithm of 9, Thua the logarithm of 9 being known, the 
logarithm of the prime number 3 is also known , 
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lie tlioiiglit that the change ought to be effected in this way — that 
should be made the logarithm of 1 ; and 10,000,000,000 the logaiithui 
of the whole sine, which I could not but acknowledge was by far the 
most convenient of all. Therefore, rejecting those which I had before 
prepared, I began at his exhortation to ponder seriously about tho 
calculation of these tables, and in the following summer I wont again, 
to Edinburgh) and showed him the principal part of those tables 
which are here published, and I was about to do tho same the third 
summer, if it had pleased God to spare him so long." 

This work' contains the logarithms (I being the logarithm of 10, 
and of 1) of numbers from 1 to 20,000, and from 90,000 to 100,000, 
all to 15 places of figures, with a method of finding the logarithms of 
the intermediate numbers. It may be noted that in some copies of the 
" Arithmetica Logaiiihmica " there is found a table of the logarithms 
of the nwmbei^ 100,000 to 101,000, which appears to have been added 
after the foi-mer tables had been printed. From the time of explain- 
ing the "Canon Mirificus" ia his lectures till the publication of his 
gi'eat wort, he always regarded Napier as Lis guide. Both tho 
character of Napier, his friendly intei-course with Briggs, and tho 
respect with which they both wrote of each other, are scarcely in 
unison with the opinion expressed by Dr. Hutton in the introduction, 
to his " Tables of Logarithms." 

" Upon the whole matter, it seems evident that Briggs, whothei- 
he had thought of this improvement in the construction of logarithms, 
of mailing 1 the logarithm of the ratio of 10 to 1, before Lord Napier 
or not (which is a secret that could be known only to Napier him- 
self), was the first person wlio communicated the idea of such an im- 
provement to the world ; and that he did this in his lectures to hi* 
auditors at Gvesham College in the year 1615, very soon after hi-i 
perusal of Napier's ' Canon Mirificus Logai'ithmorum ' in the year 
1614. He also mentioned it to Napier, both by letter in the eamo 
year, and on his first visit to him in Scotland, in the summer of tho 
year 1616, when Napier approved the idea, and said it had already" 
occurred to himself, and that he had determined to adopt it. It would 
therefore have teen more candid in Lord Napier to have told tho 
world, in the second edition of this book, that Mr. Briggs had men- 
tioned this improvement to him, and that he had thereby been con- 
firmed in the resolution he had already taken, before Mr. Briggs'a 
communication with him (if, indeed, that was tho fact), to adopt it in. 
that his second edition, as being better fitted to tlie decimal notation 
of arithmetic which was in general use. Such a declaration would 
have been but an act of justice to Mr, Briggs; and the not having' 
made it, cannot but incline us to suspect that Lord Napier was 
desirous that the world should ascribe to him alone the merit of this 
very useful improvement of the logarithms, as well as that of having 
originally invented them ; though, if the having first communicated an 
invention to the world be sufficient to entitle a man to the honoiu" 
of having invented it, Mr. Briggs had the better title to be called, 
the first inventor of this happy iuipTOvement of logarithms," 

The same kindly feelings existed between Briggs and Eobert. 

' Tlie title-page of tlie work bears these worda ; — "Hosnumerosprimnamvemfe 
Clarissimus Vir Jolumnea Nepenis, Baro Merohiaionii; eoa antem es ejuedem. 
atEntentia miitavit, eornmque ortiim et usum illustvavit Henrieaa Btiggius, in 
Celcbetrima Academia Oxoniensi, Geometriie Frofessor SavilianaB." 
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Napier after his father's death, and it appears that a copy of Napier':; 
book on Arithmetic T\"aa copied out by fiobert Napier for Mr. HeDry 
Briggs, the Savilian Pi-ofessor at Oxford. Briggs never made any 
claim to be the inventor of logavitbma j and the fact of the first 
mention of his improvement pubUely in his lectures is quite con- 
sistent with Napier's statement made at his first interview witlL 
Briggs, that he had befoi-e been aware of the advantages of Iho 
method Briggs had proposed. 

Briggs had also completed fceforo his death, which happened in 
1630, a table of the logaiitlims of the sines, tangents, and secants 
to fifteen places of figures, and annexed it to his table of the natural 
sinos, tangents, and secants which he had before calculated. This 
work he committed to his friend Henry Gellibrand, then professor of 
geometry in ftresham College, who published it in 16S3 with the title 
of " Trigonometria Britannica." These tables for their accuracy have 
been seldom found to differ from the truth by more than a few units 
in the fifteenth figure. 

No one before Napier ever considered all iiumbei-s as expressions 
of pTOpoi'tions, wliich could be included in a series of ratios. Tliis 
idea is the basis of his invention, and the effect was, that he devised a 
method of finding a series of proportionals, containing all numbers, 
and every numbei- having its own exponent, and also a method of 
finding the exponent of any given number of tlie series, or the wmnhm' 
of any given exponent. 

The merit of Napier consists of having imagined and assigned a 
logai-ithm to any numbei' whatever, by supposing the logariQim of 
that niunber to be one of the terans of a series in arithmetical pro- 
gression, and the number iteelf one o£ the tei-ms of a geometncal 
progression whose successive terms differ by veiy small increments 
from each other. 

The natiiral nwmbei's, 1, 2, 3, i, S, &o., fonn an arithmetical pro- 
gression, and may be made the logarithms of a series of numbers in 
geometrical progression ; and the same numbers, 1, 2, 3, &c., may bo 
also made to represent the logarithms of different geometrical series. 
But the naturafnumbers, of which the logarithms are wanted, form of 
themselves an ai-ithmetical series, and can never become a geometiical 
series. Here arose the difficulty, how could one series of numbers in 
arithmetical progression be made to correspond with the whole series 
of the natural numbers, in their order of increase, which are them- 
selves also a series of niunbers in arithmetical progression? 

The arithmetical progreseion, 0, 1, 2, 3, 4, 5, &e., coiTCSponds witli 
the geometrical progression, 1, 2, 4, 8, 16, 32, &c., and the numbers in 
order of tlie former can be made the logarithms of the corresponding 
numbers of the latter series ; thus, may be made the logarithm 
of 1, 1 of 2, 2 of 4, 3 of 8, 4 of 16, 5 of 32, &c., and so on; but hers 
arose the difficulty, how could the logarithms of the numbers inter- 
mediate be represented ? the logaiithm of 8 lying between 2 and 4 ; 
of 5, 6, 7, between 4 and 8; of 9, 10, 11, 12, 13, 14, 15, between 
8 and 16, &c. ; so as to be made to correspond to all numbers in 
their natural order of increase, these natural numbers themselves 
being in arithmetical progression. Napier had not the aid of the 
algebraical notations afterwurda devised, and ho knew nothing of the 
cijuation a' = ^j, nor had he even conceived the idea of the base of a 
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system of logai-ithms.^ He was led to his iavention solely by geometi-ical 
wsnsiderationa. Napiei''s object ivaa not to calculate the logaritlims 
of the natural numbers, but to facilitate caleijlations ia ti-igonometry. 
This is the reason of his computing only the logaritlims of the sines, 
and the logarithms of the complements oi the sines, (the word cosim not 
yet having' been devised,) from which the logaiiihms of the tangents, 
&o., could be easily deduced. The conception he fonned was that 
of two points, generating straight lines hy very small increments, 
and so regulated that in one case the successive increments sliould bo 
equal ; and ia the other, that they should differ proportionally fi-om 
each other in an indefinitely small degree.^ He knew tliat Uio 
indefinitely small ratios which ho imagined to be generated between 
Ihe natural numbers were not exact, but only approximations, and tho 
excess or defeet would become less than any quantity he might wieli 
to assign, and therefore would not materially affect the results of hi-j 
ealeiilations, so far as he intended them to apply. 

As the arcs of a circle were considered as the measures of tlio 
angles subtended at the center, and the sines of all arcs aa parts of 
the radius, which was the sine of the whole c[uadrant, he conceived 
a line (W equal to the radius, and a point beginning to move fi-om a, 
so that in equal times it moved over auccessive parts ttB, Ic, cd, &c., of 
the line (w in a decreasing geometrical progi-ession, leaving the 
successive remainders, bz, c%, (fe, &c., also in geometrical progression. 

* In Dr. Booth's Treatise on some new Geometrical Methods, voL i., cli. 32, 
on the geomotrioal origin of Jogaiitlnna, he has exliibited the value of the 
Napierian base in tarmB of the functions of the angle which a focal perpendioulai- 
on a tangent mates with the asis of a parabola. Ho remaclra ;— " We are thu'' 
(for the first time, it is believed) put in poaaession of the goometrioal origin of thnt 
quantity so familiarly known to mathematicians — the Napierian ba60." The valno 
of the angle ia 49° 36' 18". 

^ The first two chapters of the Canon Mitifious afford a view of Napier .i 
metliod. Tlie following are his Definitions and Propositions, hut without liiJ 
illnstratioaa, taken verbally from the translation of Edward Wiight ; — 
Ch4P. I. Of the Definitions : 

Hef. I. A line is said to increase equally, when the poyut describing the 
eame goeth forward eqiiall spaces, in eqnall times, or moments. 
Coit, Therefore, by this increasing, quantities equally differing, mujt 
needes be produced, in times equally differing. 
Di^. 2. A line ia said to decrease proportionally into a shorter, when ths 
poynfc describing the same in equall times, cutteth off parts con- 
tinually of the same proportion to the lines from which they arc 
cut off. 
Cor. Hence it followeth that by tho decrease in equall moments (or 
times) there must needes also be left propoitional lines of th; 
same proportion. 
I>fJ. 3. Surd quantities, or unexplioahle by number, are said to he defiued, or 
expressed by numbers very neere, when tbey are defined or e:;- 

S tossed by great numbers which differ not so much as one unito 
'om the trne value of the surd quantities. 
I)cf. 4, Equal-timed motions are those which are made together, and in the 

2>e/' 5. Seeing that there may he a slower and a swifter motion given than 
any motion, it shall necessarily follow, that there may be a motion 
given of equall swiftnesse to any motion (which we define to bo 
. neither swifter nor slower). 

T)tj. 6. "Che logarithme tlierefore of any sine ia a number very neerely expross- 
jng the line, which increased equally in the meane time, whiles t!io 
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Oa anotliGr line, AZ, not definite as the former, lie conceived a point 
beginning from A to move over eqnal paits, AB, £C, CD, &c., ol' 
tJiis line, witli the velocity uniform, the eame as the initial velocity of 
Ihe other point moving in os. Now at tho end of the first, second, 
third, &c., ecLual portions of time, the moving point in az is found at 
h, e, d, &c. ; aud that in ^^at B, 0, J), &c., respectively. The lines 
z(t, eJ, se, &c., ■will be a eeriee of lines in a decreasing geometrical progres- 
sion, and 0, AB, A C, AB, &c., will be a corresponding series of lilies 
in an increasing ai-ithmetical progi'esaion. The lines o, AB, AC, AD, 
&D., may be made the logarithms of the series of lines %a, ib, ze, &c., 
supposing tho point in »s moving with a velocity decreasing in 
proportion to its distance from s, while the velocity of the point in 
-dZmoves with the same constant velocity as it had at the beginning of 
its motion. 

As two independent conditions are necessary to limit every system 
o£ logarithms, as if be talten for the logarithm of 1, and any 
definite number be assumed for the logai-itbm of some other number, 
a system of logarithms can he computed under these conditions. 
Napier, however, assumed the logarithm of the whole sine to be 0, and 
Lence as the series of the logarithms of the sines increase, the sines 
themselves decrease. He also assumed that the points beginning to 
move from a and A in the lines az and jl.^with equal velocities, 
the inci-ementa described in the first small poi-tions of time ai-e equal, 
or that the natural einea and their logarithms near the whole sine 
have equal dififerecces, but different affections. With these limitations, 
there is explained in his posthumous wort his methods of computing 
Lis cauon of logarithms, which at first he styled artificials, or artifloi^ 
numbers, to distinguish them fiom the numbers which denoted the 
natural sines. 

There is a singular coincidence of ideas exhibited in Napier's 
invention of logarithms, and iu Sir Isaac Newton's invention of 
lluxione, as will appear from the following account by Newton him- 

Ime of the whole sine detireased pToportionally into that sine both 

motions being etjnal-timed, and the beginning equally s r ft 
A Consequetii. Therefore the logarithms of the whole sine JOOOOOO s 

nothing or ; and consequently the logarithmea of numbers 

greater than the whole sine, ore lesae than nothing. 
Therefore we cull the logarithmea of the sines, Abmnd g bo 

cause they are alwayes greater than nothing, and set tl s mark 

before them, or else n -^ .:. i ...... i . . 

than nothing, i 

before them. 
Ciixp. ir. Of the Propositions of Logarithmes : 

Prop. 1, The logarithmea of proportionall numbers and quant t es are 

equally differing. 
Prop. 2. Of the logarithmes of three proportionals, the double of the Beeond 

or meane, made lease by the first, ia equall to the third. 
Prop. 3. Of the logarithmes of three proportionals, the double of the second, 

or midtUe one, is equall to the aumme of the extremes. 
Praj}. 4. Of the logarithmes of fouro proportionals, the summe of the second 

and third, made lesae by the nrst, is eq^ual to the fourth. 
Prop. 5. Of the logarithmes of f oure proportionals, the snnmie of the middle 

ones, tlmt is, of the second and third, is eqnaU to the logarithme 

of the extreames, that ia to say, the first and fourth. 
Prop. G. Of the logarithmes of foure continuall proportionals, the triple oE 

either of the middle ones is criuall to the summe of the fiivther 

extreame, and tho double of the neerer. 
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f-;olf ; — "I consider matlieinatical quaatitieg iii this place not as con- 
sisting: of very small pai-ts, but as deeca-ibed by a continued motion. 
Lines are described, and therefore generated not by the apposition of 
parte, but by the continued motion of points; euperficiea by the 
motion of lines ; solids by the motion of superficies ; angles by tho 
rotation of the sides ; poi-tions of time by a continual flux ; and so in 
other c[uantitiea. These geneses really take place in the natni-e of 
things, and ere daily seen in the iflotion of bodies. And after this 
manner the ancients, by dramng moveable right lines along im- 
m.0Teable right lines, taught the genesis of rectangles. Therefore, 
eonsidei'ing that quantities, ivhich increase in eijual times, and by 
increasing are generated, become greater or less according to tho 
greater or less velocity mtb which they increase and are generated, 
I sought a method of determining quantities from the Teloeitiea of the 
motions or increments with whicli they are generated ; and calling 
these velocities of the motions or increments Fluxions, and the 
generated quantities Flumts, I fell by degrees, in the years 1656 and 
1656, upon the method of fluxions, which I have made use of here in 
the quadrature of curves." ^ 

Newton wrote his paper on Fluxions in 1665, the year before he 
took his B.A. degree. It appears that the minda both of Napier and 
Newton were led independently by the same ideas to effect the objects 
they proposed ; one to construct a table of logarithms, the other to 
devise a calculus for dealing with variable m^uitudes. 

Edmund Gunter was appointed Professor of Astronomy at 
Gresham College in 1619, while Henry Erigga was there the Pro- 
fessor of Geomotiy, and he held tho office till his death, whieli 
happened in 1626. In 1620 he published his " Canon of Triangles," 
which contains tho logarithmic sines and tangents for every minute of 
the quadrant, calculated to seven places of figures. In the year 1623 
lie reprinted these tables in his work "De Sectore et radio," and 
added the "Chilias Prima" of his colleague Briggs. He introduced the 
use of the arithmetical complement into the ai-ithmetio of logarithms, 
and was the first who employed the word eoaine for the sine of the 
complement of an arc. In 1623 he also applied the logarithms of 
numbers, of sines and of tangents, to sti'aight lines divided on a scale 
by which proportions in numbers and in trigonometi-y could be 
resolved by means of a pair of compasses. His method of division 
was founded on the property, that the logarithms of the terms of oqual 
ratios are equidififerent. This insh'ument, in the form of a two-foot 
scale, has long been in use for navigation and other pui^poses, and is 

' Qnantitatea Mathematicaa noii ut ex ijavtibne quam minimis constautcs, sed lit 
motn continue deaeriptas Iiic considero. Lineie ilescrilinntnr ito deeoribendo generon- 
tru non per appositionem partium. sed per motum contimram punotomni, anpstflcies 
per motum linearura, solida pet motam superficienim, aoguli per rotationem laternm, 
tempora per fluxnm coutinuum, et sic m c»tetis. iCe genesea in remm natura 
locum rete habeat et in motu corporum quotidie oemuntur. Et ad liunc modnm 
veteres dncendo reetas mobiles in fongituiniiem rectaram immobilinm geiiesiu docue- 
rant rectangalotum. 

CouBiderando igitur quod quantitates requalibns tompwitms oresl^entea et crascendo 
genit^ pro velooitate miyori vel minori qiia creacunt ao genetantur, evadunt majoros 
vei miiiores ; metUodum quserebam deferminandi quantitat«s ex velocitatibue motnmii 
vel jneremeutomm quibus generautur ; et has motnum vel inorementomm velooitates 
iiominando Fhiaiionea, et qnantitates genitas iiominando Flv^iits, ineidi piiulatim. 
Annia 1665 et 1666 in. Methodura Fluxionum qua hie iibu3 sum in quadi-atui'a 
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IfOOTvn by tho Baiiio of " Guntei-'s Scale." Tho logaritlimie lines an 
<Junter's scale ivere aftevwarda drawn in different ways. In IG27 
they were drawn l)y Edmund Wingate on two sepai'ate scales sliding 
against one another, to save the troiihle of nsing the compasses. 
And they wero also in 1627 applied by Oughtred to concenti-io circles. 
In 1627 and 1628 Adrian Ylaoij reprinted at Gouda, in Holland, the 
" Aiithmetica Iiogarithmica " of Brig^, and added the logarithms 
which Brigge had omitted, from 20,000 to 90,000. But these he had 
computed only to ten places of figures. He added also a table of 
natural sines, tangents, and seeanta to every minute of the q^uadrant. 

Gregory 8t, Viaeent, in his "Opus &eometrieum Quadraturie 
«ireuli et Sectionum Ooui," published in 1647, shows that if one 
asymptote of a hyperbola be divided into parts in geometrical progres- 
fiion, and fi-om the points of division ordinates be drawn parallel to the 
other asymptote, they will divide into equal portions the spaces con- 
tained between the asymptote and the curve. It was afterwards 
observed that by taiing tiie continual sums of these pai-ts, there would 
be obtained areas in arithmetical progi-ession con-esponding to the 
ahscissEe in geometrical progi'essioii, and that these areas and abscissEs 
would be analogous to a system of logarithms and their corresponding 
numbers. On account of this analogy Napier's logarithms have been 
named hyperbolic loganthms but this analogy is not applicable to 
Napier's logarithms only but to all other possible systems of 
logarithms. Nor does it illustiate his idea of the generation of 
logarithms ; Napier's ex ct idea however, is completely illustrated 
by another curve. If the i nes ivhich lepresent Napier's logaritlims 
be taken on a line as al 'jcisb'b and lines which denote the coiTe- 
eponding natural numbeis be diawn at right angles as ordinates to 
these abscissfe, the curve passing through the exti-emities of the 
ordinates ivill be the logai thmic cuive. Its propei-ties were first 
described by Huygens m his Dissertatlo de Causa Qravitatis," 
where it is shown that its subtangent is constant. This curve was also 
considered by Roger Cotes, the PJumian Professor at Cambridge, in 
his "Harmonia Mensuranim," which was published in 1722. Ho 
named the constant subtangent of the curve the inoiulm of the system 
of logarithms, being a fourth proportional to tho increment of the 
ordinate, the increment of the abscissa, and the oi-dinate itself. Eut 
uader Briggs's idea of logarithms, being rather numeral than geome- 
ti'ical, the modulus may be considered as the natural number at that 
point of the system where the increment of the number is eijual to the 
increment of the logarithm, or when the consecutive numbers and their 
logarithms have equal difi'ereaces. And it wiU appear that the 
logaritlims of equal numbers in any two systems are proportional to 
their modulus. The ratio which connects the systems of Napier and 
Briggs is 2-3025850 to 1. 

Napier's theory, however ingenious in itself, was felt by mathe- 
maticians to labour imder the objection of treating geometrically a 
subject which was in its nature arithmetical, as Briggs had exhibited 
in the tables he had calculated and published. Their objection was 
founded on the definition of logarithms, ' ' numeri ratJonem exponentes, ' ' 
and in coui-se of time various improvements were made in the methods 
of constructing them — more simple, and involving less labour than tho 
methods of Napier and Briggs. It was about fifty yeaM after Napier's 
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doath before sei-ies wore employed. Tke series for log. (1 +x) was firs* 
invented by Mereator, in 1667, and published in bis " Logaritbmo- 
teclmica." James Gregory, in Hs " Exercitationea GeometricK)," 
provedtbe series for log. (l+«),log.(l—a^),aadlog. (1+a^) — log.(l— a;). 

Dr. Edmund Halley, in a ^laper printed in the "Transactions of tlie 
Boyal Society for 1595," showed how to find the logarithms of niimbers, 
aud to solve the converse problem by a process of algebra. This 
paper ends with these ■words: — "Thus I hope I have cleared up the 
docti-ine of logarithms, and shown their construction and use independent 
from the hyperbola, whose affections have hitherto been made use of 
for tiis purpose, though this be a ma.ttei' purely ai-ithmetical, nor 
m-operly aenionstrable from the principles of geometry. Nor have I 
been obliged to have recourse to the method of indivisibles, or the 
ai-ithmetic of infinites, the whole being no other than an easy 
corollary to Mr. [Sir Isaac] Newton's ' General Theorem ' for forming 
roots and powei's." 

Euier, ia liis " Intixiductio in Analysis Infinitorum," has exliibited 
the properties of logarithms and the series for the construction of tables 
neai'ly in the form in which they are employed by mathematicians at 
the present time. 

For the details of the history and tlio various methods and improve- 
meats, the student is referred to the works of the origioal authoi-s, 
which he will find noted in the " Scriptores Logaritlmiiei " of Bai-ou 
Maseres, and in the introduction prefixed to the "Tables of Loga- 
rithms " published by Dr. Hutton. 
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KUMEEATION AND NOTATION. 

Art. 1, It isprotablo that the earliest efforts in couatiiigworoTery 
limited, and did not extend beyond tlio simple wants of piimitive 
life. Ae tlie liumaii race multiplied on the earth and tlieir wants 
inci-eased, different methods of numbering would Ije devised, and im- 
provements made, until necessity, the mother of inventioua, led to the 
discovery of that perfect system whicli lias superseded all others, and 
is now in almost universal use in the civilised world. To count or to 
number is nothing more than to form ideas of assemblages of things 
considered as xmiiB, and to assign names to each of tiese assemblages. 
This is the fixst process of tlie Lnman mind in the si ience of numbers. 
Every particular object or thing suggests the idea of unity or oao 
thing to the mind, and every assemblage of th ngs suggests the idea 
of numbers composed of a greater or less assemblage of units. If 
such a collection of things he considerable, it is impossible to deter- 
mine at first sight, with exactness, the whole number, and to name 
the sum of tliem. Our senses suggest only the undefined idea of a 
multitude, Matuio has provided a kind of arithmetical instrument, 
more generally used than is commonly imagined, namely, the two 
hands, with the five fingers on each hand. It is higldy probable that 
these were the first instruments used by men to assist them in the art 
of numbering. There ia a strong presumption ia favour of the truth 
of this opinion, that all civilised nations from the earKest times have 
counted by the number of the fingers on ono or on both bands. No 
reason, can be discovered why the number Sve or ten should be chosen 
rather tlian any other number for the basis of counting, except the primi- 
tive practice of counting by the fingers of one or of both hands. It is, 
besides, not improbable that in early times men counted by their 
fingers, objects which did not exceed that number. They could also 
count the exact number of tens in an assemblage of objects, and note 
the units which remained less than teas. But as the fingers could 
only serve them to ascertain that remainder of units above the tens, 
they wanted something to determine the number of tens. "When this 
number was large, they were led to look for new helps. Nature 
presented them with many things eijually fit to assist them in tiiis 
operation, as pebbles or counters. It is now easy to imagino how 
that, by the help of the fingers and little stones, a method of num- 
beriog might be devised, and considerable calculations might bo 
performed. 
A heap of pebbles consisting of individual pebbles can be numbered 

by arranging them in sets of ten pebbles each, ai ' 
" " " 3 over, which do not make a complete set of ten. 
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Uext. The seta of ton pebbles can bo arranged in larger sets of teu 
timea ten pebbles in eaoh set, and tho seta of ten pebbles over 
,'ed wbich do not make a complete set of ten times ton 



Thirdly. The seta of ten times ton pebbles oan be arranged in still 

larger sets of ten times ten times ten pebbles, and the sets over, of 

ten times ton pebbles reserved ■which do not make a eomplcto set 

of ten times ton times teu pebbles, and so proceeding until the 

largest sets have been formed. 

"Thus, the whole heap of pebbles oan be separated into different sets, 

and the gi-onps in each set not exceeding nine in number. Tlio 

first set consisting of single pebbles, not exceeding nine. Tlie 

second, gvoups of ten pebbles in eanh set. The third, groups of 

ten timea ten pebbles in each set. The fourth, groups of ten times 

ten times ten pebbles in each set, and so on, and ending ■\vitb 

groups of the largest seta that can be formed. 

Having shown how the number of a multitude of objects can be 

linOTvn by simply dividing them into different sets or classes, the 

second step is to assign names to the different sets, and thirdly to dovise 

abbreviated characters or figures for denoting them. Tlie various 

•characters adopted by the most ancient nations for recording numbers 

■were nover employed as instruments of calculation. This double 

purpose was effected by that perfect system of numerical notation, 

by means of ten characters '' with device of place," an invention for 

which the world ii indebted to the intelligence of the ancient people 

■of Hindustan. This method of naming and denoting numbers ia 

called the denary system, as it reckons numbers by tens, tens of 

tons, and so on. 

2. Numeration is defined to mean the method of expressing numbers 
by words, and notation is the art of denoting numbers by characters 
or figures. 

Numbers are considered either as concrete or ahlraci. A concrete 
numher ia one which is employed to express any kind or species of 
things, and an abstract number is one which is considered apart from 
any species of things whatever. In considering numbers as abstract, 
an unit, or one, is the least whole number, and may be considered 
the primaiy element of numbers, and all abstract numbers can bo 
formed by the sueeesaive additiona of unity, beginning with unity. 

The first numher is named one ; one and one is named two ; two 
and one, three ; three and one, four ; four and one, five ; five and one, 
sis ; six and one, seven ; seven and one, eight ; eight and one, nine. 

These nine numbers are reapectivoly represented by the characters 
a, 2, 3, 4,5, 6,7,8,9. 

Each of these nine figures, besides its intrinsic value, is assumed 
io have a local valuo depending on the place it occupies, reckoned 
ii'om the figui-e in the first place on the right. The principle of the 
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local value is simply this : — Oae figure being placed on the left of 
another, tlie place of the foimer ia ten times ag great as tlie place of 
the latter. Hence it follows that the fli-st figure oa the right being 
the place of units, a figure iu the second place on the left of it ia tea 
times its value iu the first place, iu the thu-d place it is ten times 
that in the second place, in the fourth place it ia ten times that in 
the thii-d pWe, iu the fifth place it is ten times that iu the fourth place, 
and similarly for the succeeding places ; eo that a figure in the first, 
second, third, fourth, fifth, &c., places, denotes respectively units, tens oi 
units, hundreds of units, thousands of units, tens of thousands ot 
units, &c. They are designated numbers of the first, second, third, 
fourth, fifth, &c., orders respectively. Besides the nine significant 
characters, there is a tenth character, 0, named cipher, nought, or zero, 
which by itself has no numerical value, and denotes the absence of 
number iu any place it may occupy in the notation of numbers. By 
means of these nine characters and the cipher, any number, however 
large, can be distributed into sets of units, tens, hundreds, &e., each 
set not exceeding nine, and can be exactly denoted by the assumed 
chai'actcrs iu their proper places. 

The next number to nine, ia nine and one (for which no single 
character is assumed), named ton, and is denoted by 10. And two 
tens, three teas, four tens, five tens, six tens, seven tens, eight tens, 
nine tens, are respectively denoted by 20, 30, 40, 50, GO, 70, 80, 90, 
and named twenty, thirty, forty, fifty, sixty, seventy, eighty, ninety. 

The natural numbers after 10, which increase by units, namely, 
ten and one, ten and two, ten and three, ten and four, ten and five, ten 
and six, ten and seven, ten and eight, ten aud nine, are denoted by 
replacing in 10 by 1, 2, 8, 4, 5, 6, 7, 8, 9, successively, and they 
become 11, 12, 13, 14, 15, Ifi 17 18 19 respectivoly and aro named 
eleven, twelve, thirteea, fon teen fifteen s xteen seve teeu e j,hteen 



Aud in the same manner the rest of tne n mbe s of the second 
order are denoted, as 21, 2 2 24 '>5 26 27 ^8 ''9 anl so nut 1 
the last, ninety and nine, o 99 

The nest number, ninety and ten s name I one h nl el -inl 9 
denoted by 100 ; and two h ndrels three hunlted i u hunl 1 
five hundreds, six hundreds seven hu 1 eds e ^ht h 1 els n o 
hundreds, are respectively denoted by 30C 400 500 G 700 
800, 900. 

The number nine hundreds and one hundred is named one thou- 
sand, and is denoted by 1000. And in a similar manner two, throe, 
four, five, six, seven, eight, nine thousands, respectively, are denoted 
by 2000, 3000, 4000, SOOO, 6000, 7000, 8000, 9000. 

And proceeding in the same manner, the successive numbers of 
tho higher orders in the scale of notation ai'e named and denoted. 
Thus :— 
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The iiim.L(?i> Ten tlionsancla is denoted by 10,000. 

One himdvod thousands by 100,000. 

Oae miUioii by 1,000,000. 

Ten millions by 10,000,000. 

One himdi'ed millions by 100,000,000. 

One thousand millions by 1,000,000,000. 

Ten thoiLmnd millions by 10,000,000,000. 

One hundred thousand millions by 100,000,000,000.' 
It is seldom in ordinary caleulations that numbers ai'o requiiei 
beyond hundreds of thousands of millions. 

Tlio principle of tlie denai-y notation is not limited, and may bo 
BstGndcd for the expression of numbers of any order. It is thoreforo 
obviona that the denary method of notation may be continued to any 
extent, and will suffice for the representation of any number, however 
great. 

3. PitoB. To denote hi/ figures anp t/ivm numler expressed in words; 
and conversely, to express in words any given number denoted by figures. 

rirst. Any numbei- espi-essed in words can be denoted in figures 
by writing' the figure wliich denotes the units in the first place, and 
the figures which denote tho tens, hundreds, thousands, &c., respec- 
tively, in tho second, third, fourth, &c., places on the left of the first 
place, with ciphers in those places where the figure of any order is 
wanting. 

Conversely. A numbor denoted by figures can be expressed in 
words by first dividing the given number into periods of three or of 
sis figures ea«h, and writing tho values of the figures which are in the 
first, second, third, fourth, &c., places as the units, tens, hundreds, 
thousands, &c., of which the number is composed. 

1 The nest unit itt orJcr is ten hiinclred thousand millions, or one tlionaand 
tlioiTsand millions, or one million of mClions. Instead of considering tho orders of 
higher numliers as suecessiyoly fovmad by maldng ten nnita of one order eqniva- 
ieiit to one nnit of tlie next superior ordei', it lias been fonnd convenient to con- 
sider loi^e numbers in jieriods of sis flgni'es each. The fiist period heginning witJi 
nnity and ei:tenaed to ais figures is considered the period of units, tho Eecond 
the period of millions, the third tho period of millions of mOlJons, and so on, sa 
that the units of IQiefu'st, seesnd, thinl, &e., periods in order will ba aa follows : 
One, the primary unit denoted hy 1. 
Oae million denoted by 1 irith 6 ciphers. 

One million of millions, or a billion, id denoted by 1 with 12 ciphers, 
a trillion, by 1 with IS ciphers. 
■ a cjuadrilUon, by 1 with 2i ciphers. 
J, or a quintUlion, by 1 witli SO ciphers, 
i, or a sexHUion, by 1 nith 86 ciphers. 
One million of sestillionB, or a soptillion, hy 1 with 42 ciphers. 
One miJlion of septiOions, or an octillion, by 1 with 48 ciphers. 
One million of cotillions, or a nonillion, by 1 with B4 ciphers. 
One million of nonillions, or a decillion, by I ivitli 60 ciphers ; and so on. 



One million of billions, oi 
One million of triUions, c 
One million of quadriUion 
One million of quintillioi 
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EXEEOISES. 



Express in figures tlie following mimbars : 

1. rifty-sis; and sixty-five. 

2. Tlu'ee hundred and foui- ; and fire hundred and niuety-six, 

3. Seven thousand seren hxindred and soTca ; and nine thousanij 
two hnndred and seventy-thi-ee. 

i. Twenty-seven ttiousand four hundred and fifty. 

5. One hundred and ninety-eight thousand five hundred and sixty- 
BOY en. 

6. Five millions five hundred thousand five hundred and five. 

7. Ninety-five milliona and fifty-nine thousand. 

8. Seven hundred and ten millions seven hundred and ten tliou- 
Band seven hundred and ten. 

9. One thousand millions and one hundred thousand. 

II. 
Write in words at length the following numhers denoted by figures : 
1. 57, 75, 80, 45, 21, and 79. 
2. 101, 800, 425, 602, 620, and 999. 
8. 1001, nOO, 1010, 4788, 2909, and 1800. 

4. 21000, 20100, 48765, 18009, 18090, and 90009. 

5. 123456, 700009, 709000, lOOlOO, and 505050. 

6. 7654321, 1002003, 5081000, and 9080706. 

7. 29358764, 50800700, and 80053007. 

8. 503100950 and 20000100010010. 

9. 1000000300003001 and 5786732195946470. 

III. 

1. Express in figures the first hundred numbers with their re- 
spective names. 

2. Write down the different ways in whiuh each of tlic nine digits 
can be made up of two leas numbers. 

3. The number 27 is composed of 16 and 11. Write down all the 
other two numbers whicli can make op the number 27. 

4. Write the smallest and the largest numbers possible with the 
first five characters, 0, 1, 2, 3, 4, in the denary notation, and express 
them in words. 

5. How many tons, ]ioiy many hundreds, how many thousands, 
I and how many ten thousands are there in & million units? 
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6. Find all the integral numbers wliich can he formed out of tlie 
digits 0, 1, 2, 3, when one, two, thi'oe, four digits are taken respec- 
tively to form each number. 

IV. 

1. Wliat metliods did tho aaeient Gi'eeka and Romans adopt to 
represent numbers ? Were the Eoman characters ever employed as 
instruments of calcviiation, as tiie figures in the decimal scale of 
notation ? 

2. From whence was the oi-dinaiy system of arithmetical notation 
by nine figures and zero derived? About what poriod was it iiitro- 
/luced into Europe ? "What system did it supersede, and when did it 
begin to bo generally used ? 

3. Define unit and number, and distinguish between abstract and 
concrete numbers. 

4. Explain clearly the difference between the intrinsic values of 
«ach of the nine digits, and their local values in the denary soalo ; 
and shew that, with the aid of the tenth character zero, these digits 
ai-e competent to express all numbers whatever, however great or 
however small. 

5. la the denaiy scale of numeration, how many difi'erent words 
are employed in counting a million ? 

6. Gfive tho derivation and explanation of the terras calculating, 
counting, cipher, algorithm. 

7. In the denary system of notation explain why the number o£ 
(ligita cannot be more or less than the local value 10. 

S. Specify clearly the advantages of the Indian method of arith- 
metic, (I) with respect to the powers of its notation, (2) of its opera- 
tions. 

9. State the considerations which render the sciences of numher 
nnd space useful instruments for the training of the intellectual 
powers. 
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ADDITION AND SUBTRACTION. 

Ap.t. 1 Tlie simplest elomentaiy operationK wMoli follow the nota- 
tion and mimoration of numbers ai'e named Addition and Subtraction. 

By Addition is meant the process or operation hy which two oi- 
more numbers are oomhined into one numher, called their sum. 

Subtraction is the reverse operation, by which a less number is. 
taken from a greater, and the remainder, or difference, is found. 

It is obvious that the operations of Addition and Subtraction are 
related, so that if 4 be added to 3, the sum is 7 ; and if 3 be subtracted 
fi-om 7, the remainder is 4. Also, if 7 be taken from 7, the remainder 
is 0; and any number greater than 7, as 9, cannot be subtracted 
from 7. 

It may also be remarked that Addition and Subtraction are the- 
two fundamental operations in ai'ithmetic, into which all others may bo- 
resolved; for whatever operation is to be performed, the change made 
in any given number must either be an increase or diminution of it. 

The nature of the processes of numerical addition and subtraction 
imply that the abstract units employed ai'e always the same. 

2. Pnon. To find the mm of any two numbers consisting of single figurss- 

Thia pi-ocess will be effected by simply taking each unit of one of 
the numbers and sirccessively adding it to the other. Tiius the sum. 
of the numbers 3 and 5 may be found by considering 3 as composed, 
of tliree units, I, 1, 1, and adding each in succession to the number 5. 
The sum of 5 and 1 is 6, 
„ G and 1 is 7, 

„ 7 and 1 is 8, 
that is, the sum of 3 and 6 is 8. 

In a similar way the sum of 5 and 3 may be shewn to bo 8, by 
considering 6 as composed of five units, 1, 1, 1, 1, 1, and adding each 
in succession to the number 3. 

Hence the sum of 5 and 3 is the same as the sum of 3 and 5 ^ 
or the sum of two numbers is the same in whatever way they may bo 
added together. 

The sums of every two nmnbers consisting of single figin-cs may bo- 
found in this manner, and the results exhibited as follows : 
The sum of 1 ami 1 h 9 The sum of 2 and 1 is S The siua of 3 ai 
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3. Phoe. To find the 

Ax. Tho eum of two or moi 
respective parts taken together. 

By tb,e assumed notation evei-y number is composed of units of the 
first, second, or third, &c., orders, named units, tens, hundreds, &e. 
And the sum of two oi' more numbers will bo Ituown by finding tho 
sums of the units, the tena, the hundreds, and so on, and tlis aggre- 
gate of these sums will be tbe sum of the given numbers. 

Let it be required to find the sum of two numbers, 358 and 287. 

The number 85S consists of 3 hundreds, 5 tens, and 8 units, 
and 287 consists of 2 hundreds, 8 tens, and 7 units. 

Then, fii-st, the Biun of 7 iinita and 8 units is 15 units ; or 1 ten and 
5 units : reserve the 5 units. 

Secondly. The sum of 1 ten, 8 tons, and 5 tens, is 14 tens ; or 10 
tens and 4 tens ; or 1 buudred, and 4 tens ; rcsoiwo the 4 tons. 

Thirdly, The siun of 1 hundred, 2 hundreds, ajid 3 hundreds, is 6 
hundreds. 

Hence, the wbole sum is 6 hundreds, 4 tens, and 5 units, or 645. 

The process may be exhibited briefly, thus : — 
358 
287 







G-15 sum. 






The 


urn of n 


lore numbers than two Co 


n be found i 


n tho same 


manner a 
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m of two nuRiberB.' 







^ When tlie eolnmns of aumbei's to be added are Inrge, tlie process of addition 
mnylie moreeaailj- effected by a metliod analogous to nddition by counters. It relieves 
the memory from, recollecting any numltei- greater than 19 ; at tho same time there is 
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And as ten unita of any order ai-o equal to one nnit of tlie next 
superior order, it follows tliat the sine of two or more iiuuiLera of any 
order is found by the same operation as if they were of the first order, 
and all additions are reduced to the simple process of finding tho sum 
of two or more single figures. 

As an error is always possible in the performance of the process of 
addition, not much confidence can be placed in iho so-called proofe of 
tlie process of addition. In the addition o£ numbers, if the snm bo 
obtained by commencing with the last line of figures and adding 
upwards, in case any error be made, it may probably be detected by 
repeating the process, beginning with the first line of figures and 
adding downwards ; and if the two results are the same, it is probablo 
the addition is correct. 

Besides the characters or symbols of numbers there are other 
assumed symbols wMch denote arithmetical operations. 

The symbol + plaeed between two numbers indicates that tho 
latter number is to be added to the former. Thus 3 + 5 means that 5 
is to he added to 3, and is read 3 plus 5. 

The symbol = is used to indicate the equality or cquivnlenco of 
two numbers ; and is read " is equal to." Thus 3 + .^ =; 8, moans that 
5 added to 3 is eijual to 8. 

By the help of these two symTjols of operation, any number can 
be expressed as the sum of the several orders of numbers of wliich it 
is composed ; as, for example r — Thirty-five thousands, seven hundreds, 
forty and nine, can fee thus expressed — 

35749 = 30000 + 5O0O + 700 + 40+9. 

4. VuOTi.— To find the difference of two niaabers, each consisUnti of one 
■or two figivres. 

The difference of two small numbers will be found by subtracting 
from the greater number in succession as many units as ai-e contained 
in the less. 

Let it be required to find tlie difference between the two numbers 
8 and 3. 

3 is composed of tlu-ee units, 1, 1, 1. 

loss trouble ia prfictice, also the proliability of error is considerably lessened by tha 
1136 of small mmibera only. 

Instead of oddiag all the figures in oaeJi colnmu at onee, the sum of eaoh column 






IS followa ; 



Add together the first two or mora figiu'es which produce n number between 10 
and 19 ; place a mark for tha 10, and add the nnits orer to the next figarea of tlia 
■eolimin, aud mark the 10 as before, and add the units over to the nest figures, and so 
ou, mai'kiog all the teiia until all the figures of the column have heen added. Write 
-the units over after the 2ast additton under the column of units, and add to tiio 
aecond column of tena as many units as are equal to the number of marked tens iu 
tlio first column. Proceed in the Siime way with the third and other columns. 
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Tlien BiibtraetiD^ oacH unit successively from 8, 
1 taken from 8 leaves 7, 
1 taten from 1 leaves 6, 
1 taten from 6 leaves 5, 
tliat is, 3 taken fi-om 8 leaves a remainder 5. 

And in a similar way tlie differences consisting of single figures, of 
tvpo numbers, one of irbioli does not exceed 10 nor the otlier 19, may 
lie fonnd, and tlie results exhibited as folio'ws : 



1 from 2 leRves 1 



2 fror 



i le:ircs 1 



8 from i letLVss 1 



„ 10 „ 9 
i from 5 leaves 1 



6 li'Oin 6 leaves 1 



7 from 8 leaves 1 



8 from 9 leaves 1 



10 from 11 leaves 1 10 from 14 lea.v«s i 10 fvom 

„ 12 „ 3 „ 15 „ 5 

» 13 „ 3 „ :g „ 6 

5. Phob. — Tojiiid ilie difference of any Uco mmlers consistijtij of moyf> 
than two figures. 

The process depends on thG two following axioms : 

Ax. 1, The difference of two numbers is ec^ual to the sum of the 
differences of their respective parts taken together. 

Ax. 2. If two numbers be increased by eijual numbers, theii' differ- 
ence remains unaltered. 

The given numbers being composed of figui-es of different orders, 
9A units, tens, hundreds, &c. ; if the units of every order of the less 
number be taken from the figures of the samo order of the larger 
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number, the sum of tlieso partial differouoes will be tbe diffei-ence of. 
the two given numbers. 

But in cases where a figure of any order in the l^s number is. 
greater than that of the same order in the larger nmnber, the Bubtrac- 
tion is not possible. 

If this figure be increased by 10 units of the same order, the sub- 
traction becomes possible ; and if the figure of the next superior order 
in the less number be increased by 1, the larger and smaller numbers 
having been equally increased, the difference of the two numbers i^ill 
be unaltered. 

Let it be required to find the difference of 456 and 273. 
Here 456 consists of 4 hundreds, 5 teas, and 6 units, 
and 273 coasists of 2 hundreds, 7 tens, and 3 units. 

Uow 3 imits talien from 6 units leaves 3 units, the first partial. 
I'omaiader. 

Next, 7 tens taken from 5 tens is impossible, but 10 tens added tO' 
5 tens make 15 tens, and the subtraction becomes possible. 

Then 7 tens taken from 15 tons leave 8 tens, the second partial 
remainder. 

But as 10 tens are equal to 1 hundred, 1 hundred added to Z 
liundi-eds make 3 hundreds, and 3 hundreds taken from 4 hundreds 
leave 1 hundred, the third partial remainder. 

Hence the sum of these partial remainders will be the difference o£ 
the two numbers 456 and 273. 

And the difference is 1 hundred, 8 tons, and 3 units, or 183. 

The preceding process may be briefly exhibited, and the names of 
the orders of tho figui^es may he omitted in performing the o^iera- 
tion. 

456 
273 

183 difference. 

The number 3 taken from 6 leaves 3. 7 cannot be taken from 5,, 
add 10 to 5, which make 15 ; then 7 taken from 15 loaves 8. Nest 
add 1 to 3, which makes 3, and 3 taken from 4 leaves 1 ; and the dif- 
fereaee of the two numbers is 183. 

The coixectneas of the process of subtraction may be readily vei-i- 
ficd ; since of two numbers, the sum of their difference and the less 
number is equal to the greater. 

6. The operation of the subtraction of one number from another is 
denoted by the sign — , called minus. Thus 8 — 5 means tliat 5 is tec 
be subtracted fi^m 8, and is read 8 minus 5 ; also 8 — 5 = 3 is read S 
minus 5 is equal to 3, or that the difference of 8 and 6 is 3. 

When the sum or difference oJ two or moi-e numbers is required tct 
he considered as one number, the two numbers connected by th& 
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syrafeol of adrlitioTi or siibtraotion are inchidec! in a pai-ontliesjs or a 
brace, thus (5 + 2) and(5— 2), or |S + 2} ,iiul(6-2j, and sometimes 
liy a line placed over them ia this mauner, 5 + 2 aad 5-2. 

One number may he considered the complement of another when 
tlie sum of the two numhers maiie xip bhj given namlier. 

7. Def.— The aiithmetic complement of a juimhcr is defined to he 
the ditference betweea any given number and the imit of the next 
superior order; as 6 is the arithmetic complement of 4, 47 of 53, 846 
of 155, and so on, being the differences respectively of 4, 53, 155, and 
10, 100, 1,000, the next superior units to these namhers. Conversely, 
also, 4, 53, 155 are the ai-ithmetic complements of 6, 47, 845 
rospeetively.' 

The arithmetic complement of a number may always bo found by 
subtracting the figure in the unit's place from 10 and the rest of the 
figures of the number from 9. 

Since from the definition, the arithmetic complement of 155 is 845 
= 1000-155, whonee it follows that 155 + 845 = 1000, or that the sum 
of any number and its arithmetic complement will always be equal to 
the unit of the next superior order. 

Again, since 155 = 1000—845; if 155 or its equivalent in terms of 
the arithmetic complement be subtractive, it may be written 1845, by 
placing the eubtractive unit before the left digit of the arithmetic 
complement, as is doae ia the charaetei-istice of logarithms, when tliey 
ai-e sabtractive, 

8. PaoB. — If the aritlmutic eotitphmmt he added to. any other numher of 
the same number of figures, the mm will exceed the difference of the tivo 
mtmiers hi/ an unit of the next superior order. 

If 155 be subti-actcd from 768, the remainder is 613, the differenoo 
between them. 

But if the arithmetic complement 845 of 165, the less number, be 
added to 768, tKs greater, the sam will be 1613, one anit (1000 iatMs 
case) of the next superior order greater than the difference of the two 
numbers By removing this unit the namber left wiU be equ^I to 

TI ai tlan t mj I m t b mpl j ! t fi d tli difl ft 

n uul as 1 tl ^ t f 1 li wh m f tt ar 11 1 

da 1 1 t 1 mpl y d w th th gr t t 1 ant th t! t 

F I "a tliil s, ui wh som I g thma t b dd d d t b 

El Vtra tdtttli m mptat Intdffil fit si lb 

t ■a tmg n f m th th tli m f th 1 e nthm to b dd d I th 
ht plratsftlilgaitlmtbebttdwUg tli nt 

il fl Q f th f th additi nd snbtiaoti 1 gantlim Th m d t 

n tu g th a t! m t pi m nt so mpl th t th thm t mpl t f 

n 1 ga thm a be as read ly wntt as th 1 gai thm t It 6in b p 1 f m 
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llio difforfiaoo of 768 and 153 ; so that tlio difference of two imm'bevs 
•ciiii be found by addition, Tho formal removal may be avoided by 
TVi-iting the aritLmetic complement thus, 1845, with the subti-aotive 
unit on the left, whioh when added to 768, tho simi -will be 613, the 
additive and aubti-actiTe units being equal to zero.' 

9. As numbers may be equal or unequal to one another, one number, 
■or an aggregate of numbers, is said to be equal to, or equivalent to 
anotlier number, when both are composed of tho same number of 
iinits. And one number is said to be greater than another when there 
are more units in tho former than in the latter ; and the latter is said 
to bo less than the fonner. The following axioms will be found to be 
useful in ai'ithmetical reasonings. 

1. Numbers are equal to one another wliicli consist of the same 
number of units. 

2. A whole mitnber or integer is equal to the sum of all the parts 
of it. 

3. Any whole number is greater tlian any part of it ; and any part 
of a number is less than the number itself. 

4. Numbers or aggregates of uumbere which ai-e equal to the same 
number are equal to one another. 

5. If cqualnumberabeaddedtoequalnumbei? the sums are equil 

6. If equal numbers be added to unequal nnmbeia oi if linequil 
numhers be added to equal numbers, the sums are xiufquil 

7. If equal numbers be taken from, oi siibtiacted fmm equal 
numbers, the remainders are equal. 

8. If equal numbers be subtracted fiom unequal numbers, or 
if unequal numbers be subtraoted fi-om equal numbers the remain- 
ders aie xmequal. 

9. If the same numha- be added to, ml suljti i t 1 fiom m thti, 
the value o£ the latter is unaltered.^ 

1 Ex, 1. Pinii the difference lictiveeii 32S011 and 2U12 by iiicans of tlio iirith- 
metio complement 

S2801I 
A. C. of 23412 is 176588 
By addition 304699 is tlie difference of the two niimljors, 

Ex. 2. Eind tlie difference behveen tlie s\im of 797(lS9r, 10S8fi37. ami 3406424. 

find the 3ura of 3279120 and 8441042 by tio arithmetic complement 

7i»7n.i97 

103S037 

_3i08124 

A. C. of 32721S0 is 1^3727810 

A. C. of 3441042 is 11358953 

1701823 tlie diffeience reqtiired. 

s As for example, 12 =12 + 5 — 5 = 17 — 5 = 7 +u. 
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Find tlie Bums of the foUoTviiig sets of numbers, iiiid express the 
results in words : 

1. 5, 12, 20, 15, 35, and 50. 

2. 37, 8, 09, 105, 230, 700, and 2. 

3. 5000, 500, 20, 90, 9000, and 1. 

4. 3584, 2796, 6416, 7204, 1897, and 8103, 

5. 10000, 50305, 171717, 1008, and 201. 

6. 235762, 105501, 387788, and 799999. 

7. 1234567, 8765433, 6894703, 3105297, 5712843, and 4187157. 

8. 57, 1876423, 1587, 999, and 3334447. 

9. 100, 314500, 1237, 94, and 3000000. 

10. 6876432100, 1284, and 387142659. 

II. 

1. Explain why in the addition of niiinbei's the operation is begun 
at the unit's place. Is this necessary ? 

2. Shew ttiat 5 and 7 make 12 ; and state explicitly every defini- 
tion and axiom in the pi-oof. 

3. Add 3041 to 7198 ; and explain the operation. 

4. Arrange the nine digits, 1, 2, 3, 4, 5, 6, 7, 8, 9, in thveo lines 
with three digits in each line, so that the sums of three digits taten in 
evei-y possible direction may be always etjual to 15, 

5. Find the sum of all the numbers which can be iomicd with the 
figures I, 2, 3, 4 ; all the four figures being taken to form each number. 

III. 

Find the differenees of the following numbers, and verify the 
accuracy of the results : 

1. 35 and S3. 

2. 20000 and 999. 

3. 478829 and 923874. 

4. 1008425 and 100842. 

6. 3784397 and 1334567. 

6. 200000000 and 123456789. 

7. 732584963 and 478342987. 

8. 105723678 and 989456. 

9. lOOOOOOlOOO and 7077070077. 

IV. 

1. Subtract thirty millions twenty-sis thousand and three, from 
forty-five millions seven thousand and twenty-one; and find what 
number must be added to the difference to make one hundred millions. 
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2. Add together four miUion twenty tlioTisaiid and seventy- nine, 
twelve million two tliousand and seven, and one million and fifo 
tiioiisand, and subtract 16538107 from the sum. 

3. "What is the difference between the aggi-egate of 1050, 825, 
1769, 150801, and a million? Shew that tho same difference is ob- 
tained by taking one of the numbers from a million, another from 
Ihe remainder, and so oa for the rest of the numbers, 

4. Subtract four billions thirty millions seventy-five thousand and 
eleven ii-om 8876531856201, and write the diffei-ence in words. 

5. Find the remainder after snbti-acting the numbers 44444, 99^, 
066, 77, I, in succession from 1000000. 

6. Find the diffei'ence between tlie sum oi 31845, 814, 10345, and 
the sum of 10014, 569, 1845. 

7. Subtract the sum of 43002, 6100, and 5018162, from the dif- 
ference of lOOOOOOOOO and 1234567890. 

S. Subtract the difference between sixty billions and sixty thou- 
sands from the sum of fifty trillions and Mty millions. 

V. 

1. How may the accuracy of the process of subtraction be verified ? 
Give an example. 

2. Subtract 819 from 918, explaining the process. 

3. Shew that the difference of 254 and 125 is the same as the 
difference when these numbers are each increased by 123. 

4. What number eubtracted from 670194 will leave 3825 ? 

5. Half tlie sum of any two numbers is equal to the greater, and 
half the difference is eijual to the less number. Apply this to find the 
two numbers whose sum is 521 and difference 175. 

G. By how much does the sum of the numbers 27182818284 and 
31415926535 exceed their difference ? 

VI. 

1. Find the excess of 8765437 above 7634289 by means of tho 
arithmetic complement ; and explain the pr-inciple. 

2. Find the result by means of the arithmetic complement of the 
numbers -578421, 864325, 104231, which are to be added, and of 
325410, 684531, 213418, which are to be subti-acted. 

3. Find the difference of the sums of 256, 1875, 34310, and of 
4008, 214, 56, by means of the arithmetic complement. 

4. Find the difference of the aggregate of the numbers 1234567, 
8543021, 5432147, and of 3245785, 5180072, bymeansof the arithmetic 
complement. 

5. Write five numbers of seven places of figui-es each under each 
othei', and beneath these write the arithmetic complements of four of 
them. Shew that the sum of the nine lines of figures will consist of the 
fifth line with 4 ia the eighth place reckoned from the right-hand figure. 
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MULTIPIJCATION AND DIVISION. 

Akt. 1. The multiplication of one numljer by another is the process 
of finding the number pi-odnced by the addition of one of them as 
many times as there ai-e uaita in the other, as 5 multiplied by 3 oi- 
3 times 5 is 15 ; and is the same as 5 added 3 times. 

The number produced is called the product, the number to be mul- 
tiplied the multiplicand, and the number indicating the number cC 
times the multiplier. Theae are also called the factors of tbe product, 

Diyision is the process of finding how many times a less number in 
contained in a greater, and is eq^ual to the number of times th.6 less 
number can be subtracted from the greater, as the number 5 is con- 
tained 3 times in 15, or 6 can foe eubti-acted exactly three times from 13, 

The greater number is named the dividend, the less number the 
divisor, and tbe number of times tbe divisor is contained in the divi- 
dend, tbe quotient. 

The operations of multiplication and division are, one the reTcrse 
of the otlier; for since tho product of 5 multiplied by 3 is 15, it 
follows that 15 divided by 5 gives 3 for the quotient. 

The divisor and quotient are convertible, as for instance, if 15 bo 
the dividend, and 3 the divisor, tlie quotient is 5 ; but if 5 he the 
divisor, the quotient is 3, 

The names of dividend, divisor, and quotient in the operation of 
division coi-respond to those of product, multiplier, and multiplicand 
in the process of multiplication. 

The processes of multiphcation and division being one tho reverse of 
the other, as tho multiplicand multiplied by the multiplier produces 
the product, so the quotient multiplied by the divisor will reproduce 
the dividend when there is n ma' d aft r tho division, If, however, 
there be a remainder, it m t 1 11 d t the product of the divisor 
and quotient to reproduce th mpl 1 dond. 

Any pi-oduct is said to b a mult 1 1 of each factor, and each 
factor is called a aubmultiplo f th p d et. Thus 15 is a multiple 
of each of the factors 5 and 3 and 5 a d are each submultiples of 15. 

2. Phob. To Jind the product of any two single Jiijiires. 

Let it be required to fiad the product of 5 and 3. The product of 
5 multiplied by 8 means that H is to be repeated three times ; that is , 
the sum of 5 -f 5 -j- 5 is 15, All the products of two single figui-es can 
be thus found by the simple process of addition. 

The product of any ttvo numhers is the Mine, whichever may be made 
the multiplier. 

For instance, 5 multiplied by 3 gives the samo product as 3 multi- 
plied by 5. 



y Google 



17 

Tlie truth of this ia evident from the fact, that if three rows of 5 
uounteis be disposed in order under each other ; in whichever way 
tlioy may ho eoimted, their sum will be same number of counters. 

By counting them in one way, they constitute 3 rows of 5 
ounters in each row, or three times 5 euunters. 

By counting them the other way, they malte 5 rows of 3 counters 
m each row, or 5 times 3 counters. Hence 3 times 6 counters is the 
E.ame as 5 times 3 counters ; or 3 times 5 is equal to 5 times 3. 

This property is applicable for any two integral absti-act numbers. 

The following numbers exhibit the products of every two numbers 



not 



1 



„ 8„ 58 „ S„ 34 „ 8,, 72 

„ 9„63 „ 9„73 „ 9„81 

3, Prob. To find tlie product of ttco numiers, one of which eomists of 
one figure only. 

The process depends on the following 

Axiom. The product of any two numbers ia eq^ual to the sum of 
the products obtained by multiplying one of the numbers by each o£ 
the parts into which the other can be divided. 

^ If tlie products of two nnmbers were asteiidiid to 13 finiES 12, or to 20 times 
20, and committed to memory, additional facilities would be acquired ill the pro- 
cesses of multiplication and division of numbers. 
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Hi&t it be required to find the pi-oduot of 5342 by 4. 
Here 5342 = 5000 + 300 + 40 + 2. 
And 4 times 5000 - 20000. 
4 times 400 = 1600. 



4 times 40 = 



160. 



The sum of the partial products is 21368, the product of 5343 by 4. 
In. practice, the process is thus exhibited, omitting the ciphers— 
5342 



The addition and multiplication are performed at each step of tho 

First. 4 tiroes 2 is 8 ; write 8 under the place of units. 

Secondiy. 4 times 4 is 1 6 ; wi-ite 6 in the place of tons, and reserve 
fche 1. 

Thirdly. 4 times 3 is 12, and adding the 1 reser\-ed mate 13 ; writo 
3 in the third place, and reserve the 1- 

Pourthly. 4 times 5 is 20, and adding the 1 reserved make 21, 
-which write in the next place, and the product is 21368. 



4. pEOB, To find the product of ar^ two n 



' The following method of niuffiplioation is found in the commentary of Gancsa, 
DH tho Lilavati, nnd Was the method adopted by the Ariibians, by whom it seems to 
have hoen prefotred. It was also adopted by the Persians with some slight raodi2. 
Kiation, and, lastly, by the Italians. 

Form a parallelogram whose length and teeadth respectively contain sa many 
iinits as there are di^ts in the multiplicand and midtiplier, and draw parallel lines 
through (he points of division, thus dividing the iigure into equal squaios, nnd 
ilastly, let diagonals be di'awn in tho same direction in these squares. 

Write the digits of the multiplicand and multiplier along the length and breadth 
of the parallelogram, placing each d^t opposite to a square beginning with the 
highest places from the same angle. 

Maltjjjly the digits of the multiplieand and muliiplier, and place the units of each 
product in the lower, and the tons in the upper half of the square which is common 
to the two figures which ate multiplied together. 

Ex. Multiply 5842 by 324. 



/ /6[/S / i 
t/ 1/11/ / 
/O /% /a X 8 



17 8 8 8 = 1730308, the product. 
The opeiailon could lie perfonned from left to right instead of from right to 
3eft, aa tlie products of every two figures of the multiplicand and midtiplier wonld 
still occupy the same places. 
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Let it be required to find tJie product of 53i2 and S2i. 
The multiplier 324 = 300 + 20 + 4. 

If the multiplicaad be first taken 4 times, then 20 times, and thirdly 
300 tiKies, the sum of these three partial products will be oijual to 
324 times 5342, or the product required. 
The process may be thus exhibited : 
5342 
324 = 300 + 20+4. 
21368 = 4 tunes 5342. 
106840 = 20 „ 
160260 = 300 „ 
1730808 = 324 „ 

In practice it is usual to omit the ciphers, taking care to place the 
first figwe of each pai-tial product under the figure which forms the 
multiplier for that product.' 

The product of two numbers can also be found by multiplying one 
of them by the factors into which the other can be divided. 

Thus the product of 5342 by 324 caa be found by multiplying 
5342 by 4, 9, 9 in succession, the factors of 324. 



= 4 times 5342. 
: 36 times 5342. 
= 324 times 5342. 



' Tlio following ia the proof of tie process of multiplication " by casting cut the 
nines." It depends on tlie property that "any nmnher divided by nine will leava 
tliO BaniB remainder as the sum of its digits divided by nine. " 

First. Cast out the nines from the sums of tlie digits of tlie multiplicand and of 
tlie multiplier, and reserve the remainders. 

Secondly. Multiply Uiese two remainders togetiior and east out the niaes from 
their product^ and reserve tlie remainder. 

Thirdly. Cast out the nines Jrom the sum of fie digits of the product, and 
reserve the rcmfunder. 

Fourtlily. Then if these two remainders be eijual, the process of the multijJioa- 

This so-oalled proof is defective as a proof in the following particulaiB, as it faila 
to detect errors in the product — 

1. If the order of figures in ths product be misplaced, as 37 for 73. 

3, If eiTora be niade which counterbalBDce eack other, as 35 written for 32, the 
sums of the digits in each case being the smne. 

If 9 be written for 0, or for 9, or either be omitted or insei-ted too often. 

The proof of multiplication "by casting out the elevens" is not liahlo to so 
many chances of failure as the proof "by easting out the nines." 
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5. A mmier is multiplied, hy 10, 100, 1000, ^e , hy annexing one, 
two, three, Sfe., cipheri to the riyht-hmd figure of the tnuUipkcand 

lb will be seen that such multiplications are lu fact tho dueet 
conseq[ueiioe of the assumed notation. Por when one, two, thiee, &l , 
ciphers are respectively annexed to any numher, each of ita digits la 
removed one, two, three, &c., places respectively towardb the left, and 
in consequence of the assumed principle of the local nine, eachfiguic 
becomes 10, 100, 1000 times leapeetively as great a9 it was befoie 

It may also be noted, if both multiplicand and multiplier end in 
one or more ciphers, the product wiB be found by multiplying tho 
significant figures of the tivo numbers, and annexing to the prsdutt 
as many ciphers as are equal to those on the light of the multiplier 
and multiplicand. 

There are numerous devices ■whereby labour mayin some instances 
be avoided in findiog the product of two numbers, some of whicli 
are the following : 

1. Any number is multiplied by 9, or 10 — 1, by subtracting the 
given number from 10 times the number ; and by 11, or 10 + 1, by 
adding the given number to 10 times the number. 

2, Any number can be multiplied by 99, 999, 9999, &c., by 
annexing 2, 3, 4, &c., ciphers to tlie multiplicand, and subtracting 
the multiplicand itself from this product. 

And in a similar manner any number can be multiplied by another 
composed of a repetition of the figure 9 with any other figure iu tho 
highest place.' 

6. The symbol x is assumed to indicate multiplication of numbers, 
as 3 X 5 denotes 3 multiplied by 6, and 3 x 5 = 15 means the product 
S and 5 is eijual to 15. Also, 3x5 + 2 = 17 denotes that 3 added to 
the product of 3 and 5 is eijual to 17, and 3x5—2 = 13, that 2 
subtracted from the product of 3 and 5 is equal to 13. Also, when 
two or more equal factors are to be multiplied together, the product 
may be briefly expressed by writing at the upper part on the right of 
one of them a small figure, denoting the number of equal faotors. 
Thus 3 X 3 is denoted by 3' ; 3x3x3 by 3' ; and 3 X 3 x 3 X 3 by 3\ 
Also 3'x 5° will express the product arising from 4 factors each equal 

' Ex. Find thij product of 3457S by 999. 

Here 84578000 = 1000 tirai^s 3457S. 
ami 34678= 1 



Ex. Find the product of 34578 by 683. 
Hove 699 = 700-1, 
And 24204600-700 times 34578 
34573= 1 „ 
24170U33-6M times 34573. 
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to 3 and 6 factors (sacli oq^ual to 5. Sometimes 3' x 5" is moro 
laiefly deuoted by 3'.6'. 

7. Pkob, 211 find the guoihnt of two numbm's whieh comist of me w of 
two digits. 

Let it be required to find the quotient ariaiiig from 15 divided by 
5. TLe quotient denotes tlie number of times tto divisor is contained 
in, or eaa be subtracted from, the dividend. 

Let 5 be subtracted successively from 15. Krst. 5 subtracted 
from 15 leaves 10. Secondly. 5 from 10 leaves 5. Thirdly. 5 fi-om 
5 leaves 0. So that 5 can be subtracted S times from 15, or 5 is 
contained 3 times in 15, or 15 divided by 5 gives 3 for tho quotient. 

This will also appear from the fact that division being the reverse 
of multiplication, since 3 times 5 is 16, it foUowe that 5 is contained 
3 times in 15. 

The following statements exhibit how many times each of the nine 
digits is exactly contained in numbers consisting of one or two digits : 
1 divided by 1 gives 1 2 divided by 3 Rives 1 8 divided by 3 gjvea 1 



6 divided by 6 gives 1 



8 divided by 8 gives 1 



63 „ „ 9 72 „ „ » 31 ,> .. 9 

8. Peob. To dmde any mmler hy a nwriber of one digit. 
Tbe process depends on the following 
Axiom. One number is contained in another as many times as the former 
is contained in the several parts into whieh the latter can bo 
divided. 
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Let it be required to diviiie 7583 by 5. 

Since division is the reverise of multiplication, the process of 
division is performed by reversing the operation of multiplication, 
itith this difference, that the process of division begins with the figure 
on the left hand of the dividend and proceeds towards the i-ight, but 
the process of multiplication begins with the figure on tho right of 
the multiplicand and proceeds towards the left. 

The dividend 7583 = 7000 + 600 + 80 + 8. 

First. 7 thousands divided by 5 units give 1 thousand, the first 
pai-tial quotient, and 2 thousands, or 20 hundreds, over. 

Secondly, 20 hundreds added to 5 hundreds make 25 hundreds, 
and 25 hundreds divided by 5 units give 5 hundreds, the second partial 
ijuotient. 

Thirdly. 8 tens divided by 5 units give 1 ten the third partial 
i:£Uotieiit, and 3 tens, or 30 units, over. 

Fourthly. 30 units added to 3 units make 33 units, and 33 units 
divided by 5 units give the fourth partial quotient 6 units, and 3 
units remainder. The process is thus exhibited : — 
5)7583 

1516 — 3 remainder. 

In practice the names of the orders of units are omitted, and the 
process is performed naming only the figures. 7 divided by 5 gives 
quotient 1 and 2 over. Secondly, 25 by 5 gives 5 and no remainder. 
Thirdly, 8 by 5 gives I and 3 over. Fourthly, 33 by 5 gives 6, and 3 
the last remainder. 

9. Phob. To divide amy greater numler l>y a less numhr. 

Let it be required to divide 1730808 by 5342. 

Since it has been shewn (Art, 4) that the sum of 300 times, 20 
times, and 4 times 6342 is equal to 1730808, it follows that 300 times, 
20 times, and 4 times 5342 successively subtracted from 1730808 leaves 
the remainder 0. 

And the method whereby 300, 20, aad 4 can be found fram 
1730808 and 5342 will be simply a reversal of the process by which 
1730808 was found from 6342 and 824. 

First. The divisor 5342 is contained 300 times in the dividend 
1730808.' Whea 300 times 5342 is subti-acted from the dividend, the 
remainder is 128238. 

' Soma difficulty may lie experienced, in the fivst attempts to find the exact 
number of times the divisor ia oontEuned in the successive partial dividends. If it 
1)1! bomo in mind that the produGt of the divisor by any q^uotient figure, when sub- 
tracted from any dividend, must always leave a remainder lass tlian the divisor, the 
difficulty may soon disappear. 

By using trial divisors (as in the case above, 5000 and 6000, one less and the 
other greater than the given divisor), the limits can be found within wMeh the 
gortect quotient figure lies. The hast and most ready mode of acquiring facility in 
the process of division, is by finding the product of two numbers, and then reversing 
the operation. 
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iy. The divisor 5342 is contained 20 times ia the second divi- 
dend 128208. "When 20 times 5342 is BnbtraDted from this dividend, 
the remainder ia 21368, 

Thirdly. The divisor 5342 is contained 4 times in the third divi- 
dend 21868. When 4 times 5342 is subtracted from this dividend, tiie 
remainder is 0. 

The process may be thus exhibited : 

3342)1730808(300 + 20+4 
1602600 
128208 
106840 
21368 
21368 

In practice the value of the units and the ciphers are omitttid, 
and the process is thus performed : — 

First. The divisor 5342 is found to be contained 3 timea in the 
first five figures of the dividend. The product of 5342 by 3 ia sub- 
tracted, and to the remainder 1282 is annexed 0, the sixth figure of 
the dividend. 

Secondly. The divisor 5342 is contained 2 times in 12820, and tJio 
product of 2 times 5342 is suhtraeted from this munber, and to' the 
remainder 2136 is annexed 8, the seventh figure of the dividend. 

Thirdly. The divisor 5342 ia contained 4 times in 21368, and 4 
times 5342 subtracted from 21368 leaves no remainder. 
And 5342 is contained 324 times exactly in 1780808. 
The process is thus shown ; 

5342)1730808(324 
16026 
12820 
10684 
21368 
21368 

"When there are one or more ciphers at the right hand of the 
divisor they may be omitted, and as many figures from the right hand 
of the dividend, and the division perfonned with the remaining figures, 
and at the end of the process, to the remainder must be annexed 
the figures omitted in the dividend, to make up the whole remainder. 
10. Any number is divided by 10, 100, 1000, &c., by marking off 
one, two, three figures from the right hand of the dividend. These 
will be the i-emainder, and the rest will form the quotient. 

Any number can be divided by 9, 99, 999, 9999, &e., hy suecesaively 
dividing the given number by 10, by 100, by 1000, by 10,000, &e., 
respectively, and taking the sum of the successive quotients for the 
triio quotient, and the sum of the successive remainders for the true 
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remainder ; except when the aum of tho latter exceeds the next higher 
imit; in that ease "both the quotient and remainder must Ije inci'eased 
ty -unitj ' 

Any number cin Ids divided hy 5, 25, 125, &c , by multijjl^ing tho 
■dividend by 2, 4, 8, &.a , and maikmg off towaids the left from the 
unit's place, one, two, three, &c , figures. The figures on the left 
will be the quotient aud those on the right will be 2, 3, 4, ii , tmii,^ 
the respertive lemamdeis ^ 

11. PaoB To divide o mmiet ly the facto}s of the dimoi, and to 
determine the emtect rematndei after the dittsion 

Divide 109*^58 by 5, 7, 11, the factors of 386, and determine the 
vOOiTect remaindei, 

5 )100958 
7 )21991 — 3 fii'st remainder. 
1 1 )3I41 — i second remainder. 
285 — 6 third remainder. 

Tho quotient is 285, with remainders 8, 4, 6, after the divisiona by 
5, 7, 11 respectively. 

Every unit in the 2nd line is 5 times each unit ia the 1st line. 
,, 3rd ,, 7 „ » ' 2nd line. 

„ 4th „ 11 „ „ 3rd line. 

Hence — 

3, fho remainder from the 1st line, is Snnits of the Isl line. 

4 ,, 2nd „ 5 times 4 or 20 ,, 

^, ,, 3rd ,, 7times5times6or210 ,, 

The sum of these partial remainders ia 233, the whole remainder. 

Tho process may be verified by dividing 109958 by 385. 

The product of two numbers is the same, whichever of the two 
he made the multiplier, as also of any number of factors, in whatever 
-order the numbers may be multiplied. It follows, that if a dividend bo 
divided by several divisors in succession, the quotient and the remainder 
■are the same, in whatever order the separate divisions are performed. 

1 Ex. Divitle 658T4 by 99. 



Here the sum of the pai-tial remainders ia 133, and both tho quotient and re- 
■mtdnder must be increased by unity. The truth of the process may be verified by 
^lerforming the division of 65874 hy 99 in the ordinary way. 

* Gleoi^ Suffield, M.A., late Fellow of Glare College, published a small tract 
entitled, " Synthetic Division in Arithmetic, witli some introductory remarks on 
the periods of drenlating decimals." Thiamethod is useful for obtaining quotients 
when a very lai'ge number of figures is recLuired. It contains some brief and in- 
genious methods for converting ordinary fractions into repeating deoinials.— 
IlaaiiUlan Mid Co., Cambridge and London, 1303. 
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12. Tlie symbol -^ is assumed to denote the divisioB of one jiumLor 
by another; thus I8-f-3 means 18 divided by 3, and 18-^8 = 6 is read 
18 divided by 3 is equal to 6. 

A more convenient notation lias been assumed to denote tlie 
division of one nuaiber by another, by simply placing the dividend 
above the divisor with a Hue of separation between them. Thus -'/ — 6 
denotes that 18 divided by 3 is eijual to 6. By means of this notation 
for representing the division of one number by another, the complete 
quotients in all eases of division may be indicated. Thus, J^, and 
-'^, indicate the respective quotients of 18 divided by 3, as well as 19 
divided by 8, whether the dividend be exactly divisible by the divisor 
-or not. 

13. The f olloff ing axioms will be found useful in aiithmstical rea- 
sonings : — 

1. Equal numbers multiplied by equal numbers are equal. 

2. Equal numbers multiplied by unequal numbers, or unequal 
nnmbers multiplied by equal numbers, are unequal. 

3. Equal numbers divided by equal mmibers are equal. 

4. Equal numbers divided by unequal numbers, or unequal num- 
T)9rs divided by equal numbers, are unequal, 

5. Any number multiplied and divided by tbe same number 
remains unaltered. 

6. When a dividend and a divisor aio both multiplied or both 
divided by the same number, tlie quotient is unaltered.' 



ON OTHEE SYSTEMS OF NUMERICAL CALCULATION. 

14. In the preceding pages bas been shewn the method of denoting 
numbers by meaus of ten characters with device of place, and of 
performing the processes of addition and subtraction, multiplication 
and division with them as instruments of calculation, Tho local 
value of this system of arithmetic being ten, is only one of the 
possible systems of notation. 

Any other number than tea might have been assumed for fte local 
value, and hence it follows that other systems of numerical notation can 
be devised analogous to tlie denaiy system, and the character will be 
essential in every one of them, whatever may be the local value of tho 
:scale of notation. 

In every system of notation the number of characters which havo 
■an intrinsic value as well as a local value caunot be gieater noi less 
than the number which denotes the local value of every two lonsecu- 

^ In the Lilavati, directions ai-o given "to abridge the diviclcinl and clmsoi by 
«qniil numljera, whenever that is p-acticaWe," or, in other woid?, to divide the 
illvidond and divisor by any numher by whioh they are divisible c^irtly 
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tive tlniatteii The local value oi any system determines tlie number 
of independent cliincteis to be employed in that system; and tbe 
notation of numbeis ttiU become confused when the number of 
chaiacteis is gieater m number than the local value, and impossible 
when the nxinihei lo Ipis 

As in the denary system the number of cbaTaotors must be ten, 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, the number ten being represented by 10, 
so in the isoptenai-y system, in which the local value is 7, the number 
of character must be seven, 0, 1, 2, 8, 4, 5, 6, the number aeveu 
being denoted by 10. 

The following characters are required in the first eleven systems : — 
Binary system, local value 2, reijuires 2 characters, 0, 1 . 
Ternary „ 3, „ 3 „ 0,1,2. 

Quateniary „ 4, „ 4 „ 0,1,2,3, 

Quinaiy „ 5, „ 5 „ 0,1,2,3,4. 

Senary „ 6, „ 6 „ 0,1,2,3,4,5. 

Septenary „ 7, „ 7 „ 0,1,2,3,4,5,6. 

Octcnary „ 8, „ 8 „ 0,1,2,3,4,5,6,7. 

Honary „ 9, „ „ 0, 1,2,3, 4,6,C, 7,8. 

Denary „ 10, „ 10 „ 0, 1,2,3, 4,5, 6, 7, 8, 9. 

Undenary „ U, „ 11 „ 0, 1,2, 3, 4,5, 6, 7,8,9, t. 

Duodenary „ 12, „ 12 „ 0,l,2,8,4,5,0,7,8,9,t,e. 

The letters t, e, being' taken to denote the numbers ten and eleven, 
twelve being denoted by 10. And so for any other system of a larger 
local value. 

The operations of addition, subtraction, multiplication, and division 
in any system may be performed in exactly the same manner as the 
same operations are performed in the denary system of arithmetic. 
A number expressed in one scale of notation can he transformed iato 
any other scale in which the local value is different. It will, however, 
be found more easy in practice to transform Oie given number of ajij 
scale into another in the denary scale, and this number into that of 
the scale rec^iiii-ed.^ 

' To transform 3542 fcom the septenary to the deniiiy sciJe. 
Here 8542 = 3.7' + 5.7^ + 4.7 + 2 = 1804. 
The operation may he exhibited thns ; — 



And 3543 in the septeiiiiry = 1S04 in the denary scale. 

Convereely. To transform 1304 from th« denaiy to the septenary scale. 

Since 1304 = 3.7» + B.7' + 4.7 + 2 = S542, 
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Each different system of aritliniotical notation admits of fractioua 
analogUTiB to decimal fractions as well aa ordinary fractions. AH other 
scales of notation except the denary, are for the most part subjects of 
curiosity lather than utility, yet not altogether useless from an intel- 
lectual point of view, as they supply instances of the application and 
extension of a general principle. 

It may however he noted, that the duodenary scale is sometimes 
employed for finding, by means of the duodecimal division of tho 
foot, Hie areas of suriaces and the volumes of solids. 



It is obvioua that the digits 3, 5, i, 2, will bs found by auecessively diviJing 
1304 by the locsl value 7. 

7)186 — 2 



And 1304 in the dennry = 3542 in the septeiiaiy sciile. 

Ex. To find the sum of 2345 and 7184, and the difference of 3543 and I1G4 in tlie 
septenaiy scale : — 

2345 ] 3542 

1104 1164 

35ia sum. I 2345 diffei'ence. 

To find the pradnct of 8542 and 11S4 ; and tlie qaotient of -1586111 divided by 
1164 in tlie septenary scale : — 

1164)4566111(3542 qnolient. 

31131 
SI545 
3542 
3542 
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1. Upon Tvliat principle is tlin orJmiiy mpthod of multiplieaiioii 
"based ? Is there any advantage m beginning ■witli the riglit-haiKl 
figui'e (1) of the multiplicaad, (2) of the multipher ? 

2. Explain the methocl for the multiplication of two numbers, each 
consisting of several Sguree, and multiply 30071 hy r0590, explaining 
tlie reason for eaoh part of the process 

3. Shew that the product of auy numbei hy a composite niimbei: 
may be found by multiplying by its factois siicceisively. Ex. Multiply 
8605 by 21. 

4. Shew that the product of 2356 by 135 may ho found by multi- 
plying 2356 by 11 and that product by 12, and adding 3 times the 
multiplicand to the product. 

5. Exemplify the truth that two or more factors will give the same 
product in whatever order they are multiplied. 

6. Any Eumber may be multiplied by 5, 25, 125, &c., hy an- 
nexing 1, 2, 3, &c., ciphers respectively to the number, and then 
dividing it by 2, 4, 8, &e. Explain the reason of this iiile. 

7. In the multiplication of numbers, how do you prove the correct- 
iicBS of the operation by castiag out the ninos ? Explain and give 
I'oasoiiE for the rule, and shew the errors ta which it is liable. 

II. 

Pind the products of the following numbers : 

1. 2567 and 256 ; 57834 and 123456 : 18007 and 70081. 

2. 2187642 and 5874568 : 9876423 and 99999. 

3. 2500 and 27 ; 2589 and 1200 : 786300 and 4O0O. 

4. 8426000 and 8426000 : 783410 and 70001. 

5. 87, 97, 101, US, and 6845. 

6. 12, 123, 1234, 12345, 123456, and 1234367. 

III. 
Multiply the following sots of numbers, each by means of 3 liucs 
of multiplication : — 

1. 678667 by 729819. 

2. 1234567890 by 4321080. 

3. 328560 by 121711. 

4. 43002073252 by 133112111. 
6. 12345678 by 28814412. 

6. 30040769503 bv 172814412. 
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IV. 

1. Shew that the product of two odd mim'bera is an odd numhep ; 
the product of two even iiumTjera an even number ; and the product 

■ oi an odd and an even number an even number. 

2. How many times must 1874 be addod to itsolf to jnnlie a total 

■ of 1630.^8? 

3. Find the sum of twenty consecutive nmnbers beginning with 
18547 by the shortest process. 

4. Shew how to multiply 32165 by 648 in two lines. 

5. Multiply 967348 by 492 in two lines. 

6. Determine a number by which 4389 can be multiplied, so that 
the product may lie between the limits of 600000 and 1000000. 

7. Express MMDCXOIX. and CCCXXIX. in the ordinaiy nu- 
merical characters ; find their product, and express the result in the 
Eoman cbaracters. 

8. The product of 75 by 43 is 3225 ; liow much must be added to it 
to obtain the product of 77 by 43 ? 

V. 

1. What ia the object of division ? In 'what cases may it be con- 
■eidered as a shortened subtraction ? 

2. What arithmetical operation bears the same relation to division 
that addition bears to multiplication ? 

3. The quotient of two numbers is the same as the (Quotient of any 
■equimultiples or equisubmultiplea of the given numbers. Are the 
remainders the same in the three cases ? Give an example. 

4. Explain clearly the process of dividing one large number by 
another. Ex. Divide 143255 by 4093. 

5. A number can be divided by 5, 25, 125, &c., by multiplying tho 
dividend by 2, 4, 8, &c., and marking off towards the left from the 
unit's place, one, two, three, &o., flgui-es. The figures on the left will 
be the quotient, and those on the right will be 2, 4, 8, Sic, times tho 
respective remainders. Explain the reason of this. 

6. Express by means of figures and symbols of operation — 

1. That the number eight increased by seven is equal to tho 

product of five multiplied by three. 

2. That the number ten diminished by four is equal to tlio 

same number as thirty divided by five. 

VI. 
J'iud the quotient of the following numbers, and verify the truth 
of each process : — 

1, 3745687 divided by each of the nine digits respectively. 

2. 28796478 by the factors of each of the numbers 49, 64, 120, 
and 132 respectively. 

:a. I62875G by 3S40, by 38400, and by 384000 respectively. 
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4. 287460000 by 687000, and 28400 by 169. 

5. 1000000 by 1001, and 40012805 by 287000. 

6. 1809456 by fte sum of 2846, 1070, and 3J78. 

7. 2100000 by tho difference between 3500 and 6200. 

8. 278459675 by 9, 99, 999, 9999, and 99999 respectively. 

VII. 

1. If the quotient be 5000 when the divisor is 2001 and the 
romaindei" 100, what is the dividend? 

2. What miniber divided by 628 will give 86 for the quotient and 
leave 44 as a remainder? 

3. If the dividend be 784622 and the quotient be 4044, what istJie 
divisor and the remainder ? 

4. If the quotient be 194, the divisor 4044, and the remainder 87, 
what is the dividend ? 

5. If the divisor be half the quotient, and the quotient three times 
tlie remainder, what is the dividend when the remainder is lOOOO ? 

6. If the divisor he seven times, and the quotient ten times the 
remainder, what is the dividend when the remainder is 1234 ? 

7. The quotient is equal to 6 times the divisor, and Uie divisor to 
6 times the remainder, and the three together amount to 516 ; find the 
dividend. 

YIII. 

1. Divide the product of the nine digits by their aimi. 

2. What number multiplied by 64 produces one million ? 

3. Multiply 50738 by 4620, and verify the result by dividing the 
prodiict by the factors of the multiplier. 

4. The product of two numbers is 1270630, and half of one of 
them is 3129 ; what is the other number? 

5. Add together the sum, difference, product, and quotient of 
the two numbers 825 and 9318375. 

6. "What are the two neareet numbers in excess and defect to 
1376429, which can he divided by 36300 without remainder? 

7. Multiply 438375 by 287298, and divide the result by 12375. 

8. What number divided by 37 wiU give the same quotient as 
816405 divided by 111. 

9. What number is that which when increased 13 times itself 
amounts to 20005006 ? 



IX. 



e of them bei 



1. The product of two nnmhers 
26078 ; shew that their sum divided by 1534 is 36. 

2. Pind the least numher which must be added to 78421 to make 
it an exact multiple of 245. 

3. Shew that the sum of all the numbers which can he formed by 
any three figures, as 2, 5, 6, taken together, is divisible by the sum 
of the three figures 2, 6, and 6. 
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4. If the number 12 be iiia-eaeed by its double and bo mulliplied 
by its treble, what multiple of the original number is the product ? 

6. Explain how any number may be multiplied by 1 1 by addilion, 
and divided by 9 by subtraction. Ex. 45789 x U and 45789-;-!). 

6. Find the sum of all the numbers between 5000 and 5025 whioh 
arc not divisible by any one of the numbers 2, 3, 5, 7, or 11. 

7. What equimultiples of 12, 18, 24, added together, make up 
7776? 

8. Divide the number 960 into four parts so that the parts may be 
equimnlliples of I, 3, 5, and 7. 

9. Divide the number 1014 into three such parts ancb that 88 the 
excess of the first part above tlie second may be eq^ual to the excess of 
the second above the third. 

X. 

1. If 19 be subtracted ag often as possible from 1499, what will bo 
the final remainder ? 

2. How many times must 236 be subtracted from 1 14309 that the 
final remainder may be 73245 ? 

3. Divide 10149 by 7 and the quotient by 5 ; thence deduce the 
true remainder, and shew that it is the same as after the division of 
10149 by 35. 

4. If division by a composite number be performed by sucoessively 
dividing by its prime or composite factors, shew how the complete 
remainder may be found. Ex. 1437281 divided by 105. 

5. The product of two numbers is 373625, the greater of them 
is 875 ; find the sum and the difi'erenoe of the two numbers. 

6. Shew that the product of 3846 and 705 is eqiial to the quotient 
arising from 51517170 divided by 19. 

7. What number multiplied by 345 wiU give the same product as 
2415 multiplied by 197. 

XI. 

1. Any number composed of three consecutive significant figures 
is divisible by 3. 

3. A number of six digits consisting of tlie repetition of any one of 
the nine digits is divisible by 7, 11, and 13. 

3. All numbers expressed hy any number of the same digits are 
respectively divisible by the sum of the digits. Exemplify this pro- 
perty by examples consisting of 6, 7, and 12 digits respectively. 

4. If any numbers consisting of ono, two, three, four, &c., figures 
be multiplied by 9, the sums of the digits of the successive produota 
are either 9 or a multiple of 9. 

5. In a number consisting of two digits, if the figure in the place 
of tens be double that in the place of units, the number is divisible 
by 7, and the quotient is the sum of the two figures. Explain wby 

G, If any given number be separated into periods of three figures 
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32 

each (the last may consist of one oe two figiu'es) tog'iiiniiig from the- 
wait's place, and the sum of those periods be rlivided hy 37, the" 
remainder will be the same as when the given num.ber itself is divided. 
by 37. Ex. Lot 5623456 be divided by 37. 

7. If any odd number not ending with 5 be made the multiplier, a- 
product may be found which shall consist of the repetition of any one 
of the nine digits. Verify this property by talcing 13 for the multi- 
plier, when the products respectively consist of repetitions of each of 
the nine digits. 

XII. 

Transform the following numbers and reverse each operation : 

1. 868 from the denai'y to the binary scale. 

2. 4675 from the denary to the ternary scale. 

3. 1765 fi'om the denary to the septenary scale. 

4. lOOOOOO from the denary to the duodenary scale. 

5. 2332 fi-om the quaternary to the quinary scale. 

6. lOIllOll fi-om the binary scale to the tei-nary. 

7. 54231 from the septenary scale to the undenaiy. 

8. 10000 from the quinary scale to the nonary. 

9. 1000000 &om the duodenary scale to the senary. 
10. 7777 from the octenary scale to the quaternary. 

xm. 

1, Find the sum and differencf) of 2340 and 3214 iu the quinary 
ecale. 

2, Find the product and quotient of 15321 and 132 in the septenary 
scale. 

3. Mud tlio sum, difference, product, and quotient of 748t and 
J 859 iu the duodenary scale. 

4. Pind the quotient of 51117344 divided by 675 in the octenaiy 
scale, and revei'se the process. 

6. Divide 14332216 by 6541 in the nonary sealo and nuiltiply tho 
quotient by 888. 

6. Divide 100000 by 300, in the tei-naay, qiiateraaiy, and quinary 
scales, and express the sum of tho quotients in the denai'y scale. 
XIV. 

1. Determine the weights which must be selected out of tlic 
series of 1, 2, 4, 8, &c., pounds each, respectively, in order to weigh 
1000 pounds. Knd also of the same seiiea of weights which would 
be required to -weigh 2487 pounds. 

2. What weights must bo selected out of the series 1, 3, 9, 27, 81,, 
&c., pounds, to weigh 1907 pounds? 

Find also which weights of the same series must be selected to 
weigh 716 pounds, not more than one of each -weight being used. 

3. State the three conditions required in a perfect system of arith- 
metical notation, and compare the advantages of tho denaiy and 
duodenary scales of notation. 
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II.E8ULT8, HINTS, ETC., FOE THE EXERCISES. 

Notation and Numeeation. 



1.56; 65. 2. 304:596. 3.7707:9273. 4.27450. 5.198567. 6.5,500,505. 
7. 95,059,000. 8. 710,710,710. 9. 1,000,100,000, 

II. 
1. Fiftj-sevsa: aeventy-fire : eighty: forty-five; tweuty-one; seTeuty-nino. 
2. One hundred and one L three hundred: four hundred and twenty-five : six hun- 
dred and two ; six hundred and twenty ; nine hundred and ninety- nine. 3. One 
thousand and one ; one thonaund one hnndred ; one thousand and ten : fonr titon- 
sand seven hundred and eighty-Uivea : two thonaand nine hvmdvsd and nine : ona 
thousand eight LimdrEd. 4, Tweuty-ona thousand : twejity thousand one hundred : 
forty-eight thoneand seven hundred and Bixtj.five ; eighteen thousand and nine ;, 
eighteen thousand and ninety : ninety thousand and nme. 6. One hundred and 
twenty'three thonsand four hundred and fifty-six ; seven hundred thonsand and 
nine : seven hundred and nine thousand ; one hnndred thousand one hundred ; five 
hundred and Eve thousand and fifty. 6. Seven mUliona, sri hundred and fifty-four 
thousand, three hundred and twenty-one : one million, two thonsand and three : 
five million and eighty-one thousand : nine million, eighty thousand, seven hundred 
iuid six. 7. Twenty-nine million, three hnndred and fifty-eight thousand, seven 
hundred and sixty-four ; fifty million, eight hnndred thousand, seven lumdred ; 
eighty mUliun, fifiy-tiiree thousand and seven. 8. Five hundred and three million, 
one hundred thousruid, nine hundred and fifty : twenty billion, one hundred million, 
ten thousand and ten. 9. One thousand hiUion, two hnndred million, three thoun 
sand and one ; live thousand seven hundred and eighty-six hillion, seven liundi'od 
and thirty-two thousand, one hundred and ninety-five million, nine lumdi-ed and 
forty-ail thousand, four hundred and seventy. 

III. 
2. One instance, the number 7, can bo made up of 8 and 1, 5 and 3, 4 and S, and 
in like manner the rest. 3. Proceed as in the last example. 4. 43310 is the largest, 
'and 12840 ia the smallest number. 5. One hundred fiiousand tens ; ten thousand 
hundreds : one thonsand thousands, ten tens of thousands. 6. First, when only one 
figure is employed there are 3 numbers ; when 2 figui'es 9, when 3 flgu.res 18, and 
when i figures 18, making on the whole 43 different numhers. 



Addition asd Sl'bteaction. 
I. 
;. 30,000. e. 233431. 6. 1,420051. 7.. 

10. 6263,576043. 
II. 
1. See Art- 3. 2. See Ai't. 2, 3. See Art. 2. 4. Place 6 for tlis middle 
figure. 5, 24 difi'cicnt numhers can be fomied with 4 figures. 
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1. IS. 2. 19,001. 3. 445,3i5. 4. 907583. 5. :,5iOS30. 6. 70,S-13211. 
7. 254,241,970. 8. 104,734222. 9. 2,022,330923. 



iaisll3i:38. 2. 313018. 3. 330(j3. 4. 669-3,873. 





Multiplication- ami 


DlVlSIO.-iT 


1 


I. 
Al-t, 1. 2, Alt. 4. 3. Art, 4. 4. Art. 


4. 5. Art. 


1 


II. 
657153: 713D334304: 1261048567. 




2 
3 


!235145ie8865e : 987632423577. 
67300 : 3106800 ; 3145200000. 




4 


70987478000000 : 54339483410. 





6. 650271431413. S. 34270 423963 05 224 42 40 60. 

III. 

1. The multiplier 729819 is obviously composed of 729, SI and 9, or 9, 9 x 9 end. 
9X81. If these three products of the multiplicand he found, and added togotber 
according to their local values, the amount will be the pi'oduct obtained by 3 lines of 
multiplication instead of 0. A similat remark applies to the other 5 e.-iarnples. 

IV. 

2. 87 times. 3. Multiply the given numbei- by 20. 4. 643 = 640+8. B. 
492'=500— 8, multiply by 500 and by 8, and take the difference. 6. The quotients 
of 500000 ftud 1000000 by 4389 will give the limits. 7. See pp. 5, 6, Section I. 



1. Avt. 1. 2. Art. I. 3. See Art. 13. 4. Art. 9. 5. Art. 10. 
6. 3+7 = 5x3, 10-4 = 304-5, or ?^. 

VI. 

1. Qnot 1872843, rem. 1; quot. 1243562, rem. 1: quot. 936421, rom. 3 : quot. 
749137, rem. 2: quot. 92*281, Km. 1: quot. 535098, rem. 1: quot. 468210, rom. 7; 
quot. 416187, rem. 4. 

2. dnot. 587668, rem. 46 : quot 449944, rem. 62 : quot. 239970, rem. 78 ; quot. 
218155, rem. 18. 

3. Quot 424, rem. 596 : quot. 42, rem. 15968 : quot. 4, rem. 92756. 

4. Quot 418, rom, 300000 ; quot. 163, rem. 8. 

5. Quot. 909, rem. 1; quot 139, rem. 119805. 

6. Quot. 253, i-em. 4807. 7. Quot. 777, lom. 2100. 

8. Quot. 80939964, rem. 8 : quot. 2812723, rem. 93 : quot. 278733, rem. 413 : 
quot. 27348, rem. 7323 : quot 2784, rom. 82459. 
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1. 10005100. 2. 19052. 3. Divisor 194, remainder 86. 4. 764623, 5. 
-430010000. 6. 10500526, 7- From the conditions stated, the reniainapr ia 12, ths 
■illiisor 72, and tlie quotient 432, whence tho dividend is 31116. 

vni. 

1. 80S4, 2. 16825. 3. The &ctora of ths multiplier are, 5, 7, 11, 12, 4, 235. 
■5.7706307420. 6. 1343100 und 1379400. 7. Thequotientis 10177314, 8. 272135. 
9. 1428927. 

IX. 

2. 224. 3. The nnmbeia are 266, 662, 626, 625, E62, 266, and it may he shewn 
that thflir sum can be divided by IS. i. Tho product ia 108 times 12. 5, Art, 6. 
«. The ttumbers are 5003, 5009, 5011, 5017, 6021, 5023. 7. 144 is the number. 
8. 60, 180, 300, tind 420, ate the parts. 9. Since the lat part eiceeds the 2nd, 
iind the 2nd the 3rd by 88 : the Ist exceeds the 3rd hy 176. Hence Ist pnrt 
in eqnal to 3rd part and 176, Snd part ia equal to 3rd part and 88 : thereforo 
the aam of all three parta is equal to 264 and 3 times tho Si-d part. But the sum 
«f the 3 parts is 1014. Hence it follows the 3 parta are 428, 338, and 250. 



X, 



11, 4, Art, :i, 5, The 



XI. 

1, Exemplify by taking aD the cases, 123, 234, 845, &c., and arranging the figurca 
•ot each number in any oi-der. It will be seen that all such numbers are multiples of 3, 

2, Take all the numbera of six digits, each digit being the same figure, and vetifj 
the atatement, 

5. Exemplify this by taking all the possible cases, 

7. The respective multiplicands are S647, 17094, 25641, 34188, 42735, 52182, 
59829; 68376, 76923. 



XIII. 
1, Sum 10104 :. difference 824. 2. Product 2332022. 3. Sum 9097, difTercnca 
57tl, product 10688606, i. Quotient 5726, remainder 346. 5. Quotient 2018, 
Mmainder 4837. Product of quotient by 888, 2015S71. 6. The sum of tho quotient 
in the denary scale ia 432. 

XIV, 

1. lOOO in the denary scale is ei^ual to 1111101000 in the binaiy 
= 2'+2"+2»+2'+2» + 2=, which gives tho weights to be selected. Similarly 2347 
acquires the weights 1, 2, 2', 2', 2*, 2', 2', 2". 

2. 1907 when converted into the ternary scale, requires one of each of the weights 
8=, 3', 3', and two of each of the iveights 1, 3, 3', 3". 

When 716 converted into the ternary scale ia equal to 222112, 

or 2 + 3 + 3^ + 2, 3,',+3,3"+2.3', which may be reduced to 

— l-3-3' + 3° by taking each 3 as equal to 3 - 1. 

Hence it will appear tliat if 3" be put into one scale, and 716 with tho weights 

1, 3, 3" inEo the other, they will balance each other, 

3. Art 14 and Art. 1 on Notation and Fi:maration. 



y Google 



EDITED BY 

KOBERT POTTS, M.A., Trinity College, CiMBEiDGE, 

HON'. LL.D., WILLIAM AKD MAEY COLLEGE, VA., U.S. 

EUCLID'S ELEMENTS OF GEOMETRY. 

1. Euclid's Elements of Geometry, tto TJDiversity Edition, with 
Notes, Questions, and Geometrieal Exeroises, selected from the 
Cambridge Senate House and College Examination Papers, with 
Hints for Solution of the Eseroisea. Demy 8vo., pp. 520, 10*. 

2. The School Edition, with Notos, Geometrical Eserciees, &c- 
12mo,, pp. 418, 4s. 6d. 

The School Edition has also been published in the followicg- 
portions, with the Notes, &e., to each book: — 

3. Euclid, Books I,— IV. I2mo., 2s. 

4. Euclid, Books I,~III. 12mo., 2s. 6rf. 

5. Euclid, Books!,, 11. 12mo., Is. 6rf. 

6. Euclid, Book I. 12mo., Is. 

The University Edition of Euclid's Elements was first publisheiJ 
in 1845, and the first School Edition in 1846. Both Editions have 
been enlarged and improved from time to time, and tho total sales of 
copies of the work up to the present year amount to a number very 
considerably above half-a-milUon. 

In the year 1853, the Council of Education at Calcutta were pleased 
to order the introduction of these Editions of Euclid's Elements into 
the Schools and Colleges under their control in Bengal. 

In tlio year I860, a Translation of the Geometrical Exercises was 
made into the German Language, by Hans H. Von Aller, with a 
Preface by Dr. Wittstein, and published at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
awarded to R. Potts, "Eor the Excellence of his Works on Geometry." 
iTiiry Awards, Class xxix., p, 813. 

Critical Remarks on the Editions of Euclid. 

" In mj opinion Mr. Porta has made a valuable addition to Geomeliical literature by 
his Editions of Euclid's Elements."— 17. WheweU, D.D., Master of Trinil'j College, 
Cambvigge (1848.) 

" Mr. Pottfl has done great aervica by his pnhliabed works in promoting the study of 
Geometrical Science."— fl. PMIpclt, DD., Master of St. Catharine's College. |i848.) 

" Mr. Potts' Editions of Eacti^s Geom^rg are characterized by a due apprecialjon of the 
spirit and eiactness of the Greek Geometi7, and on acquaintanoo with its history, aa well 
as by a knowledge of tlie modem eitensiona of the Science. The Elements ara given in. 
anch form as to ptcEervB enlirelj the spirit of the ancient reaEooing, and having, been 
eitensively need in Colleges and PKblic Schools, cannot tail to have the effect of keeping 
up the study of Gecmetij in its original purity."—.^, ChallU, M.A., Plwiiian Fro/essor 
tif Astronomy oad Experimental Philosophy in the University of Cambridge. (1843.) 

" Mr. Potts' Edition ot Euclid is very generally used in both our UniveiBitiea and in 
our Public Sohoole ; the notes which are appended to it shew great research, and are 
admirably calculated to introduca a student to a tlioreugh knowledge of Geometrical 
principles and methods." — George Peacock, DJ)., Loaadean Fi'o/essor of Matheme''"' 

»ke, Mr. 1 

fe adopted . 

. n Lectnres ia Geometry, and I believe that it is reeonimended by all the Mathematicat 
Tutors and Profesaora in this tJmveiEity."—Ji. Walher,M.A., F.H.S., Head-'- " -" 
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the extent, at least, of the Sii Books, was published. From the manner of avi'anEing the 
Demonstrations, this edition has the advantagss of the symbolical form, and it ig at the 
same time free from the manifold objections to which that form is open. The duodecimo 
edition of this Work, comprising only tliB first Sii Books of Euclid, ivith Deductiona from 
them, haying been introduced at fills Institution as a text book, now renders any other 
Treatise on Plane Geometry unnecesaary in our contse of Mathematics." — Preface to 
DescripHve Geomttry, ifc.for the Use oftht Eoyal Military Academv, iy S. Hunter Chrisiie, 
M.A., of Ti-imty College, Cambridge, lale Becretart/ of the Rosal Sociel}/, ^c, Prqfessoi- oj 
Matlietaatici in the .Soyni MilUaTy Academy. Wooluikh. (1817.) 

" Mr. Potts, by the publication of his Edition of EiKlid, with its moat valuable notes 
snA problems, and the solutions and commentaries, has recalled the attention of 
Bnghshmen to the subject : — first in his own and the Sister Uniyersities, then in the public 
schools, and, finally, in most Scholastic Estabhshments in the Conntij. — His Euclid is one 
of our own teit-hooks in the Royal Military Academy, and we find its arrangements and 
additions eiceedingly condudTe to the acqniaitjon of a thorough understanding of the 
snbiect by the Qentlemen Cadets."— r. S. Davks, Professor if Mathematics in (he Roiial 
Military Academy, Woohoieh. (1848.) 

" The Edition of the fi&wenij of EueUd which Mr. Potts has published, is confessedly 
the heat which haa yet appeared." — John Phillips IHgniaa, M.A,, F,M,S., late Felloio and 
7\iior of Trinity College, Cambridge, (181S.) 

" Mr. FottB has latu; pnblislied an Edition of Eacli^e Elemeais of Oeometrp, which he 
lias iUnabrated witli a colleotaon of Biamplea. I consider that he has perfoiindd his task 
idth great care and jndginent, and that the work seems to bid fair to possess a lai^er share 
of popular favour tlran any edition of Euclid yet published."— iJ. Bustort, B,J},, l-'elloru and 
Tutor of Emmanuel College. (1848.) 

"I consider Mr. Potts' Edition of Eaclidfo be a most valuable addition ta our Cambridge 
Mathematical literature, and especially to the department of Geometcj" ; and look to it as 
» great help towards keeping np, and indeed reriving, the tme spirit and feeling for 
Geometry, which of late years had been too much neglected among us,"— IF. Williamsoa, 
B.D.,Fe1lo!e aad Tutor of Clare Collt^e. (184S.) 

" I believe there ia a general opinion in thia University that the Principles of Euclid 
and Elementary Geomet^ cannot possibly be presented to the mind of a commencing 
student in a better form, nor be accompanied by a more judioioua selection of problems, 
■with hints for their solution, than occurs in the pages of Mr. Potts' publications. By 
combining symmetry of arrangement with aimphaty of language, and by restoring tlie 
fyllogiani to its pl^ and aimple form, so as to make an introduction to Qeometiy serve at 
lie same time as an exercise in logic (an advantage which has been quite lost sight of in 
many of the abbreviated editiona with whicli this IJniversity had previously been deluged), 
I ownsider that Mr. Potts has done good service to the cause of education."-/. Power, 
M.A., Felloio of Clare College, and University Librarian. (1848.) 

"Mr. Potts has maintained the teit of Simson, and secured the veiy spirit of Enclid'a 
Geometry, by means which are simply mechanical. It consista in printing the syllogism 
in a separate par^raph, ^d the members of it in separate subdivi^ns, ead, for the moat 
pact, occupying a single line. The divisions of a propoaiUon are thtffefore seen at once 
without requirmg an instant's thonght. Were this the only advantage of Mr. Potts' 
Edition, the great convenience which it affords in tuition would give it a claim to become 
the Geometrical teit-book of England, Thie, however, is not ita only mejit." — Philosophical 
Magazine, Jantiarii, 1848. 

"If wemayjn%e from the aolutiona wa have sketched of a few of them [iJie Geo- 
metrical Eiercises], we should be led to consider tham admirably adapted to improve 
the taste as well aa tlie skill of the Student. As a series of judicioDS exei-olses, indeed, 
we do not think there eiiats one at all comparable to it in cur language— viewed either 
in irference to the student or teacher. — Mechanic^ Magaeine, Ho. 1175. 

"The 'Hints' are not to be understood as propositions worked out at length, in the 
■manner of Plaid's Problems, or like those worthless things called ' Keys,' as generally 
' forged and filed,' — mere books for the dull and the lazy. In some cases references only 
ore made to the FropoMtions on which a solution depends; in others, we have a atep or 
two of the proceaa indicated i in one case the analyaia is briefly given to find the construc- 
tion or demonstration : in another case the reverse of thia. Oocaaonally, though sgldom, 
the entile proq^aa ia given aa a model ; but most commonly, just so much is suggested as 
■will enable a student of average ability to complete the whole solution— in short, just so 
■much (and no more) assistance ia afforded as would, and must be, afforded by a tutor to 
his pupil. Mr. Potts appears to us to have hit the ' golden mean ' of Geometrical ttitor- 
•shi^," —Mechanict' Mai/aiine, No, 1270. 

" We can most conscientiously recommend it [The School Edition] to our own younger 

s-eaders, aa the best edition of the best book on Geometry with which we '■"■ -■->*"•' " — 

Jfecinnic»' Magazine, Ho, 1227. 

LOHDON; LONGMAHS & CO., PATEKHOSTBE SOW. 
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EDITED ET 

KOBERT POTTS, M.A., Trinity College, Cambridge. 



PALEY'S EVIDENCES OP CHRISTIANITY 

and the Hone PauiiuEe, edited with Notes; with an Analysia 
and a Helection of Esamination Questions from the Cambridge Papers. 
8vo., pp. S88, 10s. Sd., cloth. 

"Mi. Potta' is the most complete and nseful odititm yet publisbed."— fc/eeiiV 
Eemew. 

" We £ael that thia ought to be henceforth, the Standard Edition of the Eyidcncea and 
ae HoriB.'— Bii/icai Reaieiv. 

" The scope and contents of this new edition o! Paley are pretty well eipresaod in 
the title. The Analvais Is intended aa a gnide bi Students not accnatomed to abstract 
their teadine, as well as an assiEtance to the mastery of PaJey ; the Notea consist of 
original pasBages referred to in the text, with illustrative ohservations by the Editor ;the 
qnestionB have been selected from the esaniinationa tor the last thirty years." — Speciato^. 

A BRIEF ACCOUNT OF THE 
SCHOLARSHIPS AND EXHIBITIONS 

Open to competitioa ia the University' of Camhridge, with Specimens 
of the Examination Papers. Pcap. 8to., pp. 157, cloth, U. Sd. 

LIBER CANTABEIGIENSIS, 

An account of the Aids, Eneonragements, and Eewarda open to 
Students in the University of Cambridge. Feap. 8vo., pp. 570, 
bds., 4s. 6d. 

MAXIMS, APHORISMS, &c., FOR LEARNERS. 

Double crown, bds., pp. 192, 1«. 6!?. 
LONDON: LOSaMANS 4 CO., PATBRNOSTBS EOW. 

KING EDWARD VL ON THE SUPREMACY, 

With an English Translation, and a few brief notices o' his Life, 
Education, and Death. Double crown, cloth bds., gilt edges, 2». 6d. 

This short treatise is printed from the autograph copy of King Edward VI., preseried 
ic the Cambridge University Library, and is really a literary curiosity, whether it be 
regarded in reference to the author or the subject. 

CAMBEIDGS: W. METCALFE ii SON, LONDON: N. S. DEPOSITORY. 

A CHAPTER OF ENGLISH HISTORY 
ON THE SUPREMACY OF THE CROWN, 

With an Appendix of Public Documents. 8vo. 

CAMEEIDGB : W. METCALFE & SON. 
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CON"CEETE NUUBBKS. 

Art. 1. Quaotity or magaitude eomprchenda whatever ia capaNo 
o£ ineieaso or decrease. The word is applied to all things in which 
& real distinction of units can be conceived to exist, and to those hi 
which no such distinction naturally esists. 

Discontinuous quantity includes all such things which consist of 
parts separate from each other, as a multitude of ohjects of any kind, 
and the number is known by ascei-tabing of Iiow many objects the 
multitude consists. 

Continuous quantity is that wherein there is no distinction of parts, 
or where the pai'ts are all contiguous, or can he auppoaed to adhere to- 
gether, as the line, tho surface, the volume of space, of which any 
arbitrary portion of each may be assumed as the unit, and the exact 
number of units in any magnitude can be known by tho number of 
times this assumed portion is contained in it. Hence it follo^^'s that 
all kinds of continuous i^uautity can be denoted by numbers. 

MOXEY. 

2. The standard unit of English money is the pound sterling, 

which is divided into other smaller units, called shillings, pence, and 

farthings, aeeoi'ding to the following table of money of account : — 

4 farthings we equal to 1 pennj'. 

12 pence „ I shilHn^, 

20 shillings „ I pound. 

The letters £, s, d, q, are tho initial letters of the Latin words 
libra, solidus, denarius, quadrans, and were formerly used to denoto 
the names of pounds, shillings, pence, and farthings. The letters 
£ 8. d. are still employed for that purpose, but the q. is now seldom 
used, the fractions \, ^, J being employed to denote 1, 2, 3 fai-thinga 
respectively. Since the four units of English money ai'e the ponnd, 
the shilling, the penny, and the farthing, and that 20 shillings make 
one pound, 12 pence one shilling, and 4 farthings one penny; it 
follows that any numbec of pounds can be expressed in shillings, by 
mnltiplying the number of pounds by 20 ; shillings can be expressed 
in pence, by multiplying the number by 12 ; and pence in farthings, by 
multiplying the number by 4. 

And conversely. Any number of farthings can be changed to 
ponce by dividing tiio number of farthings by 4, pence to shillings by 
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(liviiling the 1101111)01' by 12, nacl aliillings to pounds by dividing tlio 
UTimber by 20.' 

S. Peob. — To find the sum and tlte difference of sums ofimney. 

In. tbe processes of addition and eubtvaetion of money expressed in 
pounds, sbillinga, pence, and farthings, the same principle is employed 
as in tlie addition and subtraction of abstract numbers, -with this differ- 
ence. In tbe latter, 10 units of any order make 1 of the next superior 
order; but in ike units of English money, 4 of the smallest units 
make 1 of the second or next greater ; 12 of the second units make 1 
of the third ; and 20 of the third units mate 1 of the fourth or the 
greatest unit. Hence in adding the different units of money beginning 
witli the smallest ; for every 4 farthings, 1 must be added to the pence ; 
for every 13 of the pence, 1 must be added to the shillings ; and for 
every 20 of the shillings, 1 must be added to the pounds.^ The samo 

1 Ey, To Cud tow Biany foi'tJiinga there are in £16 lis. 841!. 
£ a. <!. 
16 14 9J 

20 aliill ings in one pound. 

ZU sliillinga in £18 14a. 

12 pence ia one shilling, 

4017 pence in £16 lis. Bd. 

4 f arthings in one penny. 
161)69 f artliinga in £16 143. S^Jd. 
Convorsely. How aiany pounds, shillings, pence, and farthings are tlitic in. 
16000 farthings! 

4 )16068 farthings. 

12 ) 4017 pence and 1 farthing over, or J. 
20 ] 834 shillings, and pence over. 
16 poands and 14 shillings over. 
Hence 16009 farthings are equal to £10 lis. O^d. 
" Ex. To find the snm of £53 IBs. 8Jd. aud £25 15s. SJd, 
£ s. d. 
53 12 8i 
25 15 9^ 
£78 8 6j: sum. 
The process may ho thus described : 

First. 3 farthings and 2 farthinss arc 5 farthings, which ai'c equal to 1 penny 
and i ; reserve the id. 

Secondly. 1 penny, 9 pence, and 8 pence are 18 pence, which are eriuiil to 1 
shilling and 6 pence ; reserve the 6d. 

Thirdly. 1 shilling, 15 shillings, and 12 shillings are 28 shillings, ii'hich are ctiiul 
to 1 pound and 8 shillings ; reserve the 8s. 

Fourthly, 1 pound, 5 pounds, and 3 pounds are 9 pounds. 
Lastly, 20 pounds and 50 pounds ore 70 pounds. 
Hence, the sum is 79 pounds 8 shillings 6 pence and 1 faitliiiig. 
Th3 process of Uie addition of money may be faeOitated by committing to 
memory the numbers of ahillinga and pence in all the numbers of pence between 12 
and 200, as also the number of pounds and shillings in all the numbers of shillings 
between 20 and 200, 
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must be obsevved also in fiiidiug tlie difference of two siima of 
money.' 

The object of multiplication is to iind the avun orproduct by a short 
and simple process which will render repeated additions itnueceseary. 
The definition is strictly applicable to all abeti'aet numbers, and to 
concrete numbers when the multiplier is an abstract number. In ail 
other cases, the meaning of the product miist be modified to suit 
particular cases, and at the same time made to coincide with the dehni- 
tion in all points which the factors possess in common. 

It has been seen (Sect. TI. Art. 3.) that the product of two ab- 
stract numbers, 3 and 5, is 15, an abstract number consisting of abstract 
units. And conversely, if 15 be divided by 8, the quotient is 5, an 
abstract number. If,, however, 5 denote 5s. a concrete number, then 
the product 53. x 3 = 15s. a concrete number; and conversely, 
15s. -=- 3 = 5s. a concrete number.^ But 15s. -7- 5s. = 3, an abstract 
number, denoting that 5s. is contained 3 times in 15s. Also if 3 denote 

1 Ex. To fiud the tUffereuco between £79 8h. Bid. aiid £53 12s, SJd. 



First. 2 fflrthings caonot t>e taken from I farthing : add i fartiiings to 1 farthing, 
then 2 fnrthiiigs taken from 5 fartiiings leave 8 faithings ; reaei've the Jd. 

Secondly. 1 penny added to 9 pence make 10 pence ; which cajinot be taken from 
e pence ; add IS pence ki 8 pence, then 10 pence taken from 18 pence leitye 8 pence ; 
(Bserve the 8d. 

Thirdly. 1 shilling added io 12 shillings mske 13 shillings, bnt 13 shillings 
cannot be taken from 8 shillings : add 20 shillings to 8 ahillinga, then 13 ahiOings 
taken from 28 shillings leave 15 shillings ; reserve the I5s. 

fourthly. 1 x**"**! added to 3 pounds make 1 pounds, iind i poimds taken from 
9 pounds leave 5 pounds. 

Lastly 50 pounds taken from 70 pounds leave 20 pounds. 

H ih diff CO is 25 pounds 15 shillings S pence and 3 farthinga. 

Th se t th diition and subtiaction of money may be illnatrated in varrons 

J S xampl In an account of the transactions in money between two 

] -so wh ec pta and payments are made between them. Each person in 

tati lus E 'ould consider himself dciilor for what he receives from, and 

dil f h t h pays tft, tlie other. To ascertain at any time the real state 

f th a», t bet en them, the enma received would be added together, and 

1 th i iJ nd the smaller sum taken from tlie larger leaves a remainder. 

If th m eoc d as ci'editor be the greater, the difference is due to the debtor, so 

astomkthbl eof the two aeeounta equal. If the sum paid as debtor be the 

greate , th d If ren is due to the eredilor to make the balance of their accounts 

s If 120 sMUings be divided by 20, an abstract nnmber, the quotient is 6 shillicga, 
the twentieth part; of 120 shillinga. If 120 shillings be divided by 20 shillings, the 
quotient is 6, a number indicating that 20 shillings is contained 6 times in 129 
sMllings. But as 20 shillings make the larger unit of 1 pound, the cumber 6 will 
denoto the number of pounds contained in 120 shillings. 
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8s,,t!ieiitheproiluct is38. x 5 = I6s.,t!iesameasbefoi'e;andconver5eIy 
15a. -=- 5 = 3a. ; also I5s, -f- Ss. = 5, an abstract nunibei', denoting 
that 3s. is oontaiued 5 times in, 158. 

Hence since Ss. x 8 = 15s. and 3s. x 5 = 15s., it follows that in 
the product of two factors, ono of which is concrete and the other ab- 
stract, the abstract and concrete factoi mij be interchanged without 
fiffeeting' the meaning of the produr t ' 

If both factors "bo concrete of fho ^iamo Lmd, as 3' and 5=i , tho 
product 3s. x5s. appears not to almit of att mtelhgible meinmg, 
unless 3s. and 5s. each denote 3 ind 5 pieces oi coin In that case, 
t5 shilling coins may be considered as 5 times Is and 3 eliiUing co ns 
3 times Is., and the product 3s. / as mij be taken to moan 5 times 
3 times Is. or 15 shillings, ■which admit of being arranged m 3 rows, 
with 5 in each row ; or in 5 rows with 3 in each low 

If 3 and 5 denote units of difFoient kinds, as 3a and 5 yards, the 
product, 3s. X 5 yards, is apparently absurd.' But 5 yarfs is nothing 
more than 6 times 1 yai-d ; and since 3s. eoiTcaponda to 1 yard, if Ss. be 
taken 5 times, or 3e. be multiplied by '5, the result, 16s., corresponds to 
5 yards, which affoi-ds an intelligible meaaing to the product. 

And conversely, 15s.-r- 3 yards may be explained in the samo 
manner as giving the e[Uotient 3s. In the same manner other pi-oducts 
and quotients of two concrete factors of the same cr different units may 
be considered and interpreted. 

4. Peob. To multiply and divide any sum of money hj an aldrmt 
nvMbcr. 

1, "Wlien the multiplier consists of a single figure. 

The product of a sum of money by an abstract number can bo 
fbund by taking the several units'of farthings, pence, shillings, pounds 
as many times as the multipKer denotes, considering at each step how 
many of any number of units make one of the next greater, and 
beginning with the smallest unit.* 

> Tlie interehatjgo of the abstract units for tlie concreto, ot tho conci-eta for tJie 
■distract in the prodiiot of two factors, eon Eometimes be made witii great advnntoge 
in the performance of computations. 

» The ordinaiy forms in which such multiplieations and divisioiia occur are in 
■sneh ijneations ss the following :— If one yard of cloth cost 3s., what is the cost of 
5 yards f and. If 6 yards of cloth cost I5s., what is the cost of one yard ? 

In the fonuer question there is given the fact of 3 shillings corresponding to 1 
yard, to find tlie nnmber of shillings which correspond to 6 yaids. 

In the second question there is ^ven the iitct of 15 shillings corresponding to 5 
yards, to find the number of shillings -which correspond to 1 yard. 

a Ex. To multiply £5 lis, 7|(1. by 6. 

5 li 7^ 
6 
£34 7 lOJ product. 
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ConYereely. A sum of money can be divitlecl by ; 
number by beginning ivith the largest units, and dividing each ia 
succession, observing how many smaller units make one of tlie next 
greater.' 

I'irat. After tho pounds of the quotient are found, let the remain- 
ing pounds bo reduced to ebillings. 

Secondly. When the ahilUngs of the next partial quotient are de- 
termined, let the remaining shilKngs be reduced to pence. 

Tliirdly. When the ponce of the nest partial quotient are found, 
let the remaining pence be reduced to farthings. 

Fourthly. Let the farthings of the last partial quotient he found. 

Then the complete quotient will consist of those partial quotients, 
and will in general he composed of pounds, shillings, pence, aad 
farthiags. 

2. When the multiplier ia a large number, it wiil sometimes be 
found convenient to find separately the products of the different units 
of the multiplicand by the multiplier, making a change of multiplier' 
and multiplicand in each case, and reducing each product when. 



The prooesa ia exactly the same as that of multipljing any numbor by imotlier 
consiating of one Sgure {Art, 3, Sect VI.), with this ditferenee, that at eaak stop ot 
the operation, attention must be paid to the number of smaller units which make one 
of thenext graater. 

First 3 larthings mnltiplied by 6 gives 18 farthings, ot 4d, and i ; resei-ve tlie- 

ii. 

Secondly. 7i. multiplied hy with id. added make 46iJ., or Ss. and lOd. ; reserve 
the lOd. 

TJiiriJly. lis. multiplied by 6 with Ss. added make Srs., or Si and ?s. ; reserve 
the 7s. 

Fourthly. £5 multiplied by 6 with £i added make £Di 

The product is £34 73. lOJd. 

' Ex. To divide £3i 7s. lOJd. by 0. 

£ s. d. 
6)34 7 lOj 
£5 11 7 J quotient 

Tho prooflss oi division being tho reverse of multiplication, is {in this case) 
analogous to that of the division of any nnmber by another of one figure, with 
the difforenco above stated. In division, the operation must begin with the greatest 
units and end with the least. 

First. £34 divided by 6 ^ves tha quotient £5, and £i or 80a, over ; reserve tlia 
£5. 

Secondly. 80s. added to 73. make 87s,, which divided by 6 gives the quotient 
143., and 3s. or 38d. over ; reserve the 14s. 

Thii'dly. S6d. added to lOd. make 4ed., which divided by 6 gives the quotient. 
7d., and 4d. or 16 farthings over ; reserve the 7d. 

Fourthly. 10 farthings added to 2 farthings make 18 farthings, wluoh divided by 
6 gives the quotient 3 farthings. 

The quotient is £5 lis. 7fd, the sum of the partial quotients. 
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necGSsary, to po\inils, &c., and taking the amount of the product so 
found.' 

By a second process tlie product of a Bnm of money hy a large 
number may be known by finding 10, 100, 1000, &c., times the given 
sum, and then multiplying each of these products respectively by the 
given number of units, tens, hundreds, thousands, &c., in the mul- 
tiplier, and taking the amount of these products.' 

By another method analogous to that exhibited (Sect. VI. Art. 4) 
the product cao be found by multiplying the given sum successively 
by any factors into Tvhich the multiplier cau be divided, either complete 
or incomplete.' 

Conversely. The quotient arising from the division of a sum of 
money by a large abstract number can always be determined in a 

1 Ex. Multiply £5 14s, 7^d. by 2136. 

First, £5x2133=£213ex5 = 10830 

Next, H3.X213S = 2136s.Xli = li95 4 

Thii^dly, 7d.x213e = 2136d.x7 - 62 8 

Foui'tHy, fx2136=2136l.x3 " 6 13 6 

Product of £6 14s. r^d. hy 2139 " £12244 8 6 



) 14 7| 

10 
I e 5i= :0 times £5 Us. lid 



5733 5 10 =1000 times „ 

11464 11 8 -2000 times „ 

673 4 7= 100 times ,, 

171 19 4i= SO times „ 

St 7 104= 6 times 

12244 3 6 = 3138 timea £5 14s, 7?a. 
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r analogous to that in Sect. VI- Art. S, regard "being had to tho 
imits of magnitTido.' 

If tho divisoi- can bo exactly divided into small factors, tho q^uotient 
of a sum of money may be found by dividing the given sum succes- 
sively by the factoi-s of the divisor.^ 

Impbeiai. Weiguts. 
5. Bytlie Act of Parliament which defined the standards of woights 
and measures, it waa enacted, that "a cubic inoli of distilled water, 
weighed in aii- by brass weights, at the temperature of 62 degrees of 
Fahrenheit's thermometer, the barometer being at 80 inches, is e<jual 
to 252-458 grains." 

Of these grains thus determined the pound Avoirdupois consists of 
7,000. 

AvojKDuroia Weigut. 



16 drama aro eciirnl t» 1 ounca 
16 ounces „ I pound 
28 pomicia „ I ciuartfir 
i quarters „ 1 hnucli-edn-eight 
30 hiindredweiglita „ 1 ton. 




Avoirdupois weight is the general weight employed in t 
substances except gold, silver, and precious stones. 


reighing all 


1 E.n:. Divide f 1224i Ss. 6d. by 2136. 
£ s. d. 
2138)12244 3 6(£5 lis. 7J a'lotient 
10680 




156i 




2136)31283(143, 
2136 




0923 

8544 

1379 

12 




2]36)165a4(7d. 
14052 




1602 





8) 45 X! 2 
£5 14 71 quotient. 
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ApornECARiEs' Liquid Measdee. 

60 minima are equal to 1 dram 

S drams „ 1 ounce 

20 ouncea „ 1 pint. 

TIio liquid dram and ounce aro the same as the Avoirdupois dram 

and ounce. 

TnoY "WEionx. 
24 gi-itjna nre equal to 1 penny weig] it 
20 pennyweights „ 1 ounce 
12 ounces „ 1 pound. 

Troy weight is used for gold and silver and precious stones, 
English sfandard gold contains 22 parts pure gold and 2 parts 
nlloy, and is named hy goldsmiths, gold of 22 carats fine. The price 
of standard gold is fised by law at £3 17s. 10|d. an ounce, but the 
Mint purchases gold at £3 l7s. 9d. an ounce, with certain small 



Standard silver consists of 37 parts pure silver and 3 parts alloy. 

Measdkes oe Length, Suiieace, akd Voiiiiib. 

6. There are three distinct kinds of magnitude, the line or length, 
the surface or area, and the volume or solid. The line has one dimen- 
sion, length only. The surface has two dimensions, length and breadth, 
'i'lie soUd has three dimensions, length, breadth, and thickness. 

The unit of length is a straight line of definite and known length, 
assumed as the primary unit of measure. Any length or distance is 
measured by finding how many times the assumed unit of length is 
contained in the distance to be measui-ed. Units both of greater and 
less magnitude have been contrived for the measurement of lari^e 
and small distances, and in general consist of some multiple or aub- 
multiple of the assumed primary unit of length. 

The square is assumed for the measure of surfaces, ond the unit 
of area is assumed to be a square the side of which is a line ono unit 
in length. To measure a surface or area is to determine the number 
of times it contains the Bquare unit of area. 

To shew that the numler ofagiiare units m a rectangle or a rectangular 
paralUhgram is expressed by the product of the numlers of Uneal units con- 
tained in the length and hreadth of the rectangle. 

Let the side AH of the rectangle jl.SCflcontain 5 units and the 
breadth AB i units.' 

The product 5x4 will denote the number of square units in the 
area of the rectangle. 

' The student is recommended t 
file figures referred to in the notes on 
Enclid's Elcmonts, 
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Lot lines parallel to the sides be drawn ttrougli tbo points of 
(livision of two adjacent aides. 

Then the side A£ contains 5, and the side AD 4 lineal units. 

And since for ovsry liaoa! unit in AD, there are 5 square units on. 
AM, it follows that there are 4x5 square units in the rectanglo 
AS CD. Or in other words, tho product of two numbers repreaentin^ 
straight tines ia equal to a number representing an area. 

Hence it follows, that if a number representing an area be divided 
by a number representing a line, the quotient will be a number- 
representiBg a lino. 

The cube is tho figure assumed for the measure of volumes or 
soHds. The imit of volume is assumed to be a cube whoso edges arw- 
eaoh one unit in length, and to measui-e a volume is to ascertain honr 
many times the volume contains the unit of volume. 

To sfiBia that the number of cubic urtits eonlained in ike volume of a rect- 
angular pardUhpiped is expressed hj the prodmt of tM three numbers cf 
the lineal imits contained in iti three adjacent edges. 

Lot AB, AB, AD, three adjacent edges of the figure, contain 5, 4^ 
3 lineal units respectively. Then 5x4x3 will denote the number- 
of cubic Tonits ia the volume, 

Por if planes be drawn parallel to the sides through the points of 
division of three adjacent edges, the whole volume will be divided into 
cubic units equal to one another. 

Now the surface ABCD contains 5x3 square units; and for 
every linear unit in ^.E) there is a layer of 5 x8 cubic units correspond- 
ing to it ; and since there are 4 lineal units in AH. consequently there 
are 4x5x3 cubic units in the volume of tho parallelepiped. 

And the product of the numbers of lineal units in any three 
adjacent edges denote? the number of cubic inches in the volume. 
Hence it follows that the product of three numbers representing 
straight Hues will denote the number of cubic units in that rectangului- 
parallelopiped of which the nimibers denote tho lengths of three- 
adjacent edges. 

Hence, if a number representing a volume be divided by a number- 
representing a line, the quotient will be a niunber representing a. 
surface ; and 

If a number representing a volume be divided by a number repre- 
senting a surface, tho quotient will be a number repre-ientiiig a line. 

It may also be noted, that. 

If a number representing a line, a surface, or a volume, be eacJt 
multiplied by an abstract number, the product will in each case re- 
present a line, a surface, or a volume respectively. 

And conversely. If a number representing a line, a surface, or a. 
volume, ;be'respeetively divided by another number representing a line, 
a surface, or a volume, the quotient in each case will be an abstraefe 
number. 
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In these conelusiona, the lineal unit, as also tho square unit and tho 
cuMo unit, though limited in magnitude, are not restricted to any 
standard unit, hut maybe aEym.ultiple or sub multiple of any standard 
unit irhatever. These units may be increased or diminished in any 
degree, and consequently, the pi'oducts which express the square 
units in any area, and the cubic units in any volume, maybe denoted 
either by fra^itional or decimal numbers. 

The Act for Imperial Weights and Measures, passed on 17th June, 
1824, has declared that a certain brass rod is the standard yai'd of 
England. That its length, compared with that of the seeoads pendu- 
Iiun at the level of the sea, isiu thepropoi-tionof 36 to 39-1893 inches, 
the latter being the exact length of the seconds pendulum in a vacuum 
ill tho latitude of London, 



Mbastjees of 


LliN'OTjr, 


3 b.irltyooi'iis arc equal 
12 inches „ 


1 indi 
Ifoot 


3 feet 

40 poles 
3 fuiioiiga „ 


1 yard 

1 rod, pole, 

1 furlong 



631 or 60 geographical miles 1 dagn 

There are other measures employed in different trades and em- 
ployments, as the palm of 3 inches, and the hand of i inches, the 
■cubit of a foot and a half, the fatiiom of 6 feet, and the larger unit of 
a league of 3 miles. 

Engineers divide the inches into tenths as a more convenient 
division for small poi-tions than eighths or twelfths. 

The chain devised by Mr. Gunter, and called after his name, ia 
22 yards long, and consists of 100 lints, so that 80 chains are equal 
to one mile. The practical use of this chain, both for measuring 
lengths and surfaces, led to its adoption, and it has continued in use 
both for the measuring of distances and surfaces, 10 square chains being 
equal to one acre. 

MeASUEES 01' SUUFACE. 



144 squai'e inches ai 


e ei|nal t 


1 square foot 


sciuarofoet 






SOi square jmils 




1 square roJ, pole. 


40 poles 




1 rood 


4 roods 




lacre 



(140 aerea „ I squai'e mile. 

Paper is measured by considering 24 sheets to one quire, and 20 
quires to a ream. The ream of 20 quires is called the mill ream, and 
is different from the printer's ream, ■which consists of one quire and a 
half more than the mill ream. These numbers do not describe the 
«ize of the sheets of paper, which ai'e of various sizes and different 
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Cloth MHASUHEa. 
Zi inches nre equal to 1 iiail 
i nails „ 1 quiirtbr 

The ell was used foi-meily as a meaaure ; the English ell consisted 
■of 6 quarters, the Prenoli ell of b quaiters aud tho Flemish ell of 3 
■quarters. As cloths are male of different widths it is not customary 
I cloth hy the mmbei oi squaie jard^ but only by the 
the widths, hoiFCvei aie tahon into consideration in the 
value of the length of a yaid as one yaid of 6 quirters wide would 
be double the value of "^ yard ot 3 j^ua tera w de of the same kind of 



cloth. 



MeASTJEES of VoiUlEES OH bOLIDS 



There are other measures employed for the meaeuremont of dilf erent 
tinds of merchandise. 

A cubic foot of watei- is generally estimated at 1,000 ounces, wliich 
are nearly squal to 62^1bs. Avoirdupois, 

Impeeial Measuebs oe Capacity. 
7. The standard unit of the measure of capacity defined by the Act 
for the Uniformity of Weights and Measures is the imperial gallon, 
containing 10 poimda Avoirdupois of distilled water at the temperature 
of 62 degrees of Pahrenhcit's thermometer, the barometer standing at 
30 inches, and equal in capacity to 277'274 cubic inches. 

The gill is defined to consist of 8-665 cubic inches. The Act 
ordered the imperial gallon to be adopted in all measures instead of the 
old gallon, and directed this measure to be used for dry and liquid 
articles oi merchandise. 

4 gills ice equal to 1 pint 

2 jviiits , 1 qmit 

4 juai-ta „ 1 feallcii 

Any measure which 19 a multiple of tho gallon is permi'.siblt' by 

the Act for imperial meaaute" Tho oidinary measuios m use it the 

time of the passing of the Act became legal rf the gallon employed 

was tho imperial gallon 

The new imperial gallon is U'ed for diy subitances^ctiu, 
seeds, &c. 





2 gallons aie orp 


1 to 1 p., U 










i pecks „ 


1 biKJiel 










Jbushela 


1 coomb 










2 coombs ,, 


1 quiirtei' 










i quaiters 


1 chaldron. 








Different m< 


iasnres are employed in different 


trades. 


Com 


13 


lerally regulated by the quai-ter. 


Coals used to be 


measured by tho 
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eaclt of 3 biishela, and the clialdron of 12 sacks; they are now mea- 
siu'ed by -weight, the ton being employed as the unit of weight. 

Measukbs of Liqthd Substances. 
Ale, Beer, S^e. 
2 pinta are e^ual to 1 quart 
4 quai-ts „ 1 gallon 

dgaUous ,, 1 firkin 

2 itrkins „ 1 kilderkin 

2 kilderkins „ I baiTcl 

8 kOdoi-kins „ 1 hogshead 
2 hogaheiids „ 1 bntt 

Wines, Spinis, ^c. 
2 pints are equal to 1 qnart 
i quarts „ 1 gallon 

63 gallons „ 1 hogslieaij 

2 hogsheads „ 1 pipe 

2 pipes „ 1 tun. 

There were other measures of wine in use, such as the anker of 
10 gallons, the runlet of 18, the tierce of 42, and the puncheon of 84. 
Any quantity expressed in terms of a larger unit of measure, can 
also Ijc expressed in tei-ms of a smaller unit which is some subdivisioa 
of that measure, and conversely. The units of lai-gor magnitude are 
changed to units of smaller magnitude of the same kind by multiplying 
the number of larger units by the number of smaller which make one 
of the larger; and conversely, the units of amnller magnitude are 
changed to those of a larger of the same Idnd by dividing the smaller 
by as many of the smaller as make one of the larger. 

Akgulae and Oiuculak Measures . 

8. The invention of the sexagesimal division of the circumference of 
the cirde is attributed to Ptolemy by his commentator Theon, but it is 
clear from the language of Ptolemy himself that this mode of division 
was known long before his time. It is more probable that the improve- 
ment made by Ptolemy was the extension of that mode of division to 
the radius or the chord of a circle which sitbtends an arc equal to one- 
sixth of the whole circumference. 

It has been conjectured that the division of the circumference of a 
circle into 360 equal parts was suggested by the fact Uiat the sun 
appears to move once round the whole circle of the heaven in the 
period of about 360 days ; but whether this or the converse be the 
truth, it is quite impossible to affirm. This division of the circuntference 
has come down from very early times. 

Angles are measured by the arcs of circles. If a circle be described 
with any radius from the angulai point as a centre, the arc intercepted 
lines which contain tho angle may be assumed to be fiia 
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measure of tlie angle ; for the angle inereasea or docreasea as the 
are wliicli suttends it at the ceater increases or decreases. 

If in a cii-cle two diameters he drawn at right angles to each 
otiier, the circumference is divided into four equal parts, called 
quadrants, and each of these qaadraats suttends a right angle at 
the centre of the drcle. If any one of the quadrants he divided 
into ninety equal ai-cs, and straight lines be di-awn from the centre 
of the circle to all the divisions of the quadrant, it will bo Bcen that 
each of the ninety ares subtends ninety equal angles at the centre of 
the circle. The angle which is the ninetieth part of a right angle is 
called a degree, and the ninetieth part of the quadrantal arc is also 
called a degree of the quadrant. 

The angular degree and the circular degree must not be confounded, 
as the former is the ninetieth part of a right angle, and the latter is 
the small ai-c which subtends that small angle at the centre of the 
circle. Each degree is divided into sixty equal pai'ts called minutes, 
and each minute into sixty equal parts called seconds, and so onj 
according to the following table : 

60 seooniia ai'e eij^lial to 1 minute. 



4 nundvants „ I cii'cmuference of n circle, or i right angles. 

It may also be observed, that the radius being equal to the chord of 
the ai-e which subtends an angle of sixty degrees, it is not impi-obable 
this fact may have suggested the sexagesimal division of the degi-ee, 
the minute, the second, &:e. It may also be noted, tliat the whole cir- 
cumference of a circle can be divided into six equal arcs, each arc 
subtended by a chord equal to the radius, and each of these arcs 
will subtend an angle of sixty degrees at the centre of the circle. 

There is another division' of the cii-cumference of the circle, which 
indicates the points of the mariner's compass. This division is rather 
inaccurately named "points of the compass," which expression more 
fitly denotes the directions to which the needle points than the angulai- 
space between two successive divisions. The cardinal points of the 
compass are the east, west, north, and south. The east is reckoned 
from the centre (on which the needle moves) towai'ds the right, tho 
west towards the left of tho horizontal diameter, the north towards 
tho upper part, and the south towards the lower part of the other 
diameter at right angles to the former. 

The whole circumference is divided into 32 equal arcs, of which 
each quadrant contains 8, and the length of each is 11° 15'. 

^ Tliis division ie eosilj made. Describe a sqnare, join tlie tiaections of tho 
opposite sides, draw the diagonals, and insEi'ibe a circle in the square. Tho cironra.- 
lercnce of the circle ia dirided iuto 8 equal arcs, nest dividing esich of these ares into 
i eijuttl arcs, the 32 points ate found, and can be marked beginning at E, W, 
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The oig-lit points in eaeli of tke fom- quadvante are expressed hy 
moans of tlie initial letters of the four cardinal points. Beginning at 
the noi-th, the following are the suoeessive points in tho quadrant, 
betweea the noith and east points :— K., N, byE , N.N.E., N.E. by N.^ 
N.E., N.E. by E., E.N.B., E. by N. ; next, the points between the 
east and south points, E., E. by 8., E.8.E., S.E. by E., 8.E., S.E. by 
S., 8.8.E., 8. by E. ; thirdly, the points between the south and west 
points, 8., S. byW., S.8.W., S.W. by 8., 8.W., 8.W. by W., W.S.W,,. 
"W, by S. ; fourthly, the points between tho west and north points,, 
"W., W. by N., "W.K.W., NAT. by W., K.W., N."W. by N., N.N.W., 
N. by W. 

Measures of Time. 

0. The following table eshibits the ordinaiy divisioiis of time ; 
60 settonda ai 



24 bonis 






i weclca , , 1 aiontli. 

12 mo!itli3 „ 1 year, 

or 865}: days „ 1 Julian year. 

Common years consist of 365 days, and leap years, which happen 
every fom years, consist of 366 days. The calendar months, January, 
March, May, July, August, October, December, consist each of 
thirty-ono days. The months of April, June, September, and 
November, each of thirty days, anil the month of February of twenty- 
eight days, except ia leap yeai'S, when it consists of twenty-nine days. 
This year happens every fourth year, with the omission of three in 
every period of 400 years. The sexagesimal division of the hour, the 
minute, &e., most probably had its origin in the sexagesimal division 
of the circumference of the circle. 

If the dividend denote the units of effect produced by an agent in 
a given number of units of time, then the quotient arising from 
dividing the units of effect by tJio units of time will denote the effect 
produced in one unit of time. 

If the dividend denote units of distauee and the divisor units of 
time, the quotient will denote the number of units of distance which 
correspond to one unit of time. As if a body move over uniformly 
100 feet in four seconds of time, then the quotient, twenty-five feet, 
is moved over in one second of time. The distance moved over by a 
body in an unit of time is called the velocity of the body. 

If the dividend denote units of distance, and the divisor denote tho 
distance moved over in one unit of time, the quotient will denote tho 
number of units of time in which the body will move over that 
distance. If a body move over 100 feet at the rate of twenty-five feet 
in one second of time, then the quotient of 100-^25 denotes four 
eeconds, the time in which the body moves over 100 feet. 
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1. Eaduco £15 16s. S^d. to farthings, reverse tlie process, and 
explain the reasoa of each step. 

3. How many fourpenny pieces must be givon in exchange for 
half -a- guinea, half-a-aovereign, and h.aJf-a-crown ? 

3. How many half-crowns, how many sispences, and how many 
foijvpences are there ia 200 guineas ? 

4. How many half-crowns, and how many half-guineas are thoro 
in a million of fourpenny pieces ? 

6. How many farthings are there in five half-sovereigns, five half- 
crowns, five sixpences, and five halfpence ? 

6. Eeduce £13 to siullings, £13 los. to pence, £13 158. Td. to 
farthings, and reverse the operations. 

7. In the reduction of farthings to pounds, ike farthings are first 
reduced to pence by dividing by i ; the pence to shillings by dividing 
by 12 ; and the shillings to pounds Ly dividing by 20 ; in what case 
would the same result be obtained by dividing the farthings, first by 
20, next by 12, and lastly by 4 ? 

II. 

1. Find the amount of £26 10s. 6d., £I20 lis. 4id., £247 19s. ajd., 
£1,000, and£l ITs. llfd. 

2. Subtract £44 173. lOfd, from £100 Os. OJd., and verify the 
truth of the result. 

3. What is the amount in pounds sterling of 25696426 shillings, 
632986 florins, 2984695 ci-owns, and 3296 half-sovereigns, and what is 
the number of pieces of money ? 

4. In an account current between two persons, A and B, at the 
end of the £i-st quarter A owed B £127 10a. 7^d., at the end of the 
seconds was in debt to A £100 Us. 7|d., and at the end of the 
third quarter he was furtiior in debt to A £95 17s. 8^d. ; but at the 
end of the fourth (Quarter A was in debt to £ £190 19b. 11 Jd. What 
was the balance at the end of the year, and to which of them was it 
due? 

5. The total value of British goods exported from Liverpool during 
the 9 months ending October 31, in the years 1865, 1866, 1867, were 
£59,502,204, £73,967,069, and £63,960,580 respectively; find the 
increase of the value of the goods exported in 1867 upon the value in 
1866, and the decrease upon tiie value in 1869. 
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HI. 

1. Multiply £11 lla. llfd. by each of the nine digits reapectivGly, 
and reverse the operation in eaci. case. 

2. Multiply £14 178. Il|d. by 35, 37, and 175 respectively. 

3. Multiply £963 Is. l|d. by 999. 

4. Multiply £10 ira. efd. by 876i. 

5. Divide £192 15a. lid. by 13, and establiali the ti'uth of the 
^proeoas. 

6. Divide £20,000 ISs. 6d. by 67621. 

7. Divide 18s. 4d. by 44 and by 3s. 8d., and explain the nature of 
the quotients. 

8. Find how often £24 lis. 6^d. is contained in £8060 18s. lOd. 

9. What is the difference between 5482 times £1 12s. 6^d. and 
1562 times £5 14s. 2jd. ? 

10. What is the standard unit of English money? Explain nnder 
irhat conditions one concrete number may be midtiplied by another. 

IT. 

1. What sum will be required to pay 18s. 6d. to each of 26 
persons ? 

2. Among how many persons must £59 6s. 3|d. be divided, that 
•each person may receive £3 2s. 5^d. ? 

3. Among how many persons can £1482 I8s. 4^d. be divided, so 
■-that each may i-eccive £12 Is. 1 Jd. ? 

4. Find the price of 7865 articles at £2 I9s. 6d. each, using one 
multiplication and one division. 

5. Required the value of 2710 pounds at 6s. 8d. a pound. 

6. If 6 articles cost £3 16s. 6d., how miichwill 13 cost at the same 
Tate ? 

7. How much a day is £82 10a. 1 Jd. a year ? 

8. Divide £1000 equally among 121 persons; and if the silver 
■coins of the value of threepence be employed, what is the value of 
the remainder ? 

9. lliere are three quantities, £5, 8s., and 75 gallons. Multiply 
one of them by the quotient of the other two. State accurately the 
result of the operation, and perform it in as many different ways as 



1. How many crowns are equal in value to 200 half-guineas? 

2. If an English guinea be worth 27^ French francs, at lOd. each, 
Low much French money ought a person to receive for 44 guineas ? 

3. How many coins of 6s. 0|d. are worth 59527 coins of 5s. l|d. 
«ach? 

4. An Austrian souveraia and a gold ducat are worth 13a. lid. 
and 9s. 6d. respectively. How many ducats are equivalent to 4560 
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5. The value of a mark being 13a. 4d., and that of a raoidore 273., 
liow many half-crowns are there in 30 marks and 40 moidores 
together ? 

6. How many roubles, at 3s. ■l^d. each, are worth 132678 franca 
at 9|d. each? 

7. If nine rupees, six crown pieces, and eleven threepenny pieces 
amount to £2 13s., what ia the value of a rupee ? 

8. How many pounds sterling amount to 274 marks, each equal to 
13b. 4d., and 87 nobles, each equal to 6e. 8d. ? 

VI. 

1. A debt of 20 guineas is to bo discharged by three equal payments 
in half-crowns, ehillings, and sixpences ; find the mimber of coins in 
each payment. 

2. Divide £34 4s. into two parts, so that the number of ci-owns in 
the one may be equal to the number of shillings in the other. 

3. A debt of £18 15s. lOd.ia paid in crowns, shillings, and pennies, 
^ving for every penny two shillings and three crowns ; find tlie num- 
ber of each sort of coins. 

4. A has as many sovereigns as B has shillings, and together they 
have £210 ; required the number each had. 

5. One person has a certain mimber of shillings, another as many 
Ci'owns, and a third as many pounds, and together they have £520. 
How much has each ? 

6. Divide £34 into an equal number of sovereigns, half-sovereigns, 
half-crowns, shillings, and sixpences. 

7. The sum of £211 10a. 5d. was paid in pounds, shillings, and 
pence, the number of pounds being 7 times the number of aliillings, 
and the number of ahillinga 6 times the number of pence. How 
many were there of each ? 

8. A bag contains sixpences, shillings, and half-crowns ; the three 
sums of money expressed by the difEerent coins is the same ; if there 
are 102 coins in the bag, find the number of sixpences, shillings, and 
haH-crowns. 

YII. 

1. Show that one penny a day is equal to a sovereign, half-sovereign, 
and five pence a year ; and hence deduce a rule for finding how much 
any daily payment would amount to in one year. 

2. A person's income is reduced from £750 to £734 7a. 6d. by income 
tax. How much does he pay in the pound ? 

3. When the income tax was 4d. in the pound a person paid 
£2 18s. 5d., and when it was 6d. in the pound he paid £8 18s. 7d. 
What was the difference between his income in the two years ? 

4. If a person's daily expenditure be £2 12s. 6d. what must be hje 
annual inoJme in order that he may save £250 a year ? 
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5. How muelt can be saved out o£ an annual income o£ £706 a 
year, if the daily expenditure be a guinea and a half? 

6. If an artifleer'a income 1)6 £7 a weefe, what may be his daily 
expenditure in order that he may save yearly £100 ? 

7. A labourer roc oiving Tvagea at the rate of 15s. a week through 
the year, saved 6d. a wceJt, wliich he deposited in the savings bank. 
In consequence of a Bfi-ike his wagea were raised 2s. a week, but he 
found at the eame time that with the cost of living, end bis payments, 
to the trades' union, he had to pay Is. 3d. where he formerly paid Is. : 
find tho increaso made in his yearly savings. 

8. Aperson'sqiiarterlyjncome ia £135 lOs,, and his daily expendi- 
ture £2 5s., how much will he be in debt at the end of two yeai-a and 
a half? 

9. If a person spend in 4 months as much as he gains in 3, how 
much will he have saved at the end of three yeara, supposing his 
half-yearly income is £160 10a.? What would have been the state of 
his affairs if his expenditure had been £160 10s. in 6 months? 

10. If a person's gross income be £1,250 a year, what is his clear 
income after paying an income tax of 7 pence in the pound ? If his 
clear income were £1,250 after paying the same incomo tax, what 
would he his gross incomo? 

vin. 

1. If the prleo in shillings of a hundred weight be multiplied by 
3 and divided by 7, the result is the value in farthings of apound 
weigiit. 

2. If 2613 pounds of sugar at 7d. a pound be exchanged against 
417 pounds of tea at 4s. 6d. a pound, on which side is the balance, 
and how mnch ? 

3. How much tea at 8s. 6d. a pound must be given in exchange for 
5cwt. 2ijrs. of sugar at 4^d. per pound ? 

4. If 180 oranges be bought for 2 a penny, aud 180 more at 3 a 
penny, what is gained or lost by selling the whole at 5 for 2 pence ? 

5. A merchant exchanged l,200lba. of pepper at 13d. a pound, for 
equal quantities of two species of cotton at 7d. and 6d. a pound, and. 
one-third in money ; how much money, and how many pounds of eaeh 
sort of cotton did ho receive ? 

6. A grocer mixed lOGlhs. of tea at. 3s. 4d. a pound, 75Ibs. at 
6s. 2d,, and 941bs. at 6s. 6d., and sold the mixture at 5s. a pound j 
whn.t -was the gain ? 

7. Of three sorts of barley a mixture is made, namely, 8 bushels at 
Ss. 6d., 15 at 3s. 8d., and 28 at 3s. lOd. ; what is the value of a bushel 
of tho mixture ? 

IX. 
1, Pind the yearly average of tho profits or losses in seven years of 
a trader who gained in the first, third, fonilh, and sixth years the 
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Bnina £520, £200, £700, and £1,000 ; aad lost in the secoiitl, fifth, and 
eeventh years £100, £250, and £320 respectively. 

2. According to a Parliamentary return for the year 1872-3, the 
diTidenda on India Stock eJiarged will income tax ivaa £7,032,247 j 
ou Colonial Stocks, £2,839,776; and on Foreign Stocks, £9,341,193; 
find the income tax on each of these dividenda, and the whole amount 
at the rate of fourpenoe in the pound. 

3. The rental of a parish ia £19,880 ; how much in the pound will 
produce a rate of £403 15a. ? 

4. A farmer rents a farm of 500 acres, on the following terms : he 
pays a fixed rentof 15 shillings an acre, and a corn rent of 120 quartera- 
of wheat, 80 quarters of fcarley, and 60 qiiarters of oats. The prices 
of wheat, barley, aad oats being respectively 48s. 6d., 25a., and 
19s. 6d. per quarter ; find his rent per acre. 

5. In a certain pai-ish the titho rent-charge, valued at £740, was 
commuted for equal portions of wheat, barley, and oats, whose prices- 
were 6s. 8d., Ss. 2d., and 2b. 6d. a bushel respectively. When barley 
and oats were at 2s. 9d. and 2s. respectively, what must be the price 
of wheat, that the tithe rent-charge may be worth £780 ? 

6. In 1834, on the abolition of slavery in the West Indies, 20' 
millions sterling was voted by the British Parliament to compensate 
the slave-owners, whose slaves were valued at £45,282,000. "What^ 
was the average compensation the slave-owners received for ea«h 
slave, supposing each slave of same value ? 

X. 

1. Divide £1000 among three persons, so that the first may havo 
3 times as much as the second, and the third as much as the fii-st and 
second together. 

2. The sum of £984 is to be divided between 4 men, A, It, 0, D, 
in such a manner, that for every £3 given to A, B is to receive £5, 
£7, and 1) £9 ; what sum did each receive ? 

3. Divide £1000 among four persons A, B, C, X), so tliat C shall 
have £5 more than B, B £5 more than (7, and A £5 more than B. 

4. The sum of £72 is to be divided among 24 men, 36 women, and 
72 ebildi-en, ao that tlio shares of two men shall be equal to that of threo- 
women, and each woman's share equal to the shares of two children ; 
what will be the shai-e of each ? 

5. The sum of £204 6a. 8d. is to be divided bettreen 6 men, a 
women, and 12 children : for every pound each woman receives, eacli 
man is to receive two pounds, and each child ten shillings ; how muck 
will they severally receive? 

6. The sum of £20 is to be divided among 42 persons, in such a. 
manner that 26 of them shall have 7s. 6d. eaoli, and the rest shall share 
equally in the remainder; find the share of each of the latter, 

7. In a manufactory there are employed 3 foremen at 3s. 4d. aday^ 
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54 -wortmen at 29. 3d., and 21 boys at Is. 6d. TItey work 6 daya ia 
the week. How much lias the master to pay ia wages per week, and 
how much per year ? 

8, A manufacturer employs 50 men and 35 boys, who respectively 
work 12 and 8 hours per day during 5 days of the week, and half time 
on the remaining day. Each man receives 6d., and each boy 2d. per 
hour. What is the amount of wages paid in the year? 

9. There is in a manufactory a certain number of workmen who 
receive 50s. a week, twice as many who receive 31s, 6d. a week, and 
eleven times as many who receive 14s. a week, and the total amount 
of the workmen's wages for one week is £93 93. ; find the number of 
workmen. 

XI. 

1. Distinguish between abstract and concrete numbers, and show 
that the distinction is necessary to avoid error in the interpretation of 
the results of numerical calculations. 

9. What is the standai-d lineal measure of tlie United Kingdom ? 
Give a brief account of its history, where is it preserved, and how is 
it kept con-ecfc ? 

3. How many inchea are there in 24 llnea! yards 2 feet and II 
inches ? Conversely, how many yards, feet, and inches are there in 
898 lineal inches ? 

4. How many yards, feet, and inches are there in a million lineal 
inches ? Eeverse the process. 

5. Find how many inches there are in 5 miles, 1 furlong, 151 
yards. 

6. Divide 10,841 lineal yards by 37 and by 37 lineal yards, and 
state the nature of the quotients. 

XII. 

1. A carriage wheel revolves 3 times in going 11 yards; how many 
times will it revolve in going two miles and a half? 

2. The circumference of the fore wheel o£ a carriage is 8 feet, and 
that of the hind wheel ia 10 feet ; in what distance will the fore wheel 
make 100 revolutions more than the hind wheel ? 

3. The larger wheel of a carriage being 24 inches in circumference 
longer than the smaller, makes 440 revolutions in a mile ; how many 
will the smaller make in a mile ? 

4. There are four places on the samo road in the order A, B, 0, D. 
From A to D the distance ia 1,463 miles ; from A to 0, 728 mites'; and 
from B to D 1,317 miles. How far- is it from A to B, from B to C, 
and from G toD? 

5. From Epheaua to Cunaxa, Xenophon with the army of Cyrus 
marched 16,050 stadia of 202 yards 9 inches each in 93 days. Find 
the average length of a day's march in miles and yarda. 

6. A pound of cotton maybe spun into a thread 134,000 yards 



y Google 



31 

long ; -ppliat weigM of this thread would reach round tho earth, a dia- 
tanoe of 25,000 miles? 

1. If a yard contain 36 inches or 12 palms or 4 spans or 2 cuMts, 
express a mile in palms, spans, cubits, respectively. 

8. Three French kilomiJtres are as much under two English miles 
as five kilometres are above three miles ; find how many yards make a 
kilometre. 

XIII. 
1. If the magnitude of Uie lineal unit be given, what are the cor- 
responding units of area and volume ? Exemplify, when the lineal unit 
is 12 inches. 

, Eeduce 6,698,411 square inches to square yards, feot, and inches, 
e tile process. 

3. Eeduce 49 acres, 28 poles, 10 yards, 112 inches to inches. 

4. How many square yards are there in 139,968 square inches? 

5. Divide a square foot by 18 lineal inches. 

6. How many square inches are there in the area of a rectangular 
paralielogram whose adjacent sides are respectively 3 feet 4 inches and 
5 feot 7 inches ? 

XIV. 

1. A rectangular court, the sides of which are 300 feet and 200 
feet, has a walk 20 feet wide running round it ; what is the area of 
the walk ? 

2. Find the area of & field in acres and yards whose aides are re- 
spectively 30 chains 40 Knks and 50 chains 25 links. 

3. How many acres of land would bo required for a raad 50 miles 
long and 22 yards bread? 

4. If the hide of land mentioned in Domesday Book contained 
4 plow lands, and one plow land 4 yard lands, and the yard land 30 
acres, find how many acres were estimated to the hide of land. 

5. How many allotments can be made from 25 acres of land, 
allowing 1000 square yards to each allotment? 

6. Find the number of men required for forming a hollow square 
four deep, having 100 men on each side. 

7. If a halfpenny piece be one inch in diameter how many can be 
laid in rows touching each other on a table which is 7 feet 6 inches 
long and S feet 4 inches wide; and what ia their amount? 

8. A labourer engaged to reap a field of com for 5e. an acre, hut 
leaving 6 acres not reaped, he received £2 10s. ; of how many acres did 
the field consist ? 

9. What would be the cost of painting the walls and ceiling of a 
room whose height is 10 feet, breadth 15 feet, and length 24 feet, at 
6d. a square foot ? 

10. If eight strips of carpet 39 inches wide cover a floor, how wide 
must a carpet be in order that 6 strips may cover the floor? 
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11. If 08 bales of linen contain 67,048 yards, and eaeli balo non- 
tains 34 pieces, and each piece the same number of yards, how many 
yards are there in each piece ? 

XV. 

1. What is meant hy saying that the solid coateat of a cube is tlie 
■cube of one of its edges, and of the ai'Oa of a squai'e the squai-e of one 
of its sides ? 

2. Kow many cubic yards, feet, and inches are thei'e in 496321675 
■«ubio inches ? Reverse the process. 

3. Trom a beam 8 inches thick and 9 inches wide, how many feet 
must be cut off to contain a cubic foot ? 

4. Multiply 10 Bijuare inches by 10 lineal iuehes, and state the 
nature of the product. 

5. Divide 2 cubic feet 108 inches by 162, and by 1 sqiiaro foot 18 
jinohes, and state the nature of the quotients. 

6. How many bricks, 9 inches long and 4 inches wide, will be 
required to pave a courtyard 3G0 feet long and 220 feet wide ? 

7. What is the content in cubic feet of a bed of coal 5^ miles long, 
3 broad, and 30 feet deep ? 

8. A room contains 24,000 cubic feet of space, its length is 60 feet, 
and its breadth 40 feet; what is its height? 

9. How many biicka are there in a ^all which is 120 yards long, 
15 feet high, and 24 inches thick, supposing a brick to be 9 inches 
long, 4 wide, and 3 thick ? 

10. How many leaden bullets 1 inch in diameter can be packed in 
a box whose intenial length is 2 feet 4 inches, and depth and breadth 
each 18 inches? 

XVI. 

1. If 277280 cubic inches of water weigh 10000 pounds Avoirdu- 
pois, how many will weigh 1000 ounces ? 

2. If a cubie foot of water weigh lOOO^ouuees, how many hundred 
weight of water will a full cistern contain, whose length is 16 feet, 
breadth 10- feet, and depth 7 feet? 

3. What must the depth of a cistern whose length and breadth are 
24 feet and S feet, which shall contain as many cubie feet as another 
whose length, breadth, and depth are respectively 12 feet ? 

4. If a cistern be 12 feet long, 12 feet wide, and 12 feet deep, how 
many cubic feet does it contain, and how many sijuare feet are thero 
in its internal surface ? 

5. What must be the depth of a cistern 6 feet long and 4 feet wide 
which shall contain as many gallons as are contained in two cisterns, 
one containing 100 gallons and the other 200 gallons, if a gallon of 
watci' weigh 10 pounds and a cubic foot of water weigh 1000 ounces? 

6. If tlie pressure of the atmosphere at the surface of the earth, 
when the bai-ometai; stands at 30 inches, be about 16 pounds on the 
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square incli, what is the pressure iu pounds on the surface of the 
human body, supposing it to bo 15 equaro feet? What would be tlio 
tiifTereuce of the pressure when, the barometer stands at 29 inchea ? 

7, A wine merchant bought 5 pipes oi winefor £138 I2s., and ono 
pipe became damaged ; at ivhat rate per gallon must he sell tho ro- 
maining 4 pipes, so as not to be a loser by the purchase? 

XVII. 

1. The sum of tho diameters of the sun and the earth being 804056 
miles, and the diameter of the sun being 113 times that of the earth, 
ilnd the diameter of tho eai-th. 

2. Sir John W. Herechel reckoned that the length of the earth's 
polar diameter ia 41,707,796 feet, which is within one furlong of five 
Iwmdred and a half million inches. "What is tho exact difference ? 

3. The volume of the sun is reckoned about 1384500 times that of 
the earth, and the volume of tho earth 80 times that of the moon ; 
how many times does the volume of the sun contain that of tho 
moon? 

4. The distance of Mercury from the sun is 5917938 T'rench 
metres, and of Uranus 291720130; howmany times Mercury's distanco 
is the distance of Uranus from the sun ? 

5. If the planet Saturn be 908,723,000 miles distant from the aun, 
and the earth 91,713,000 miles, shew that Saturn is more than 9 
times, but less than 10 times, the earth's distance from the sun. 

6. The distance o£ the star o Centaurifrom the carih is recltoned 
to be about nineteen billion of milos, and the distance of the sun is 
about 91,713,000 miles; by how much is the star more distant than 
the sim ? 

xvin. 

1. How many grains of gold are contained in lOlb. lloz. I2dwts. 
ISgrs. ? Pi-ovo tho truth of the result by tho reverse process. 

2. What is the weight of 12S bars of silver, of which there are 20, 
each weighing 81b. 5oz. 7dwts, 20gi-s. ; 67, each weighing 71b. 3oz. 
ISdwts. 15gi-s. ; and each of the remaining bai-s weighs 41b. lloz. 
17dwts. 17gra.? 

8. If one pound Troy weight of Standard silver be coined into 6G 
shillings, how miich silver would bo recLuired to coin a million 
shillings ? 

4. At the English mint 40 pounds of Standard gold are coined into 
] 869 sovereigns. What is the mint price per ounce Troy of Standard 
gold? 

5. In the purchase and sale of bullion, bars of silver from 60 to 
80 pounds Ti-oy have an allowance over of 10 pennyweights, and 
ingots of gold from 15 to 20 pounds have 6 gi-ains allowed; what are 
the amounts of the allowances on the purchase of 1000 pounds of 
gold, and on lOOOlhs. of silver ? 
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6. In Exod. xxxriii. 25, 26, it is stated that 100 talents 1773 stekels 
of silver were collected fi:om 603550 people for the work of the taber- 
nacle, and that each person contributed half a shekel; determine tho 
number of shekels in the talent. 

XIX. 

1. If 9 grains of silver are worth five farthings, what should a 
crown weigh ? 

2. If an ounce of gold be worth £3 17s. 10|d., what is the value 
of one grain ? 

3. If lib. 6oz. 2dwts. 8grs, of gold be worth £08 2s. Gd., how much 
is that the onnce ? 

4. "What is the price of a silver cup weighing lib. lOoz. ISdwts. 
12grs., at 6s. 6d. an ounce? 

5. If a pound of silver cost £S 6s., what is the price of a salver 
which weighs 71b. 7oz. lOdwts., subject to a duty of Is. 6d. per ounce, 
and an additional charge of Is. lOd. per ounce for the workmaasliip ? 

6. If a talent of silver be worth £357 lis. lOd., what is the value 
of a shekel, if 3000 shekels make a talent? 

7. The gold procured from Australia in 6 months in 1851 amounted 
to 209,096 ounces. In 1861 tie New Zealand gold-fiolds yielded 
228,292 ounces in the same time. What is the excess in weight and 
value, at £3 17s. 10|d. per ounce, of the average monthly return from 
New Zealand over that trom Austi-alia ? 

XX. 

1. Whatis the aggregate of the foUowingweights: 2 tons, lOOlbs., 
75 cwt., 14Ibs., 5drs., 20001bs., 5000 ounces, and 20,000 drams? 

2. Subtract 25cwt. 2cirs. 5lb. 5drs. from 5 tons 7cwt. Iqt. 201bs. 
Sdrs. 

3. Midtiply 12 tons 7cwt. 15lb. 7oz. by 25, and reverse the opera- 

4. How many tons, hundredweights, &c., are there in a million 
drams Avoirdupois? 

5. Reduce 9 tons 3cwt. 3qrs. to drams, and reverse the operation. 

6. Divide 512cwt. 3cLrs. 71b. by 14Gwt. 731bs. 

XXI. 

1. Shew that in £59 12s. Ifd. there are the same number of 
farthings as there are pounds in 25 tons lOcwt. Sqrs. I91b. 

2. In the year 1787 a new copper coinage, made by Mr. Boulton at 
Eirmingham, was issued from the Mint for circulation. It consisted 
of pieces of four difEerent sizes and values. The twopenny pieces 
amounted in nominal value to £6019 15s. 8d. ; the penny pieces to 
£183,177 18s. 6d. ; the halfpenny pieces to £88,506 18s. 4d. ; and the 
farthing pieces to £4370 1 3s. 2d. ; find the total number of pieces in 
this coinage. 
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3. A loadei waggon weighs 2 tona 3cwt, Sqrs. 33lb.; the ivnggoa 
byitself weighs IScTvt. Sqra; the loadconaistsof 215 packagas, each of 
the same weight; find the weight of each. 

4. How many packets of 111b., 131b., iTlb., and of each the same 
number, may be made out of 3 tone 2ewt. iqr. SSIbs. ? 

5. If one pound of copper be coined into 2i penny pieces, how 
many may be coined from a ton of copper, and what is their value ? 

XXII. 

1. By how many gi-ains does aa ounce Troy differ from an ounce 
Avoirdupois ? 

2. Eeduee 281750 grains Troy to pounds Troy, and find the 
equivalent number of pounds Avoirdupois. 

3. Prom one ton Avoirdupois of the lead ore of a certain mine, lib. 
lloz. 6dwts. 16gi-s. Tioyof silver ia extracted ; find how much silver 
can be extracted from 17 tons 14cwt. 2qrs. of the same ore. 

4. If lib. 8oz. Avoirdupois is half the weight of 31b. 7oz. ISdwts. 
Troy, find the number of grains in one poimd Avoii-dupoia. 

5. A person purchases goods at the rate of six shillings per pound 
Troy weight, and sells them again by Avoirdupois weight; at what 
rate must he sell per ounce, so as exactly to reimburse himseK ? 

XXIII. 

1 . Explain clearly what is meant by an unit of angular measure- 
ment. What is tbe circular measure of an angle, ^and upon what 
geometrical property does this measure depend ? 

2. The angle subtended at the centre of a circle by a chord equal to 
the radius is constant for the same circle. How many French 
degrees and how many English degrees are contained in this angle? 

3. If 90 English degrees are equal to 100 French degrees, and 
one English degree contain 60 minutes and one French degree 100 
minutes, give a rule for changing French minutes into English 
minutes, and English degrees into French degrees, and conversely. 

4. What number of degrees, minutes, &c., in the English scale 
corresponds to 30° 15' 25" in the French scale of angular measure ? 

5. "What is the difference of latitude between St. Peter's at B 
41° 53' 54"N., and 8t. Paul's in London, 51° 30' 49" N. ? 

6. What is the difference of latitude between GrrcMiwich Observa- 
tory, which is 61° 28' 38" North, and that at the Cape of Good Hope, 
which is 33° 86' 3" South ? 

7. What is the mean of the following observed altitudes of a star, 
50° 17' 35", 50° 13' 12", 50° 15' 10", and 50° 20' 50"? 

8. What is the difference of longitude between Athens and Eome, 
and between Rome and Philadelphia in the United States ; if the 
longitude of Athene be 23° 47' 0" East; the longitude of Home, 
12° 27' 14" East; and the longitude of Philadelphia, 76° 10" 0" West, 
from Greenwich ? 
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XXIV. 

1. Eediice 12 weeis, 6 days, 5 lioiu's, 10 min., 12 sec, to seconds, 
and reverse the operation. 

2. Ho^sr many days, hours, &o., ai'e in a million seeonde ? 

3. Pind tlio number of seconds from 5 o'clock on Monday after- 
noon to 7 on Wednesday morning. 

4. In one troineal year there are 365 days 5 lioxu-s 48niTO. 5Isec3.; 
how many seconds are there in 16 years 122 days? 

5. How many hours have elapsed since the birth of Christ to tlie 
year 1849, supposing each year to consist of 365 days 6 hours ? 

6. In a Julian year seven of the montlis have thirty-one days each, 
iour have thirty each, and one has twenty-eight or twenty-nino. How 
many minutes are in an ordinary year and in a leap-year ? 

7. How many seconds are eoutained in the lunar month of 29 days 
12 hours 44 miautea 3 seconds? 

XXV. 

1. Multiply 2 years, 9 months, S days, by 31, and reverse the 
process. 

2. A sidereal day is less than a solar day by 3 minutes, 56 seconds; 
in how many days will the difference amount to 24 hours? 

3. Pind the average of the following times, reckoned from noon : 
2hrs. 12min. 28aec. p.m. ; lOJir. Slmin. 14sec. a.m.; 3hra. ]5min.44sec. 
p.m. ; Ihr. 36miu. 35see. p.m. ; I lira. 40min. 39see. a.m. ; 4hi-s. p.m. ; 
and Ihr, 23min. ISsee. p.m. 

4. It was high-water at London Bridge on seven successive days at 
9h. 17m. a.m., lOh. 33m. a.m., llh. 37m. a.m., noon. Oh. 52m. p.m., 
Ih. 38m. p.m., 2h. 24m. p.m. ; what was the average time during tho 
weeli? 

XXVI. 

1. In recltoning years from the epocli of the Christian era, state a 
rule for finding what years of this era are leap-years in different 
eonturies. Are the years 1784 and 1874 leap-years? 

2. How is it known when ordinary years begin and end with tho 
samo day of the week? "What is the difference in leap-years ? 

3. Shew from tlie fifth and seventh chapters of the Book of Genesis 
that the Deluge happened in the 1656th year fi-om the creation of tho 
world, according to the Hebrew account. 

4. How long did the Eoman empire endure from its foundation till 
the year a.b. 8U0, when Charlemagne was crowned Emperor of tho 
"West by Pope Leo III, if we admit that liome was a regal state, 
governed by 7 kings during 244 years ; a republic under consuls until 
tlie time of Augustus, a period of 446 years ; an empire under 57 
emperors, during 519 years, from the time of Augustus to Augustulus, 
■who was deposed by Odoaoer, King of tho Heruli ; under this last and 
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fi liinga of the Osti'ogotiis, during 92 yoars ; and lastly uader 22 
Iioml)ardifiii kings during 206 years ? 

xxvn. 

1. How long would it require to count 800 millions of money, at 
tliG rate of £100 a minute, supposing tlie accountant to he employed 
sis days in tlie week and ten hours daily ? 

2. If 4 ai'tillerymen can fire a gun 48 times, and 5 men 54 times 
in an horn-, how mucli longer time will te required for fii-ing 32448 
gliots fi-om 26 guns, when there are 4 men to each gun, and when 
there are 5 men ? 

3. If 6 companies of 54 soldiers each lire 6804 shots in 3 hours, 
how many shots will 8 companies of 81 men each fire at the same rate 
in 2 hours? 

4. A regiment contains 1000 men, of which 50 are officers, how 
many men are thero to each officer ? 

5. The population of the county of Middlesex increased from 
1886576 in 1851 to 2206485 in 1861 ; what was the average yearly 
rate per cent, of increase in the ten years ? 

6. An article which costs 12s. 6d, will last 6 months, and another 
which costs 15s. will last 9 months; which is the cheaper of the tivo? 
jind how much in a year ? 

XSVIII. 

1. If a clock gain 12 minutes in a day, what is the gain in one 
minuto ? 

2. How many times will a pendulum vibrate in 24 hours that 
makes 6 vibrations in 2 seconds ? 

8. Express 59" 27' 30" of longitnde, in hours, minutes, and 
seconds of time ; and conversely. 

4. On 21 June the sun rises 3hrs. 45m. a.m., and sets 8hrs. 18min. 
p.m. ; and on 21 December the sun rises at 8hra. 6nun. a.m., and sots 
3hrs. 5i min. p.m. in the latitude of London; find the difl 
tho lengths of the 21st June and 2lBt December. 

6. The transit of the planet Venus across the sun's disk h 
on the morning of 9th December, 1874; the first contact at ingress 
began Ihr. 45min. 58sec. a.m., Greenwich mean time, and the last 
contact at egress ended at 6hrs. 36min, 54sec. a.m. How long was 
tho planet in crossing over the sun's disk ? 

XXIX. 

1. In how many weeks can a journey of 12600 miles bo completed 
by travelling six days each week at the rate three miles an hour and 
seven hours each day ? 

2. If a man travel 3D0 miles in 10 days when the day is 12 hours 
long, in how many days can he travel 800 miles when the day is 16 
hours long ? 
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3. If a train 100 yards long pass a fisod object in 5 seconds, at 
■what rate per hour is the train moving? 

4. A fly-wheel revolves once every twenty seconds ; how many revo- 
lutions does it make in twelve hours ? 

5. The length of the steps taken hy two men aro 3 feet and 4 feet, 
and the former takes five steps while the latter takes four. If both 
atai'ted from the same place to walk along the same road, how far 
has each walked when one is a hundred feet beyoad the other? 

6. How long will a column of 10,000 men, marching 4 deep, rec[uir3 
to pass through a defile of 5 miles at the rate of 75 paces of 2 feet 
each in one minute, and the column on its march to extend 7500 
feet? 

7. If sound travel witha velocity of 1100 feet in one second, and 
the report of a gun is heard 15 seconds after the appearance of the 
flash, how far distant is the observer ? 

XXX. 

1 . If tbo length of the elliptic orbit of the earth round the sun be 
596440000 miles, what is the average hourly and daily motion of the 
earth, supposing the earth makes one complete revolution in 365^ 

2. The mean distance of the sun from the earth is about 91,713,000 
miles ; what is the velocity of light, if the time in which the sun's light 
reaches the earth be Smin. 18sec. ? 

3. What is the difference in the hourly rates of the motion of two 
places, caused by the diurnal rotation of the earth on its axis, one on 
the equator and the other on the parallel of the latitude of London, 
supposing the circumference of these circles to be 24,900 and 15,130 
English miles respectively ? 

4. How many seconds are there in a year of the planet Saturn, 
which consists of 10746 days lOmin. ISsoc. of timo, as reckoned at the 
earth ? 

5. How many years of the earth are equivalent to one year of 
Uranus, one year of the earth being 365 days 5hrs. 48min. 51sec., and 
of Uranus 30688 days 17hrs. 6min. lesec. ? 

6. How many of Jupiter's years have elapsed since the bu'th of 
Christ to A.T>. 1863, if one year of the earth be 365 days 5hrs, 
48min. Slsec, and one year of Jupiter be 4330 days 4hrs. 39min. 
2sec, ? 

7. The periodic time, or length of the year of the planet Uranus, is 
84 years 5 days 19hrs. 41min. 36sec., and of the earth 365 days 
5hrs. 4emia, 57see. Shew that one year of Uranus is greater than 1 9, 
but less than 20, years of the earth, 

8. If Siriue, one of the brightest of the fixed stars, which is pro- 
bably 592,200 times farther fi-om the earth than the sun, were sud- 
denly extinguished, for how long would it still appear to shine to tho 
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inliabitante of the earfJi, supposing, according to our present know- 
ledge, the most probable value of the sun's mean distance fi-om the 
earth to be 91,713,000 miles, and that hght from the sun reaches the 
earth in 8min. ISsec. ? 

XXXI. 

1. Shew that, in the year 1850, 7 times the number of days 
preceding June 18 were equal to 6 times the number following that 

2. How many days were there from 10 January to 4 May, 1872, 
both days included ? 

3. If a father died in 1873 at the age of 96, and his son died in 
I860 aged 50, how old was the father when the son was bom? 

4. If on Dec. 25, 1870, a man's age is 30000 days, find the day and 
year of hia birth. 

5. In tlie year 1873 a man was 75 years old, and 25 years ago he 
waa twice as old as hia son ; what was his son's age ia 1874 ? 

6. If A be 10 years younger than B, and 5 years older than 
in the year 1860; if C were 25 yeai's old 15 years ago, when will Bbe 
€0 years old? 

7. If the Easter tetm at Cambridge commences on a Wednesday 
and ends on a Friday, shew that it divides either on a Thursday at 
noon, or on a Sunday at midnight. In 1855, the Eaater term began 
on Wednesday, 18 April, and ended on Friday, 6 July. 

8. In the year 1860, the first day of January waa a Sunday ; find 
the next two years in which this will happen again. 

9. There was a full moon on June 26, 1858, at ')his ISmin 1 m 
The inteiwal between successive full moons has since been on tlip 
average 29d. 12hi3 47min SOsei , how many full morns happened 
until Dec. 31, 1873, and when did the last t'lke place witbm that 
period ? 

10. The Time" newspaper of Monday, 14 Febiuary, 1876, beiis 
the number 28^01 Supposing the piper to have bpen publiahel 
every week da^ without intermission and numbeied cinspcntnelj 
give the day o± tlie weel. month, ind j ear when No 1 was pub 
li^Led. 
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EESULTS, HINTS, ETC., FOE THE EXERCISES. 



2. 69 fonrpenny pieeea. S. 1880 half-cTO-ivns, 3360 sispenoes, 6040 fourpeniiy 
pieces. 4. 133333 linlf-croinis and 10 pence oyer, 31746 half-guineas and 4 pence 
over. 5, 5530 fattMngs. 7. 'Whea the given nmnlier of fartliiDgs is an exact 
imniber of pounds. 

II. 

1. £1395 19s. 7Jd. 8, £2005801 lis. and 29316i02 pieces of coin. 4. A owes 
to B £122 Is. 2|d. 5. Increase of 1866 over 1865, £13,464,865 : Decrease of I86T 
under 1868, £10,006,489. 

III. 

1. Tlie producta are respectively £23 3s. lljd.: ^33 15s. Hid.: £45 7s. lld.r 
£56 IBs. lOfd, ! £07 lis. lOja. : £80 3s. lO^d. : £B2 15s. lOd. : £101 7a. 9Jd. 
2. £521 73. 94d.! £551 Ss. 8id.: and £2606 19s. l^d. 3. Mnltiply the sum by 
1000 and subtract the given sum from the product, 4. See Art. *, note. 6. Art. 
7, note. 6. The quotient ia 6s. Hid. and £12 lis. S|d. remainder. 7. 5d. and 
5 times. 8. 338 times. 9. Sec Art. 4, note. 10. See Section II. pp. 47, 43, and 
Section VII. p. 3. 

IV. 

1. £24 Is. 2. 19 persona. 3. 123 persons and 2s. SJd. over. 4. If the number 
of articles divided by 40 be subtracted from 3 times the number, the differeuoa will 
be the price required. 5. 6s. Sd. is one-third of £1. 6. If £8168, Cd. ledividedby 

6, the quotient gives the vaJua of one article, and if this he multiplied by 18 tha 
value of IS ia Itnown. 7. Kvido the sum by 365. 8. £3 Ea. 3d. shared each, and 
43. 9d. over. 

T. 
1. 420 crowns. 2. 605 fi-anes. 8. 61009 coins. 4. 8680 ducats. 5. 592 hiilf. 
crowns. 6. 319il roubles. 7, 1 rupee is wortii 2s, Sd. 8. £211 13s. 4d. 

VI. 

1. 56 half.crowna, 140 shillings, and 280 sixpences. 2. H4 crowns and 114 
shillinga. S. 22 penny, 44 shilling, and 66 crown pieces. 4. A had £200 and B' 
200s. 5, The iirst has £20, the second £100, and the third £400. 6. 20 of each, 

7. 5d., 30s., and £210. 6. 60 sixpenny pieces, 30s., and 12 half-crown pieces. 

2. 5d, in the pound. 3. 
£131 2s. 8d. 6. 14s. 5Jd. daily expenditure, and 2a. 8Jd. over. 

7. Before the atiike-: 52ivecka'wages at 15a, a, week 

Savings at end of the year 

62 weeks' espenaes of living 

After the strike : "Wages increased 2a., 52 weeks at 17s 

Expenses of living, &c, inoreaaod by 3d. in 
tha shilling, gives an addition of 188s. 6d. 
to 7B4b., and yearly expenses 

it end of ycir 
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8. £eD8 23. 6<!. ill debt it. £240 18s. saved in 3 years, 10. £1 SIS 10s. lOd. 

VIII. 
2. £17 12s. 3(1. tte Manee in favour of 8i:gw. 3. 661b. of tea. 4, 6J. lost on 
tlio salfi. 5. £21 ISs. 4J. in money, nnd SOOKi. of cncii species of cotton, 6. 
£6 4s. dd. gain. 7. £s. 8|d. valne of a busliel, and IJd. over. 

IX. 

1, £250 arerage yeaiJy gain in 7 years. In the transaciions of commerce it is 
frequently necessary to find the average price of Eevcrol sets of units wliieli may 
liiiye been bought or sold at different times and at diiferent prices. And it may he 
added that the word average is not restricted to matters of commerce, but is applied 
to almost aU hiiman events and tianeactions, as the finding for any given number of' 
years the births and deaths in a city, a county, or a nation. 

2. Income tai on India Stocks £117204 2s. 4d.! on Colonial Stocks £47339 12s.! 
on Foreign Stocks £165686 lis.: the ivhole amount £320220 Ss. 4d. 3. 5d. in ths- 
pound. 4. £1 13a. an acre. 5. The price of wheat must be Bs. 8d. a busliel, 6. 
Average eomponsation 8s. lOd. for each slave, and 03. over. 

X. 
1. If the second have 1 shore, then the first has 3 and the third has 4, and tho- 
sum of all the shares is 8 shares, and the value £1000 ; they are £125, £876, and 
£500.' 2. d's iim-e £123, B's £205, ffs £287, B's £369. 3. It appears that C lias 
£5 more than D, B £10 more than D, and A £13 more than D, and the four 
shares ore equal £80 and four times the share of D. But the four shares are- 
£1000; hence £30 and i times D's share is eqnal to £1000, and 4 times D'i. 
share is £970, and D's share is £242 lOs., G's share £247 lOs., B'a share ^52 10s., 
and .^'s share £257 lOa. 4. Sliare of a child 6s. Bd., ofa woman 133. id., of a man- 
203. 5. A men £19 9s. 2d., a woman £9 14s. 7d., a child £4 173. SJd. 6. 12s. 6d. 
each. 7. £48 18s. weekly, and 62 times that snm in the year. 8. In tha year aro- 
62 lialf-working days and 261 whole days ; the total amoant of wages for the year is. 
£3B74 ISs. 4d. 0. 7 workmen at 60s. a week, 14 at 31s. fid. a weelt, and 77 at 14 

XI. 

1. See Art. 2. 2. See Section III. p. 16. 5. 330158 inches, fl. S93 lineal' 
yni'ds ; 233 an abstract number, denoting the number of tinics 37 lineal yai-ds are - 
contained in 10841 yards. 

XII. 

1. 1200 revolutions. 2. The hind wheel makes 400 revolutions while the foro. 
wheel makes 500 in going over 4000 feet. 3. 528 revolutions. 4. A to B, 148. 
miles: B to C, 582 miles: and G\o D, 735 miles. 5. 19 miles 1464 yards daily, 
and 40i yards over, 6. 3281h. Eoz. lldra., with 47drs. over. 7- One mile cou- . 
tains £1120 palms, 7040 spans, or 3520 cubits. S. 1100 yai'ds. 

XIII. 
1. See Art. 6. 2. 6163 square yards 4ft. 107in, 3. 308470144 square ine lies. . 
4. 108 square yoi'ds, 5. 8 lineal inches. 6. 2080 square inches. 

XIV. 
1. 18400 square feet. 2. 263 acres 1258 yanJs. 8. 400 acres. 4. 480 aci'es. 
6. 121 allotments. 6. 1536 men. 7. The mmiber is SSOO halfpence, in value 
£7 108. 8. The field consisted of 13 acres. 9. £28 10s. 10. 62 inches wide. 11 
29 yards in each piece. 

SV. 
1. See See. VI. 2, 106378 cubic yards 24 feet 1035 inches. 3. 2 fci:t.. 
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XVI. 

1. 1 cubic foot neflily. 2. 625 o\vt. 3, 9 feet dcop. 4. 1728 cubic feet and 720 
square feet. 6. i feet deep. 6. S24001b. 7. 5s. 3d. a gallon. 

svn. 

1. 7912 miles. 2. The exact difference ia I79yd3. Oft. Hn., wliich ia in defect of 
It fnrlong. 3. 110760000 times. 4. More than 206 ti.nea the diataneo of the earth 
from the sun. 

XVIII. 

2. 7i81b. 8oz. ISdwts. llgra. 3. 151511b. 6oz. Sclwts. ISgrs. nearly, i. 
£3 17s. lOJd. per oimee. 5. 6 grains on 201b. of gold give 300 gr.iins allowed on 
lOOOlb.r and lOdwts. on 801b. of sih-er give 125 grains allowed on 10001b. C. 
3000 shekels in one talent in the time of Jloses. 

XIX. 
1. ISdwts. 2. A little less than 2d. 8. £3 IBs. 2id. nearly. 4. £7 7s. very 
nearly. 5. £41 Ts, lOd. 6. 25. 0d. nearly. 7. EKcesa of weight 78196 ounces : in 
value £28506i 7s. 

XX. 
1. 6 tons 17e\vt, Iqr. ISlh- 4oK. 5drs. 2. Icwt. Sqrs. I41b. 14drs. 4. 1 ton 
14cwt. 981b. 4oz. 6. The qnotient is 35, an abstract number denoting the numher 
of times Hcwt. 731b. is contained in 5I2cwt. Sell's. 71b. 

XXI. 
1. Express the money in farthings, the weight in pounds. 2. 721174 twopenny 
pieces: 46362702 penny pieces: 4248SS20 halfpenny pieces and 4195832 farthing 
pieces : the total number 98768028, 3. Weight of eaoh packet ISlb. 4. 171 
packages. 5. 53760 x>enny pieces, viilue £224. 

XXII. 
1. The ounce Troy exoeeils the ounce Avoirdupois by 42 grains and a lialf. 

5. 481b. Troy and 5720 gi'ains over : 4011)s. Avoii'dupois and 1750 gitiins over. 
3. 413oz. lUlwts. 16grs. Troyofsilver. 4. 7000gi'a. in lib. Avoirdupois. 6. At lid. 
pcir ounce Avoirdupois veiy nearly. 

XXIII. 
1. See Ai-t. 8. 3. 30 English degrees, but 33 and one-third French degrees. 
8. Since 90 English degiees are equal to 100 French degrees, 1 English degi'ee is 
equal toJ^or 1+i French degree: and 1 French degree ia equal to -y% or 1 ~ ^i, 
English degree. Hence, any number of linglish degi'ces increased by one-ninth are 
changed to French degrees ; and any nnmber of French degrees diminished by one- 
tenth are changed into English degrees, i. 33° 30' 10' English. B. 9° 86' 05". 

6. 85° 4' 41". 7. 60° 16' 42^ nearly. 8. DilTcrenco of longitude between Athens 
and Eome, 11° 19' •16": difference of longitude between Rome and Philadelphia, 
87° 87' 14". 

XXIV. 

1. 7794612 seconds. 2. 11 days 3hrs. 40min. 40see. 3. 223200 seconds. 4. 
615451696 seconds. 6. 16208234 horn's. 7. 2551443 seconds. 

XXV. 

2. Between 46 and 47 days. 3. Blirs. SCinin. SOscc. a.m. 4, Shrn. Slmin. a.m. 
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XXVI 
]. See Section IV. pp. 17, 18. 2. Section IV. p. 17. 3, Tike the years Wwcon 
the birtliB of the eldest aone. i. 1507 years. 
XXVII. 
1. 2277 weoks i days ehrs. 20min. 2. Ihr. SSmiii. 20see. S, 9072 shots. 
i. 19miii. 5, Tho avci'age yearly increase per cent for each of the 10 years was 
3199. 6. That which costs 16a. is the cheaper by Ba. in a year. 

XXVIII. 
1. Haifa second. 2. 216000 vibratione. 3. As 15° of longitude correspond to 
1 hour of tiiDB, the equivalent in time is Shrs. 67miii. SOaec. i. 8hrs. 48min. 

6. ihis. 40min. 563ec. 

XSIX. 
1. 100 weelis. 2. 20 days, S. Between 40 and 41 miles an hour. 4. 2160 
revolutions. 5. One tas walkeii 1600 feet, ojid the otlier 1500 feet. 6. Shi^s, 46inin. 

7. S miles 220 yds. 

XXX. 

I. Above 68040 miles an hour. 2. Light moves moi'e than 184000 miles in ona 

second of time. 3. 1034 miles an hour ab the equator, and 630 miles an hour in the 

latitude of Loudon, 4. 928465375 seconds. 5. Saturn's year is between 84 and 

85 years of the earth. 6. More than 157, but less than 158 years of Jupiter. 

8. Between 9 and 10 years. 

XXXI, 

1, The question implies that the 18th June is to ^e omitted; there are 168 days 
before, and IS6 days after that day. 2,118days, 3, 83 years.. 4. Section TV. pp. 
17, 18, 5. 26 years. 8. In 1845 C was 25 years of age, A 80, and B 40, In 1865 
B will be 60 years of age. 8, See Section IV. pp. 17, 18, 9, Tiud tie time between 
Jan, 26, 1858, 9hrs. 13min, a,iii,, a,nd th« same poiiitof time a.m. on Dec, 31, 1873. 
Ascertain how many intervals occur in that period, reckoning tho Erst full miMin 
from June 26th, 1858. 

10, See Section IV, pp. 17, 18. 
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EDITED By 

ROBERT POTTS, M.A., Trikity College, Cambeidge, 



EUCLID'S ELEMENTS OP GEOMETRY. 

1. Euclid's Elements of Geometry, the University Edition, with 
Notes, Quostions, and Geomefrical Exercises, selected from the 
Cambridge Senate House and College Examination Papers, with 
Hints for Solution of the Exercises. Demy 8vo., pp. 620, 10s. 

2. The School Edition, with Notes, Geometrical Exercises, &e. 
12mo., pp. 418, 48. 6rf. 

The School Edition has also been published in the following 
portions, with the Notes, &e., to each book : — 

3. Euclid, Books I.— IV. I2mo., 3s. 

4. Euclid, Books I.— HI. 12mo., 2s. 6A 

5. Euclid, Books I., U. 12mo., Is. 6d. 

6. Euclid, Book I, 12mo., Is. 

The "University Edition of Euclid's Elements was first published 
in 1845, and the first School Edition in 18415. Both Editions have 
been enlarged and improved from time to time, and the total sales of 
copies of the work up to the present year amount to a number veiy 
considerably above half- a- million. 

In the year 1853, the Council of Education at Calcutta were pleased 
to oi'der the introduction of these Editions of Euclid's Elements into 
the Schools and Colleges under their control in Bengal. 

In the year 1860, a Translation of the Geometrical Exercises was 
made into the German Language, by Hans H. Von AUer, with a 
Preface by Dr. Wittstein, and published at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
awarded to E. Potts, " For the ExeellSnce of his Works on Geometry." 
Jur]/ Awm-ds, Class xsix., p. 313. 

" In my opinion Mr, Potts ha 
hia Editions of EuBlid'e Eleme 
Cambridge. (1848.) 

" M[. Potts has done great ee 
Geometrical Scienca."— e. Pkilpolt, DD., !H 

"Mr.Potte'Editionsof fiuefirf's Gemn^ii ., .. . ,, . 

sphit and exactness of the Sreek Geometry, and an acgufflntanca with its hietoiy, aa 
as by a knowledge of the modem extensions of the Science. The Elements are given in 
Hnch a foim as to preserve entirdy the spirit of the ancient reasoning, and having been 
extensively used in Colleges and Fub!ic Schools, cannot fail to have the effect of keeping 
up the study of Geometry in its orieinai purity."— .^ Challis, M.A., Phmian PTOjeasor 
q/' Astronomy and Experimental Plalotophg in i&e Unii^aiiy of CambHdge. (18*8.) 

" Mr. Potts' Edition of Euclid is very generally ttaed in hoth our Univeraitiffi and in 
out Public Schools ; the notes which are appended to it shew great research, and aie 
admirably calculated to introduce a student to a thorough knowledge of Geometriwil 
principles and methods." — George PeacoBh, D.D., Loumdean Pi'Ofesaw of Molhemotica 
IB tU University of Cambridge, and Dean of Ely . (1848.) 

" By the publication ot theee works, Mr. Potts has done very great setviee to the 
cause of Geometrical Science. I have adopted Mr. Potta' work aa the test-book for my 
own Lectuiea in Geometry, and I believe that it is itcommencled by all the Mathematics 
Tutors and Professors in this Univeisity."— i!. Walier, M.A., F.R.B., Reader in Experi- 
meiUal Philosophy in We Umversitt/, andTnivr if WodAam, College, Onford, (1848.) 
LOSDON : LOHGMASS & CO., PATBENOSTEB SOW. 
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ON TEIME AND COMPOSITE NUMBERS. 

MEASUItES AND MULTIPLES. 

Art. I. Tliere are cQrtain relationa and j)i'operties of numbers of 
extensive use in alniost all antiimetical operations, ■wiiich are also 
neoesaaiy in the ai'itliinetio of fractions and decimals. 

In tlie series of natural numlters, 1, 2, 3, 4, 5, 6, &c., a distinction 
may be observed of odd and even numfcors. An odd niunber is one 
■which cannot be divided into two equal whole numbers, aa 1, 3, 5, 7, 
9, &c. An even number is one which can be divided into two oqual 
whole numbers, as 2, 4, 6, 8, &e. 

There is another, a more important division of the natural numbers 
into two classes, one class consisting of numbers, each of which is 
divisible only by 1 and a number equal to itself, as 2, 3, 5, 7, 11, 
&c. ; and the other class consisting of numbers which admit of other 
divisors, as 4, 6, 8, 9, 10, &c. The numbers ia the former class are 
called prime mtmbers ; and those in the latter class, eomposiie numbers. 

Dee. a prime number is one which can be exactly divided only 
by unity and a number equal to itself, 

Def. a composite number is a number which is composed of the 
product of two or nioro prime numbers ; or, a composite number may 
be defined to be a number which admits of other divisors than unity 
and a number equal to itself. 

Def, a nmltiple of a number is any number of times that number ; 
as 12 is a multiple of 3 and of 4, for 12 is 4 times 3, and 3. times 4. 
Both 8 and 4 are called stihumUiphs of 12. 

Dep. One number is said to be a measure of another, when the 
former is contained in the latter a certain number of times tx-irtly as 
3 is a measure of 12, for 3 is contained 4 times exactij m 12 

The terms muUiple and wieasure are only other names foi dividend 
and divisor in cases whei-e there is no remainder aftei division, and 
are thus i-elated: since 3 is a divisor of 12, it follows that 12 la 
a multiple of 3. 

Def. a common measure or common divisor of t^o or moie numbers 
is a number which wiU divide exactly each of tliom ; and the greatest 
number which will exactly divide each of them is called theii- greatest 
common measure; tlnis 3 ia a common measure of 12 and 18, hut 6 
is their greatest common measure. 

When two or more numbers have no common measure except 1, 
they are said to be prime to each other, aa 2 and 3, 4 and 5, 6 and 
35; and &W prime numlers are prime to one another; but composite 
numbers may be, or may not be, prime to one another. 
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Every prime number is pi-inio to all numbers ivhii^h are not mul- 
tiples of itself. 

Two or more mimbera are said to be cotiimemiirable when any 
integral number will measure or divide each of them exactly ; and if 
no integral number can be found which will exactly measure each of 
them, they ai'S said to be meommemtirahle. Unity being a measvire of 
every number, is not considered as a measure. 

Def. a number which is produced by the multiplication of two or 
move numbers is called a common multiple of each of them ; as 12 is 3 
times 4, and 4 times 3 ; 12 is a multiple o£ 3 and a multiple of 4, and 
therefore a common multiple of 3 and 4. 

Def. The least eomnton multiple of two or more numbers is that 
inimber whidi is the least multiple of each of die given numbers. 
Thus 12 is the least common multiple of 4 and 6 ; for 12 is 3 times 4, 
and 2 times 6 ; and there is no number less than 12 which contains 
4 and 6 a leas number of times. 

Or. A number which is divisible by two or more numbers is also 
defined to be a common multiple of these numbers ; and tlie least 
number which is so divisible is their least common multiple. Th\is 
12 is a common multiple of 2 and 3 ; for 12 is exactly divisible hy 
2 and by 3 : but 12 is the least common multiple of 4 and G. 

If one number measure another, it will measure any multiple of 
that number; as if 3 measure 6, it will measure 2, 3, 4, 5, &c., 
times 6. 

If one number be a common m.easure of two other numbers, it will 
measure their sum and their difference ; as if 3 measure 12 and 18, it 
wiU also measure the sum 30 and the differeaee 6, 

If one number measure two other numbers, it will measure tho 
sum and difference of any multiples of them ; as if 3 measure !2 and 
18, it will measure the sum and difference of any multiples of 12 and 
18, as 4 times 12 and 5 times 18 ; that is, 8 will measure 188 and 42. 

2, Prof- — To^nd v>hen a numier is divuihU hy 9, and Jy 11, nuinbers 
whiek are one les$ and one greater than tjie scale of notation. 

First, let the number 7236 be taken, and divided into parts which 
iiro, and which are not divisible by 9. 

Then 7236 ^ 7000 + 200 + 30 + 
and 7000 ^ 7 x 1000 = 7 x 999 + 7 
200^2 X 100-3 X 99 + 2 

30z:8X 10:^:3x9+3 

6= 6 

.-. 7236 ^ (7 X 999 + 2 X 99 + 3 X 9) + (7 + 2 + 3 + 6) 

The number 7236 being divided into two parts, the first of wliich 

is obviously divisible by 9 ; and the second being the sum of the digits, 

ij also divisible by 9 ; it follows that the whole number 7286 is 

divisible by 9 if lie sum of its digits be divisible by 9. lo the same 
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Tva.y may be shewn tiiat any number 72S6 ia not divisible by 9 wiiea 
th.0 sum of the digits is not so divisible-. 

As 9 is 3 times 3, it follows that a number is divisible by S if the 
sum of its digits be divisible by 3.^ 

Next, let the number 63547 be taken, and let it be divided into 
parts ■which are and which are not divisible by 11. 
Here 63547 ^ 60000 + 3000 + 500 + 40 + 7 
And 60000 = 6 X 10000 = 6 x (909 X 11 + 1) =;6 x U X 909 + G 
3000^3 X 1000 = 3 X (90 X 11 + 10)^3 X n x 91-3 
500 = 5 X 100 = 5 X (9 X 11 +1) = 5 X U X 9 + 5 
40 = 4x 10 = 4x (11-1) = 4x11-4 
7 = 7 
Then 63547 = (e x nx909 + 3xllx91+5x !Ix9 + 4x U) + 
(6-3 + 5-4 + 7) 
The first part o£ which is obviously divisible by II. Hence th© 
number 63547 will he divisible by 11 if the second part 6-3 + 5-4 + 7 
he divisible by 11, that is if the difference between the suras of th& 
digits iu the odd and even places reckoned from the unit's place ho 
divisible by 11, 

In the same way may be shewn that a number ia also divisible by 
11, if the sum of the digits in the odd places be equal to the sum 
in the even places, or when the difference between the sums in tho 
odd and even places is 0. 

3. Pkop. — To_find the prime nmiibm-B in order wUMn mij/ given limif. 
Let the natural numhera be written down in order, beginning with 
unity up to the given iimit. 

The number 2 being the only even pi-ime number, all oilier even 
mimbers being multiples of 2 are not prime numbers and may bj 
struck out. 

The number 5 being the only prime number ending with 5, all 
other numbers ending with 5 being multiples of 5 may bo rDmoved. 

Also all nmabei-3 ending with one ormore ciphers, being multiples 
of 2 and 5. 

' The following simple properties sis useful iu resolving amnll oomposJtB nnmbera 
into tlieir prime factors : — 

A number ia divisible by 10 when it ends with a cipher. 

A number is divisible by 5 when it ends with or G. 

A number ia divisible by 2 when it ends with a oipUei" or an even number. 

A numher is divisible by 4 when the number composed of the first two digits 
reckoned from the unit's pltioo is divisible by 4 ; and by S when the nnmber com ■ 
posed of the first three digits is dirisihle by S. 

A number is divisjblo by 6 when it ends with an oven numlier and is divisible 
h,3. 

A number is divisible by 12 when it is divisiblo by i and by 3. 

The criterion for discovering when a number is divisible by 7 ia not of a simpl» 
nxtOK. 
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IleTiGo it follows tliat all prime cumbers, except 2 and 5, Trill end 
either ivith 1, 3, 7, or 9. 

Next, the number 3 being a prime number, eveiy fourth nunibGr 
is divisible by 8, and may be omitted. 

Similarly, the number 7 being a prime number, every eighth 
number ia divisible by 7, and may be omitted ; and eo on, omitting 
all numbers divisible by each of the successive prime numbers in 
order, until at length all the composite numbers are sifted out. Then 
the remaining numbers will be the prime numbers contained in the 
given series. 

As an exemplification of the process, let it be required to find all 
the prime numbers contained between the limits of 1 and 100. 

Having vn-itten down in order the first 100 numbers ; first, 2 and 
and 5 are prime numbers ; omitting 2 and 5, and all multiples of 
them, there will be found 31 of the numbers left. 

Next omitting 9, 21, 27, 33, 51, multiples of 3, a prime number ; 
also 49, 77, 91, multiples of 7, a prime number. 

Aud the remaining numbers are — 

11 19 31 43 59 71 83 

13 23 37 47 61 73 89 

17 29 41 53 67 79 97 

aud of these no one of the larger numbers is a multiple of any one 

of the smaller prime numbers ; it follows that these must be primo 

number 9. 

And there are 25 or 26 (if unity be included) prime numbers in 
the first hundred of the natural numbers.' 

' The sieve of Eratosthenes was the nurae given to a couti'Iviince Le invented for 
finding the prime nnmbers. His method consisted in writing the natural numbei'S 
in order, beginning with unity, and continuing the series to any extent. He tlien 
separated or siftol out all nnmbers that were not prime numbei'S, and by this means 
he aseertained the prime numbei'S in tlie order of their magnitudes. The problem 
of finding in general a prime number, beyond a certain limit^ by a direct piooesg, has 
engaged the attention of mathematicians, but no results of a satisfactory nature have 
yet been attained. Fo algebraical formula lias yet been discovered which will 
contain prime numbers only, as all known formuUe for prime numbers fail, in- 
cluding other numbers besides prune numbers. The kUkipos, or sieve, with some 
other fragments of the writmgs of Eratosthenes, whs printed with the "Phcenomena 
of Amtus '■ at Oxford in 1672. 

Foetius, at the end of his Arithmetic, published at l.eipsie in 1728, printed a 
table of the prime numbers and the factors of the composite numbers from 1 to 
10,000. A similar table was published at Leyden by H. M. Anjema in 1767. 

A larger table, extending from 1 to 101,000, was pabltslied at Halle by M. Kruger, 
at the end of his " Thoughts on Algebra. " Lambert extended this table as far as 
103,000, and reprinted it, with other tables, at Beilin, in 1770. 

Peter Barlow, of the Royal Military Academy, published in 18U a volume of 
Mathematical Tables. Table I. contains the prime numbers, and the factors of com- 
posite numbers from 1 to 10,000 ; also the reciprocals of these numbers calculated to 
ten places of deeimaU. It eoutaina also the sijuares and cubes of these nnmbers 
■with their square roots and enbc roots each to seven places of decimals. Table T. 
is nrogiatev of all the prims numbeis between 1 and 100,109. 
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4. !Peop. In the series of the naiwal tmmhoi-s {at least far ihej^rsf lOOQ) 
the prime nmnhert ^o not oeettr in anjf regular order of sequence in any 
classes into which the natural numhers can he divided, as may he seen from 
the following table, tshioh contains the prime nuoibers in the first lOOO 
nakiral numbers : ' — 

1 79 193 3!7 457 599 72V 8.>i) 

2 83 1!17 881 161 fiOl 733 8G3 



71 161 311 4-i3 593 
73 191 313 449 
5. Pbop. To find the prime factors of a given composite numlicr? 
As every composite number consists of the proJiiet of primo 
numbers, hence, if flie givea composite number be successively 
<iivid6d, as often oa possible, by each of tiio prime mimbers, begin- 
ning with the least by which the given mimber is divisible, until the 

1 If the natural uumbcrs be formed into classas liy tons, Imndreds, &e., it will 
Iw fouud tliat the prime nnmbers do not oeeur iu any regnlar onler, either ia tlia 
cksscs or in the onier of tho nataral nunibei's. 

' Eesolve the number 32760 into its prime factors : 

How 32760 divided by 2 gives C|uotiont lfl380, or 2 )^12/60 

16330 „ 3 „ S190 „ 2)ie330 

8190 „ 3 „ 409B „ a )81iK) 

40SB „ 3 ,, 1365 „ 8 )4096 

1365 „ 3 „ 455 „ 3 )1365 

455 „ 5 ,, 01 „ 5 )456 

91 „ 7 „ 13 „ 7)91 

n „ 13 „ 1 „ 13)13 
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last quotient ia unity, tlie divisors will be the prime factors, which, 
vrhen multiplied together, will reproduce tiie given composite numbei-. 

It is obvious that any composite number can only be resolved into 
one set of prime factors. 

If two numbers be resolved into theii* prime factors, it will at once 
appear on inspection what factors are common to tlie two numbers ; 
tlie product of these factoid will be the gi'eatest common measure of 
tiie two numbers. 

Thus may bo found tlie greatest common measure of 24 and 36 : — 

Here, 24 = 2 x 2 X 2 x 3, and 36 = 2 x 2 x 3 x 3, 

The factors, 2, 2, 3, are common ; 

And, therefore, 2 x 2 x 3 = 12, is the greatest common measure of 
24 and 86. 

The same motliod can be applied to find the least common multiple 
of two numbers. 

In a similar 'way, if two numbers be resolved into their prime 
factors, by inspection may be seen what factors are common, and what 
factors are not common to the two numbei-s, The product of these 
factors will obviously be the least multiple of each of the two niunbers, 
and consequently tlieir least common multiple. 

Thus may be found the least common multiple of 21 and 36 ; — 

Here, 24 = 2x2x2x3 and 36 ^2x2x3x3. 

The prime foctors 2, 2, 3, are common, and 2, 8 are not common. 

Hence the product 2x2x3x2x3, or 72, of the pi-ima factors 
2x2x3, which are common, and of 2 and of 3, which are not 
common, is the least common multiple of 24 and 36, 

The resolution of numbers into their prime factors appears to be 
tbe more simple mode of discovering tlie greatest common measure 
and the least common multiple of two or more numbers. "Wlien the 
numbers are small this method can be applied with advantage. But 
wLen the given numbers aro large there will ai-ise some difficulty in 
discovering by inspection when a number is exactly divisible and 
when not divisible by a large prime mimber. This difficulty is 
obviated by a process by which can be detonnined with exactness the 
greatest common measure and the least common multiple of any 
numbers how great soever they may be. 

6. Pbop. To Jind the greatest common measure, or iho greatest common 
divisor of any ttvo numbers. (Euc. vii. 2.) 

Let it be required to find tlie greatest common div 
and 224. 



Here, 22t divided by 189 gives quot. 1, and n 



of 189 

lSfl)22i(: 

mi 

35)18U(5 

]7S 

li)35(2 

7)14(2 



e of 189 and 23!. 
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224 = 189x1 + 35, 189 = 35x3 + 14, 
3^ = 14 X 2 + 7, 14=z7 X 2 + 0. 

Here 7, the last divisor, measures 14, by the units in 2. 

Next, 7 measures 14 X 2, a multiple of H, and 14 x 2 + 7, or 35. 

Thirdly, 7 also measures 35 x 5, and 35 x 5 + 14, or 189. 

Pourtlilj', since 7 measures 189 and 85, its measure 189 x I + 85, 
or 224. 

Therefore 7 is a common measure of 189 and 224. 

And there is no number greater than 7 which will measure 189 
and 227. 
224-189 X 1 3: 35, 189-35 x 5 = 14, 35-14 x 2 ^ 7 

For, if possible, let some number greater than 7 measure 189 
and 224. 

Then this number measures 324— 189 = 35, their difference. 

It also measures 35 x 5, and 189-35 x 5 or 14. 

And, thirdly, it measures 35 — 14 x 2 or 7. 

That is, a number greater than 7 measiu'es 7 ; irhioh is impossible. 

"Wherefore 7, the last divisor, is tlie gTsatest common measure of 
189 and 224. 

Hence, if the greater of two numbers be divided by tlie less, and 
the preceding divisor always by the last remainder, until there be no 
remainder, the last divisor is the greatest common measure of the two 
numbers. 

If the last divisor be unity, the two numbers are prime to each 
other, and have no common meas\ire. 

To find the greate»t common measure of more immhers than tico : — 

1. Of three numbers. 

Having found the Q-.C.SI. of two of the three numbers, the G-.C.M. 
of this number and the tliird number will be the G.C.M. of the fliree 
nimibers. 

2. Of four numbers. 

Having found the G.C.M. of three of the numbers, tho G.O.M. of 
this number and the fourfh number will be the G.O.M. of the four 
numbers. 

And in a similar way for five, sis, seven, &,c., numbers. 

7. Prop. — 2'ofind the least common multiple of two nnmhers. 

Let 18 and 24 be two numbers, of which the f 



Then 18 = 6 x 3, and 24 = 6 x 4, also 18 x 24 = 6 x 3 x fi x 4, 
And obviously the least common multiple of the two numbers will 
consist of the product of al! the prime factors ia the two numbers ; 
ortheleastcommonmultipleof I8and34 = G x4 x 3 or i^=-i = 72. 
And there is no integral number less than 73, which is a less 
multiijleof 18 and 24 j 
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For "2 eontaiaa 18, 4 limes, and 24, 3 times, and 3 and 4 Leiiig 
prime to each other ; 

Wherefore the Ij.C.M. of 18 and 24 ^ UJiSA, 
"Or the least common multiple of two numbers, is equal to their pro- 
duct divided by their greatest common measure. 

The following foi'm is, perhaps, more convenient in practice. 
L.C.M. of 18 and24 = ii^^l8x^ = 24x^; 
The least comm.on multiple of two numbei-s is ec[ual to the product of 
either of the numbers mijltiplied \>y the quotient arising from dividing 
the other by their gi-eatest common measure. 

If the two given numbers ai-e pwme to each other, their least 
■common multiple is equal to the product of the numbers. 

lb find the least common multiple of more mimhers than two : — ■ 

1. Of three numbers. 

The L.C.M. of two of the numbers having been found, tlie 
L.C.M. of this number and the third number will be the L.C.M. of 
■the three numbers. 

2. Of four numbers. 

The L.O.M. of three of the numbers having been found, the L.C.SE. 
of this number and the fourth number -will be the L.O.M. of the four 
numbers. 

And so on for five, six, seven, &c., numbers. 
When the several numbers are not large numbers, the process miiy 
be shortened by successive divisions of the given numbers, by pi-imo 
factors which are common to two or m.ore of the given numbers. By 
this means, all the divisors ivill consist of the common prime factors, 
and the numbers left after the divisions ivill be the factors which are 
not common to any two of the numbers. Then the product of the 
■common prime factors, and the factors which ai-e not common, will be 
the least common multiple of all the given numbers.' 

' Exemplify by rinding tlie least common multiple of 35, 2i, 38, and 42 by Lotli 
)]ietliods. 

First Method. 
ThoG.O.M. of 24 and 36 ia 12: the L.C.IT. =^^=72. 
„ G.CJI. of 72 and 42 is 6 r the L.C.M. =^-504. 
„ G.C.H. of 504 nnd 15 is 3 : the L.C.M, =5:ltf!^=2520. 

Second MetJiod. 
2 )15, 24, 36, 42 



Here 2, 2, 3 are the eommon prime factoi's, and 5, S, S, 7 are tlie fuotorB not 
J,.("!.M. oflS, 21, 36, 42 = 2x2X3X5x3x8x7 = 2520. 
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EXEECISES. 
I. 

1. What is tlie ttistinctioQ between odd and even num'bers, and 
between prime and composite numbers? 

2. Shew by examples that the sum and difference of any two odd 
iiiimbers, however large, are always even numbei-s. Are the pi-oduot 
and the qnotient of two odd numbera always odd numbers ? 

3. When is one number said to be a measure of another? G-ive 
examples . 

4. Explain what is meant by one number being a multiple or 
Biibmultiple of another. 

5. Explain what is meant by one number being' prime to another. 

6. Whea two numbers are prime to eacli other, are they necessarily 
prime numbers? Give examples. 

7. What is meant by saying that one number is a eommon meamre 
of two or more numbers ? also, the greatest common measure ? 

8. When is a number a common multi^h of two or more numbera, 
and when tlie leatt eommon multiple f 

9. State the rules for finding the greatest common measure and 
least common multiple of two numbers. 

10. If two numbers be respectively divided by their gi-eatest com- 
mon measure, what relation subsists bet^\'oen tlio two r^notients? Is 
the relation true in all eases 9 

11. 

Find tliQ greatest common divisor of each of the folio-wing sets of 
two numbers : — 

25 and 35 : 72 and 96 : 69 and 96 : 531 and 135 : 677 and 1788 : 
m<a and 1344: 3458 and 3570: 6279 and 1495: 6111 and 1769: 
^0275 and 11390; 14133 and 16149; 13775 and 30218: 68635 and 
19721: 58859 and 135894: 40033 and 129645: 29766 and 208362: 
18769 and 253413: 236511 and 37499: 16897 and 58264 : 4010401 and 
4011203: 845315 and 265200. 

ni. 

Pind the greatest common measure of each of the following groups 
of numbers : — 

805, 1311, and 1978 : 720, 336, and 1786 : 837, 1134, and 1377 : 
714, 289, and 629: 519, 1155, and 1617; 2142, 2184, and 4620: 
1813, 2793, and 2028G : 1680, 1440, 1960, and 1200: 376, 940, 1034, 
:and 1081: 967766, 615155, 439895, and 989345. 

IV. 
Find the least eommon multiple of each of the following sets of 
numbers; — 
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12 and 18: 18 and 20; 20 and 35 : 40 and 50; 90and95: iTandlO: 
S19 and 407: 333 and 504: 222 and 189: 144 and 180; 250 and 520: 
15875 and 43197: 30590 and 271469: 37499 and 236511: 173376 and 
171072. 

3, 4, and 5: 5, 9, and 11: 9, 12, and 16: 12, 18, and 20: 13, 17, 
and 96: 96, 105, and 180: 75, 185, and 216: 100, 101, and 108: 
100, 240, and 515 : 376, 1034, and 1031: 819, 1155, and 1617: 2142, 
2184, and 4620 ; 3500, 8000, and 1780 : 9, 10, 11, and 12 ; 24, 60, 81, 
and 99: 102, 195, 210, and 660 : 2717, 2431, 3553, and 4199 : 16,27, 
36, 42, and 45 : 72, 120, 180, 24, and 36 : 1001, 1309, 1547, 2431, and 
1457 : 13, 16, 18, 20, 24, 25, and 30 : 2, 4, 6, 8, 10, 12, H, 16, and 
18: 24, 16, 6, 20, 8, 10, 30, 4, 25, and 12. 



1. "Wi'itc all tite common moasiH'ea of 252 and 224, and all tlieir 
common mnltiples wliieh are less than 10000. 

2. "What is tlia least number that can be esactly divided by each 
of tlio nine digits? 

3. Piud the least number divisible by tlie following pvime nnm- 
bers: 3, 5, 7, 11, 13, 17, 19. 

4. Find the least number divisible by each of the composito 
numbers, 6, 15, 20, 27, 64. 

5. Determine the factors of the least common multiple of 573440, 
244324080, and 3930927. 

6. Find all the common mnltiplea of 24, 15, 36, which lio between 
1000 and 2000. 

7. Find the least number wbicli can be divided by 9, 12, 15, 18, 
with a remainder 8 in every case. 

8. Find two numbers whose gi-eatest common measure is 179, and 
least common multiple 56385. 

9. Shew by examples whether the greatest common measure of two 
numbers can ever exceed the difference of the numbers ; and their 
least common nmltiple can ever exceed their product. 

10. Determine two niimbers greater than 1000 that bavo 143 for 
their greatest common measure. 

11. Tlie greatest common measure of any two numbers is the 
least common multiple of all their common measures. Es. 1351 S.i 
and 145630. 

12. Find the greatest number wMcJi will divide 5427 and 7245, 
and leave the remainders 7 and 5 respectively. 

VI. 
1. All the prime numbers except 2 and 5 end with the figures 1, 
3, 7, or 9. Does this fact assist in distinguishing prime from com- 
posite numbers ? 
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2. Express the composite numbers bctweea 100 and 200 by the 
pi-oduets of their prime factors. 

3. Write down the prime numbers contained betivocn 1 and 100 
and between 900 and 1000. 

4. Shew whether prime numbers occur in any regular order in 
each successive tens of the series of the natural numbers. 

5. Decompose 831600 into its prime factors. 

6. Find the factors of 6552 and of 4080, and their liighest common 
factor. 

7. Find the greatest common measure of 1071, 1092, 2310, by lo- 
Bolving the numbers into their prime factors. 

8. Kesolve 132288, 107328, 138216, and 97344, into their prime 
factors. And find their greatest common measui'e and their least 
common multiple. 

9. The product of four consecutive numbera is 1680, find them. 

10. When a series of numbera have been resolved into their prima 
factors, which of these factors must be taten to form by tlieir product 
(1) the greatest common measure, (2) the least common multiple of 
the numbei-s. Foi-m the greatest common measure and the leas! 
common multiple of 405, 570, 910. 

11. Prove by any number of seven figures that when a number is 
divided by 9, it will have the same remainder as the sum o£ the dig;it3 
divided by 9. 

12. The pi-oductof the first aad second of three numbers is 377, of 
the second and third 481, and of the first and tliird 1073 ; find the 
tlu-eo numbers. 

vir. 

1. Every prime number grcatei- than 5, increased or diminished by 
unity, is divisible by 6. Exemplify the truth of this by any ten prime 
numbers, and show whether the convei-se is true. 

2. Find the prime factors of 1728, and shew in how many ways 
1728 can be divided into two factors. 

3. Determine whether either of the numbers 785132 and 785431 
is divisible by 9. 

4. Prove that one of the two numbera 23456789 and 23457698 is 
■divisible by 11, and the other is not. 

5. Shew how to find the number of divisors of a given composite 
number. Wliat number of divisors has the least common multiple of 
1428, 1287, 1560? 

6. If the product of the natural numbers which precede any prime 
number be increased by unity, the sum is exactly divisible by that 
prime number. Ex. Shew that 1x2x3x4x5x6x7x8x9x10 + 1 
is exactly divisible by the prime number U. 

7. Any odd number not ending with 5 being given as a multi- 
plicand ; slicw that it is always possible to find aliother number which 
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as a multiplier with the foi-mer will givo a product composed entirely 
of the repetition of any one of tlie nine digits. Ek. Find numbers 
■which, "when multiplied by 13, shall produce a series of products, which 
respectively shall consist of repetitions of each of the nine digits. 

8. If the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, be prefixed re- 
spectively to the figure 9 successively repeated, and these numbers so 
formed be each divided by 13 ; then (1) the quotients will consist of 
ten periods, each of six repeating figures : (2) the last three figures o£ 
each period will be the difi'erence between 999 and the first three : 
and (3) the sums of the first and tenth periods, the second and ninth, 
the third and eighth, the fourth and seventh, and the fifth and sixth, 
will be respectively equal to one another. Shew the truth of these 
statements by performiog the operations. 

9. There are four prime numbers ; the product of the fii-st thi-ee is 
2431; of the last three, 4199; of the first, second, and fourth, 2717; 
and of the first, third, and fourth, 3553 ; determine the four numbers. 

10. There are three numbers of which the least common multiple 
of the first and second is 1125, of tlie first and third 1625, and of the 
second aaid third 2025 ; determine the three numbers. 

VIII. 

1. Find tho least number of ounces of standard gold which can be 
coined into aa exact mmiber of half-sovoi-eigus, if gold be worth 
£3 17s. lOjd. per ounce. 

2. Find the least number of pounds which can be paid in either 
lialf-ci'owns or guineas. 

3. Find the least enm which can be paid in an integi-al number of 
francs and roubles, if a rouble be woi-th Ss. 4|d., and a franc 9|d. 

4. If an Amei-ican dollar is 4s. 3|d., or 5^ francs; what is the 
smallest sum which can be paid in either shillings, dollars, or francs? 

IX. 

1. What number of gi'ains will be the hast and the greatest 
coimnon measure of 4oz, lOdwts. 12gi-a., and lOoz. lldwfs. 4grs. Troy? 

2. Find the greatest common measiu-e of Scwts. Sqrs. 41ba., and 
Scwts. 3qrB. 121bs. 

3. What is the greatest number of ounces Avoii'dupois that wiU 
exactly measure 15cwts, Iqr. 271bs. lOoa., and 21cwts. 2c(rs. 211bs. 
14oz. 

4. If the pound Avoirdupois contain 7,000 grains, find t}ie 
p-eaiest weight which will measure both a pound Troy and a pound 
Avoirdupois ; and the least weight which can bo expressed without 
fractions in both pounds Troy and pounds Avoirdupois. 

5. A cask is required which can be filled exactly by any one of tho 
following measures, taken any number of times exactly : half a. pint, 
half a gallon, three gallons, five gallons, and nine gallons ; find the,- 
smallest cask for this purpose. 
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X. 

1. Tiie fore and liind wheels of a carriage are 12 aad 15 feet ia 
cireumf erenoe ; find tlio least number of revolutions of eaeh wMch will 
give tlio same length. 

2. In counting a number of pebbles, it was found that ia telling- 
them out by twos, threes, fours, fives, and nines, there were none left;, 
■what was the least possible number of the pebbles ? 

3. If the step of a man be 36 inches, a womaa 24, aud a boy 
18, how many times will all three step together in walking 5 miles,, 
supposing all three start together ? 

4. The sides of a triangular piece of ground are of lengths 45156, 
52176, and 44532 feet respectively; find the length in feet of tlie 
longest chaia which wiU exactly measure each of the thi'ee sides. 

5. A shepherd on tolling his sheep found that when he told them 
out by twos, threes, fours, and fives, he had none left, and ho knew 
his fiock was above 300 but less than 400. What was the number ? 

6. Pind the greatest meaauro of length in terms of which both 
Ifur. 88yds. Ifi:. 6in., and Jftir. 104yd3. 1ft. 6in., can be expressed as, 

xr. 

1. Detei-mine the least common multiple of 157 days 7]ir3. •Imin. 
Tsec, and 243 days Shrs. I Imin. 49sec. 

2. Tor what unit of time will 23H8 and 720720 seconds be repre-. 
eented by mimbers prime to each other? 

3. Find the greatest iinit of time in which ISiii^s. 12min., and 1 day 
3hrs. 33min,, can both be represented by integers. 

4. Four bells toll at intervals of 8, 7, 12, 14 seconda respectively, 
and begin to toll at the same instant; when will they next toll', 
together ? 

5. Four points, moving each at a uniform speed, talce 198, 495, 
891, 1155 seconds respectively, to describe the length of a given 
straight line. Supposing them to be together at any instant at tlio 
same end of the line, and to move in it from end to end continually, 
what interval of time will elapse before they are together at the same 
point again ? 

6. If three bodies move uniformly in similar orbits round tlio- 
same centre in 97, 324, 365 days respectively : supposing all three in 
conjunction at a. given time, find after how many days they will bo,, 
first in conjunction again. 
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HINTS, BEgTJLTS, ETC., FOB THE EXERCISES. 

I. TliB first 8 questions may be answered from Art. 1. 9. Arts. 6, 7. 

II. Tlie folloniiig ore tlie greatest common divisors of the pairs of mmilicrs : 

6: 72: 3: 9: 1: 448: 2: I: 1: 15; 21: 29: 37; 71: 37; 29766; 7: 11 ; 1 : 
73 : 5. 

III. The following are t!ie greatest common measm'cs of eaohof tliogioups; 
28 : 8 : 27 : 17 : 3 : 42 ; 49 : 10 : 47 : 5. 

IV. The following are the loaat common multiples of the successive sots of nmalwrs : 
36: 180: 140: 200: 1710: 323: 11803: 18G48 : IS030 ; 720: 13000: 

68035275 : 8ei0537I'O : 806265999 r 51493672. 

00 : 495 ! 144 : 130 : 24218 : 10080 : 199800 : 1040300 : 123600 : 190256 : 
315315: 0126120; 49 8400 : 1980: .36640: 1021020: 11x13x17x19: 15120: 
2^X3^X5: 7X11X13X17X31X47: 7200: 5040: 1200. 

V. 1. 2, 4, 7, 14, 28, arc tlie common measutes; and the least common innltiplo is 
I21B, and the largest under 10,000 is 9728. 2.2250. 3.14549585. 4.8640. 6. 
2".3=.o.7=.llM3.17,I13. 6. 1080, 1440, 1800. 7. Add 8 to the L.C.M. of the 
given numbers. 8. The quotient arising fi'om dividing the L. C. M. bythoQ.O.M. 
of two numbera, eoiiaista of the product of two numbers piiine to each other. The 
quotient in this case is 315, which is to be divided into two such numbers : find tlio 
numboi's and verify t!ie pracoss. 9. Arts. 6, 7. 10. Any multiples greater thnu C 
of 143 will fulfil the eonditions. 11. Tbo G.C.M. is 3'x 5x7x11, from which ali 
the common measures may he found, whiuli arc 31. 12. The greatest number is 20. 

VI. 1, Art. 3. 2. Omit the 21 prime numbers between 100 aud 200, and 79 com- 
posite numbora remain, which arercadilyresolvedintotlieir prime factors. 3. Emjiloy 
the method of ArL 3. 4. Examine the seiies of prime numlwis. 5. 2''. 3'. 6^.7.11. 
e. The numbers when resolved into their prime factors ara 2'.8'.7.13, and 2'.3.5.17, 
in which tie common factors are 2'.B. 7. 21. 8, TIte numbers when insolvod are 
2'.3.13.58, 2''.3».13.43, 2».3.13.443, and 2'.3=.13=: of which the G.C.M. is 2^.3.18, 
and the L.C.M. is 2°. 3*. 18*. 48. 58. 443. Art. 5. 9. Besolvo 1880 into its prime 
factors. 10. See Art 6. L.C.M. is 2.8^.5.7.13.17. 11. See Art. 2. 12. 13y 
means of the G.C.M. the nnmhors are found to he 29, 13, 37. 

VII. 1. Takelheriimoiiumberal3,17,31,37,41,43,01,71,211,311. 2. Into 
twenty several different ways. 3. See Art 3. 4. See Art. 2. 5. See Art 5 and the 
note. 6. Tlie trnth of the statement may be verified by taking any oUior prime 
.numbeifl, 7. The multipliers are respectively 8547, 17094, 256(1, 34188, 42786, 
51282, 59829, 68376, 76923. 8. The following are the first perio<ls respectively of 
the ten quotients : 15384S, 230769, 307692, 334615, 461538, 588461, 616884, 692307, 
769230, 846153. The other two pro]>ertie8 may bo readily verified. 9. The number.s 
are 11, 13, 17, 19, wliich can be found by means of Uie G.C.M, 10, 125, 225, 825. 

Vtll, 1. The least number of ounces of standard gold is 80, 2, £21 cau bu paid 
by 20 guineas, or by 163 holE-oi'owns. 3. The least sum is £2 8s. lO^d., which 
can be poid by 13 roubles or 54 francs, i. The dollar, tlie franc, and the sliilliii^' 
respectively consist of 2277, 414, and 628 elevenths of a shilling. 

IX. 1, 724 grains Troy, 2. 861bs. Avoii'd, 3. 5554 ovuices Avoird, 4. Tlio 
greatest weight is 40 grains. The least 1761ba. Troy, or 144 Avoird, 6. 45 gallons. 

X 1. 4 revolutions of Uie larger wheel ai'e c^iual to S of the' smaller which can 
be mode in running 60 feet 2. 180 pebbles, 8, Theystepped together 44<10 times. 
The man took 8300 steps, the woman 13320, and the boy 17600. L 12 feet long. 
5, 360 sheep. 6. 47 and 59 units ; the unit being 16 J feet, or 193 inches. 

XI. 1. 2674 days 9min, 59see. 2. 23148 and 720720 seconds can bo represented by 
643 and 20020 when the unit of time is 36 seconds. 3, The greatest unit of time is 
57 minates. 4, In 2min. 48seo. 5. The iutei'val will bo 62870 seconds. The four 
points will liave moved over tlie distance 315, 125, 70, 54 tinies iijspeetively, 6. 
The three bodici will be in conjunction again after 7113120 dajs, when the fust « ill 
have m:ide 817C0 revolutions in its orbit ; the second, 31755; and the third, 10483, 
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FEACTIONS. 

Aht. 1. — Des. 1. A fraction is aa expreasion for a part or any 
mimljer of parts of anything considered as an integer or whole. 

A fraction is expressed by two numbers, one placed above tho 
other Tvitli a Une between them : the number placed below the line 
is called the denominator, and denotes the number of equal parts into 
which the integer is supposed to be divided ; and the number abovo 
the line is called the numerator, and shews bow many of those equal 
pai-ta are expressed by the fraction. 

Thus I is a fraction, of which the denominator 4 denotes that the 
integer is to be divided into four equal parts, and tlie numerator 3 
shews that three of these equal parts are expressed by the fraction.^ 

It follows from the deiinition of a fraction, that when the nume- 
rator is equal to the denominator, the value of the fraction is equal 
to unity ; but if the numerator be less than the denominator, the value 
of the fraction is less than unity; and if the numerator be greater 
than the denominator, the value of the fraction is greater than unity." 

Dbf. 2. A fraction is called a proper fraction when the numerator 
is less than the denominator, and an mproper fraction when the 
numerator ia equal to or greater than the denominator.^ 

' Fractions nmy lie supposed to originate by consideriug what part one number is 
of ouother. If parts of a number be taken, each part may be compared irith the 
number itself. Tlius, if t!ie numbers 1, 3, 3 be compared witli tlie number i, 

1 is one part of i, or J of i, 

2 is tffo parts or 5 of *, 

3 is three parts or f of i. 

The meaning of any fi^otioD g may ba (otemplified fay assumiag any concrete number 
whatever. Thus, if the integer or uuit be £1 or 20 shillingB, and this unit be divided 
into 4 e([ual parts, each pfiit will consist of 5 shillings, and 3 of these paria wiU tie 
15 shillings, ed that f of £1 will be IE shilUoga. 

And again, if the integer be one lineal yard or 3fl inches, when this integer is 
divided info 4 equal ports, each part will consist of inches, and 3 of these ports 
will be 27 inches, wherefore f of one yard will he 27 inohea. 

' In the series of fractions, i,hhhhh ^"^i ^""^ ^ 1*^^ f^*^ f^* °i* which 
precedes it, and from the definition of a fraction it appeal's that the value of a fraction 
is dimMisJied by T/iicreasing the denominator, while the numerator remains nualtei'ed. 

And in the series, J, |> I, i S, S> &o.. each is greater than the one which pre- 
cedes it, or that the value of a fraction is wiereased by mereasliag the nomerittor, 
while the denominator remains constant. 

" Tlie word fraction is used both for the expression of any part or parts less than the 
whole, and for the whole itself, as well as tor a number of parts greater than the 
whole. There is nothing in the nature of the case, nor in the manner in which 
fractions ai^e written, to prevent tie number of paits expressed being greater than the 
number of parts into wlrioh the unit is divided. But the word fraction will clearly 
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Dee. 3. A mixed mim'ber consists of an integer and a fraction. 

Def. 4. A simple fraction consiste of one numerator- and one 
■<Tenomiaator. 

Deb. 5. A compound fraction is defined to be the fraction of a 
fraction, or of more tlian two fractions. 

]Jbp. 6. A complex fi-action is defined to he one that has an integer, 
a fraction, or a mixed number for its numerator or denominator. 

Def. 7. An integer may be expressed in the fonn of a fraction liy 
placing the integer for the numeratot and unity for the denominator. 

2. Peop. a simple fraetion may he considered as representing tlw quotient 
which arises from dividmg the numher above the line hy the mmiler 

For the expreasioa \ has been assumed to indicate the quotient 
arising from the number 3 divided by 4. 

It has also been assumed to denote three-fouiiibs of any unit. 

Now 3 divided by 4, or \ of 3, is three times as great as \ of 1. 

It follows that 3 divided by 4 must be equal to f of 1, 

and the expression f properly represents either of them. 

3. Pkop. a fraction is multiplied ly any number hj multiplying the 
mimerator ly the nuniber amd retaining the denominator.^ 

Thus any fraction -^g multiplied by 7 gives \i ; 

for in each of the fractions -f^ and )^, 

the Tinit is divided into fifteen equal parts ; 

and 14 of these parts ai-e taken in one case and 3 in the otiier; 

and since 14 parts are 7 times 2 parts, 

it follows that the fraction \^ia1 times -^j-, 

or that -fs multipKed by 7 gives \i. 

4. Prop. A fraction is miMi^lied hy any nuttiber hy dividing the denomi- 
nator hy the numher and retaining tJte numerator. 

Thus the fraction -^ multiplied by 4 gives f ; 

for the unit in ^ is divided into 20 equal parta, 

and the unit in % into 5 equal parts. 

in tills case l)o applied in a ESiise different from tliat which es^iresses a unmber of 
parts leas thou tie wliole ; as J 'being greater than 1 or J, it would be absurd to 
speak of the former being a, fraction of the latter. The meaning, liowover, of suoli an 
expression as % is, tliat the unit is <!ividod into i equal ptu-ts, and this oiptession ^ 
denotes 6 of Huoh oiiual parts ; and this notation of fractions leads to no absurdity 
ivhatover. It cannot, however, be denied, that tbere is an inaeouraoy of language, if 
a )sxgfi qnantity be stated to be a fraction of a smaller one. 

1 This may be illustrated by any concrete number whatever. Let tlio unit aaeumod 
be a lined yard or S8 inches, then 3 units will contain 108 inches or equal parts, 
and the S units or 103 inches divided by i gives the c[uotiont 27 indies. Again, J of 
the unit or 86 inciies will be inches, and 'i of the unit will be 27 inches. Hence 
it appears that 3 yards when divided by i, ov J of 3 yards, is the same as % 
of cue yard. 

" If a fraction be multiplied by a number equal to the denominator the product is 
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It follows that each of the eq^ual parts ia 5 ia 4 times as great af- 

oaoh of tlie equal pai'ta in y-f) ! 

and since 3, the same niimber of parts, is taken in each fraction,, 

therefore ^ is 4 times 55-, 

or -^ multiplied by 4 gives ^. 

6. Peop. a fraction is divide^hy ani/ number ly muUiplying the denomi- 
uator hj the number and retaining the nmnerator. 

Thug |- divided by 4 gives ^ ; 

for the unit in f is divided into 6 equal pai'ts, 

and the imit in -^ is divided into 30 eijual parts. 

It follows that each of the equal parts in 5^5 is \ of each of tlio 

equal parts in § ; 

and since 3, tho same number of parts, is taken in each case, 

therefore ^5 is \ of g, 

or that |- divided by 4 gives -^. 

6, Peop. Afi-aotion is divided hy any nwnher hy dividing the nimicrator 
hj the nuniber and retaining the denominator. 

Thus \-^ divided by 7 gives -f-^ ; 

for the unit in each of the fractions -^4 ii^nd -^^ is divided into 15 

eq^ual parts, 

and 14 of these pai-ts axe taken in one case and 2 in the other ; 

and since 2 parts are one seventh of 14 parts, 

it follows that y'5 is one seventh of ^, 

or that -J-^ divided by 7 gives -fV- 

7. Peop, The numerator aad denominator of a fraction may he muUi^liod 
iy the same Hwnlier witltoui altering tJie value of the fraction?- 

Por if the numerator of any fi-action ^ be multiplied by any number 4, 

the fraction is multiplied by that number and beeomes ^ ; 

and if the denominator of J^ be multipHed by the same number 4, 

tho fi-action is divided by that number and becomes Jg-. 

Now if a quantity be both multiplied and divided by the same number, 

its vaJiio is not altered. 

It follows, therefore, that if both the numerator and denominator 

of a fraction be multiplied by the same number, the value of tlie 

fraction is not altered. 



' As any comples friictioa as 5| niKins no moro lliiii 3; ib in 1 led by 3^, tlio 
reductiou of such fractious iitther falls nailer division of fiactuus Lttt every com- 
plex fi-action may ba redaoed to n, single fmetion by multiplying the numerator and 
denominator by tho lenst common multiplB of the denominators, which occur in thp 
numerator and denominator of the compkx fraction thus, ^ be craes §|, \>y 
multipljing the numerator and denominator by 12. 
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8. Prop. Thenumeyator and denominator of a fraetiomMy he divided hj 
the same mrnther without altering the value ef the fraction.'' 

For if the numeratoi' of a fraction ^^ be divided by any number 4, 

the fraction is divided by that number and becomes ^ ; 

and if the denominator of ^ be divided by the same number 4, 

the fraction is multiplied by that number and becomes ■^. 

Now if a quantity be both multiplied and divided by the same 

number, its value is not altered. 
It follows, therefore, that if both the numerator and denominator of 
any fraction be divided by the same number, its value is not altered. 
Hence it appears that the value of a fraction depends not on t7ie 
absohite, but on the relative values of the numerator and denominator ; 
and that by means of these t'wo principles, factions may be altered 
in form ivhile they retain the same value. 

9. Pkop. To convert a miiEC^ number, or an integer and a fraction, into 
(in improper fraction ; and eomersely. 

To convert a mixed numbei-, as 3^, to an improper faction. 

The mixed number 3^ consists of 3 unita and ^ of a'nnit, 

Ilere the unit being supposed to be divided into six equal parts, 

the 3 units will be equal to 18 sixths of the unit, 

and the 3 units and 5 sixths will be equal to 23 sixths ; 

that is, 3;; or 3+^-i^+f=ii±i=^^^=^. 



Hence a mixed number may be converted into an improper 
fraction by multiplying the integer by the denominator of the frac- 
tion and adding the numerator, and retaining the same denominator. 

Comerady, to reduce a mixed numher into an improper fraction. 

To reduce the improper fraction -\^ to a mixed number. 
Here M=.L^hl=M+|=34.i or 3f . 

Hence if the numerator of an improper fraction be divided by the 
denominator, the quotient is the integral pai't, and the remainder 
(if any) is the numerator of the fractional patt, the denominator re- 



10. Prop. To red/um a compound fraction to a single one. 

For if -J of 4 be any compound fi-action, 

it implies that the fraction ^ is to be divided into three equal pai-ts, 

and two of them are to be tahen ; 

or that f is to be divided by 3, and the result miiltiplied by 3. 

1 This principle of dividing tlie mimei-ator and deiioiiiiuator liy the saiac number 
may lie applied to find the limits within which, any given fraetion lies. 

Thus to show that ^ lies between ^ and ^ ; 257 divided by 17 gives 15? ; 
»nd 15? is gi'BKter than 15 but less than 16 ; thereforo ^ or ^ is greater than 
-^ but ]css than -Jj, and consequently Js'j- lies between ^ and -J;. 
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Now |- divided by 3 gives -^5, 
and x*5 miiltipKed by 2 produces -^s- 
Heaee J of f is equal to r'V.^ 
And ia a simiiar way it may be sbown tbat % of -|- of ^, or any 
compound fraction wliatever, may be reduced to a single fraction. 
Hence any compound fraction is reduced to a single one by multiply- 
ing the numerators of the several iractioaa for a new numerator, and 
the denominators for a new denominator. 

11. Prop. To reduce fractions to lower, and to their hwest terms.^ 

A fraction whose numerator and denominator are not prime to 

' Tho compouiiiifractionf of Jiaof theanjaevaKienag of ^ wliatever te the value' 
of the unit. 

It has been shown above that ^ of J ia cqnal to ■^. And f of ^ denotes that |^ is- 
to bo divided into 5 eiiual parts, and 4 of thorn aro to be taken, or that f is to be 
divided by 5 and the result multiplied by 4. 

Fow f (livided by 5 gives -^g, and -fg multiplied by 4 produces ■^. Thenifoie. 
^ of J is equal to ■^. Whence I of i is eqnal to J of J. 

' For example, the fraction -iJ is reduced to Iou>cr terms, f, by dividing the 
numerator and denominator by 2, a divisor of 13 and 18 ; and ^| is reduced to its 
loimsl terms, f , by dividing the numerator and denorninatot by 6, the gi'eatest divisor 
of 12 and 18. 

It may happen that a fraction, after having been reduced to its lowest terms, 
may atill be expressed by numbers too large and inconvenient for practical use ; a series- 
of fractions nearly equivalent in value and in lower terms may be found by con- 
verting the given fraction into a continued fraction, and reducing one, two, or more 
terms of the continued fraction to a simple fraction. 

DBF.— -A continued fraction is one which has for ils denominator an integer ani 
a fraction ; and which latter fraction has also for its denominator an integer and n. 
fraction ; and so on tiU the aeries terminates. 

The following are examples of continued fractions, consisting of two, three„ 
and four tenns :— 



ner in h h th nt d f t n ross tho page^ 

led the late Sir John W. He h 11 t d pt m thod f writ the continued 
flection in one horizontal lin Tl gi + b pi d btl w the line which 
divides the farms of the tract nd t Bl t th f 11 w g fra tional parts of 

the espressiott are each added t tl d m n t rs f th pre d fractions in tlio- 
series. Accordingly the continned lia^tions above may be tlm^ luitttii :^ 
11135111_1_ 
3 + 7" 2 + 4 + 6" 5 + 7 + + 11' 
To convert the fraction JJ9^ into a continued fraction ; — 

HereH2=J_=l 86 i.=J-=l ^ 

443 443 2 + j^ 85 8S e + | . 
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each otlier, can Idg expressed in lower terms by dividing the auinerator 
and denominator by any common divisor ; and into their lowest terms 
hy dividing them by the gi-eatest common measuie or divisor. 

12. Peoe. Tb reduce two or more fractions having different denominators 
to other equivalent fraetions, each having the same common denominator. 

It win bo always found most convenient in practice to employ the 
least common denominator. 

1. Let the denominators be prime to each other and the fractions 
in theii' simplest form. 

If there be two fi-actions : 
Multiply the numerator and denominator of the first fraction by tlio 
denominator of tho second ; and the numerator and denominator 
of the second fraction by the denominator of the first. 

But, if there be more than two ; 
Multiply the numerator and denominator of each fi-action by the 
product of tho denominators of the rest. 

2. If tlie denominators be not prime to each other : 

" —\ - L - -, tlie equivalent continued fmotioii. 
443 2 + 2 + 9 + 2 + 4 

It ivill be oTivious that tlie process aboTe is tlie some as that of finJlHg the 
Teatest Mminon (IJYisor of the terms of the fraction, and tliat tho successive 
qaotients, 2, 2, 0, 2, 4, foiin the successive denominators of the eoniinued fraction. 

Conrersely, the continued fraction + 04.04.2 + 4 ^^^ ^ reduced to a single 
fraction by reversing ths process by which the continued fraction mas foiuid, be- 
giuing with Uie last fraction in the series. 

The suceeasive simple fractions found by taking one, two, &c., terms of a con- 
tinned fraction, form a series of tactions enccessivelj approximating to the value 
of the continued fraction. 

!Find tho series of fractions each of which converges to IJie value of the coiithmed 



0.,.~ ldifa,f„mH|l.yi|l.„„... 

T.-ot.™l^i. I „ ljjij^i„d.f»l 

"'«"•"»• 2 + 2 + 5° « " ''='20SS'°"""- 

'•""""Ll+s+l- sl " 'ijaSn'"''*" 

And tlie whole five terms s 5 5 5 I'^U^' ^^ total value of the continued 
fraction. 

The third converging fraction J? may be found hy a very simple process. Since 
10 = 9 x 2 + 1, and 47 = 9 x 5 + 2; it appears tliat 19, tlie numerator of the third 
fraction, is eq^nal to the prodliet of 2, the numerator of the second fraction, and 0, 
the thii'd quotient, added to I, tho numerator of the first fraction; and 4?, the de- 
nominator of tho third fraction, is equal to the product of G, the denominator of the 
second fniction, aud 9, the third quotient, added to 2, the denominator of the first 
fraction. And in a similar way may he found the fomth, &c., conversing fi-actions. 
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Pind the least common multiple of all tlie deaomiuators. 

Divide this number by each of the denominators reapectively, 

and then multiply the numerator and denominator of each of the 

fractions given by ita coixesponding quotient.' 

An integer may be reduced to a fraction mth any given denomi- 
nator by writing the integer as a fraction with unity for ita denominator, 
and then multiplying tho numeratoi* and denominator by tho given 
denominator. 

13. Phop. To Jind the sum of Uoo or more fractions? 

If the fi-actiona have the same common denominator, their sum 
■wUl be expreased by the sum of the numerators taken for a new 
numerator and placed over the common denominator. 

"When the fractions have not the same denominator, when reduced 
to their least eommou denominator their sum can be found. 

In caae of mixed numbers, in practice, it will be found most con- 
venient first to find the sum. of the fractional, nest of tho integral 
pai'ts, and then the sum of both will he the sum required. 

Instead of adding all the fractions together by one operation, it 
will sometimes be found convenient first to find the sum of two of the 
fractions, next to add a third fraction to this sum, and so on until all 
the fractions have been added. 

14. Peop. Tojinil the difference of two fractions. 

If the fractions have a common denominator, their difference will 
be expressed by the difference of the numerators placed over tho 
common denominator. 

If the fractions have different denominators, they must be reduced 
to their least common denominator, and tlien their difference can bo 

Instead of reducing mixed numbers to improper fractions, and 
then finding their difference, it wiil be found more convenient in 
practice to reduce tho fractional parts only to a common denominator, 
and to find first the difference of the fractional parta, next of the 
integral parts.' 



' Two or more fractious may to c mpa ed o tli ir relative values tLScertaiiieil, 
by I'odnoing tliem U> the same oomn o deuom n-itor 

It miiy be sbown, iu general, that t -my nbei be added to, or sitbttaoted fron>, 
tlie numerator and deuomiiiator of a f net on tke value of tlie fiactlon. is either iu- 
creased or deoreaaed iu value. 

* la the operations of additiou an I tubt ■act on of ntegers, the units must all be 
ot the same magnitude, in order that the su n and diffei-enoo of any given numbers 
may be espressed by one number ; so also m fract ons, the parts of the unit expressed 
by each fraction must le of the same magnitude before the sum or difference of any 
fractions can be eTpiessed as one fraotion. If each of the given fractions express 
diiferent patts of the unit they must be converted to others of equivalent values, 
expressing the same pirts of the unit ; or in other words, be reduced to the same 
common d^noi imitoi 

■' II thi. numeritoi r f the ftactioual part to be subtracted be greater than tiiat 
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15. Prof. To fmd the product of two or more fraoUom.^ 

jyjs. To multiply one fraction by anotlier, is to take auolt part or 
parts of one as are expressed by the other ; and this is effected by 
diYiding the foi-mer fraction by the denominator, and multiplying it by 
the numerator of the latter fraction. 

To find the product of % by ^. 
Here the multiplication of | by f implies 
that % is to be divided by 7, and the result multiplied by 4. 
Koiv 5 divided by 7 gives -^ ; 
and this result, -j^y, multiplied by 4, produces f^| ; 
and, therefore, -s''|^ = |~jOr-^. 
Henee the pi-oduct of two fractions is found by multiplying the 
two numerators for the numerator, and the denominators for the deno- 
minator of the product. 

In the same way it may be shewn that the product of more frac- 
tions than two is found by multiplying all the numerators together, 
and all the denominators together, for the numerator and denominator 
of the product. 

16. Pnop. To divide one/raetion ly another? 



from which it ia fo be taken, the subtraction is uqt possible. But the subtraetioii 
caa he made possible by inci'oaaiug the latter by a fraction equal to unity, and the 
other by unity. Thus in finding the diffei'enee of 15f and 8^ ; ^ cannot be taken 
from -f) but if if he added to 15f, end 1 to 3f, the subtraction then becomes possible, 
as " the difference of two numbers is not altered when each of thenumhersis equally 
inci'eased." 

' In the multiplication and di f f t t lU ally b f 1 t 

convenient, first to rediwe mix d h onlmpdft to pi 

fractions. 

There is an impropriety of 1 n g th pi j t f th d It il 
in Inference to ptopei' fractious. T It j ly tw j p« Ira t t t k ( 

neither of tlicm sn much aso bt lythtptfnft hh 

expressed by the other : since ipel t isljlssth nitj t 
follows that the product of tivo proper fractions will bo 1 cs tl ti f til 

and tlie mnltipHcation produces dcerean and not ina ^ f m gmt d 

In practice, liowevei-, it will be found more eon n t tl ult pi t n f 
fractions to divide any factors of the numerator nd d m to h h ra by 
the same numbers divisihle, and to use the quotients inste 1 f th \ the 

^iioduct will bo cxpruHsed in its lowest terms. 

Tims to multiplyi-. A, 1, A togetlier. 



here- 



' X i- = 1 > i 1 X 1 X 3 ^ ^ 
r 20 1 x 1 >! 7 n 4 ^ 23' 
I'irst, 3 in denominator and 9 in numerator are divisible by 3 ; next, 5 in 
ammarator ami 20 in denominator are divisible hy 5 ; thirdly, 6 in denominator and 
6 in numerator are divisible by 6, and the respective quotients are used instead of 
the given numerators and denominatoi's. If, however, the numerators are multiplied 
foi: the new numerator, and the denominators for the new denominator, the fraction is 
Jifi, which, when reduced by BO the greatest common raeaem'e, heoomea ^. 

" The quotient of one fraction divided by another may be found hy dividing the 
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Def. To divide one fraotion ty another is to fiud how many times 
or parts of a time the latter ia contained in tlie former. 

Since the operation of division is the reverse of that of miiltipliea- 
tion, and it has been ehotra that the product of one fraction by another 
is effected by diriding the former fraction by the denominator and 
multiplying it by the numerator of tho latter, it follows that one 
fraction will be divided by another by dividing the former fraction by 
the numerator and multiplying it by the denominator of the latter 
fraction. 

Thus, to divide f by f, 
tlie fraction J must be divided by 5, and multiplied by 6. 
Now ^ divided by 5 gives ^yy, 
and -^ multiplied by 6 pi-oduees |^ ; 
therefore *- -i- ^ = yTj, or * " ■§ . 
That is, the quotient of one fraction divided by another is found by 
multiplying the dividend by the reciprocal of the divisor. 
Or the division of one fraction by another may be defined to be a 
method to find a third fi-action, called the quotient, such that the pro- 
duct of the divisor and quotient shall be eijual to the dividend. 
To divide ^ by ^■. 

Prom the natiu-e of division, 

the product of the divisor and quotient is equal to the dividend, 

and in this case {( x quotient'-^. 

Multiply those equals by -j ; 

then J X f X quotient = s " o > 

or ff !t quotient = J " § ; but |-g = 1. 

Thei-efore the quotient, or 5-5-^ = ^x3; 

or the quotient ia found by multiplying the dividend by the reciprocal 

of tho divisor. 

17. Prop. To find the value of a fraoUon of amj concrete g^imntU'j, and 
conversely?- 

If the units of the concrete quantity be divided by the denominator 
of the fraction, the quotient expresses one part of the fraction ; and 
if this quotient be multiplied by the numerator, the product will 
oxpresa the value of the fractional parts required. 

numerator and. denominator of tlie dividend ty ths mnnei'ator and denominator of 
tlie divisor respectively. But this ia very seldom, possible ao as to obtain a simple 
ft^ction in the ciuotient, Tlio diflenlty may be obviated by first reducing tlie tivo 
fractions to a common denominator. 

Thus, to divide ^ by J, 

Her6^=|>;4=54, and § = 4x^=5^. 
Thenf^J = 5S^Sf=M- 

' Any number of concrete units may be oonsidered as a part of any otlior nurabef 
of concrete imits of the same kind : as 5 sliillinga may be considered as a part of 
12 uliillings. Here the 12 shilliugs is the unit divided into 12 parts, and 6 parts 
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]0 

CoHV&fsely, to reduce any concrete qimntity cr fmotion to the 
fraction of any otlier ■»«*(,' 

First : Auy fraction of a less unit is i-edueed to the fraction of a 
greater unit by dividing tte fraction of tlie less unit by the number of 
less units -which make one of the greater units. 

Secondly : A fraction of a greater unit is reduced to one of a less 
unit by nttdtiplying the fraction by the number of less units in tho 
greater unit. 

18. Prop. To find the sum or difference of conerete fractions. 

The sum or difference of any concrete fractious can be found by 
reducing the given fiactions to fractions of the saiae unit, and then 
finding their sum or difference. 

Or the value of each of the concrete fractions may be flrafc found in 
EBiallor iinits of the same kind, and then the sum or difference may be 
found of these units. 

19. Peop, To find the product or qtiotietit of eonerete fractions. 
The method of multiplication and division of concrete fractions 

differa not from that of abstract fractious. 

If a concrete fraction be multiplied or divided by an abstract 
fraction, the product or quotient will bo parte of tho same concrete 
unit as the multiplicand or dividend. 

If both fractions be concrete, the nature of the product or quotient 
■will be determined by the consideration, whether the results of these 
operations do, or do not admit of any rational interpretation. 

aro to bo taton; it will tluMi Le claar that 5 sliillings is ^ of the unit, ov of 12 
ElulKugs. 

riml th« value of i of oiio pounJ sberlliig. 



13 G = ^ of £1. 
' Convcvsely, ivhat fraction of £1 is 123. 6d. ) 

Hoi-a 12s. ej. = 35 sispeneea, 
and £1 = 203. •= 40 „ 
It ia obvious that 12s. 6d- wii! be the same part of £1 
as 25 eixpeuces is of id sixpeQais, 
tint is, 13s. 6d. = ^^ or S of £1. 
Eediice .^-j of one pound to tlie fraction of n shilling. 

Here 20 of tlie smaller units make one of the lai'gor. 
Thus jJf of SI -= ^ X 20 = f ? of 1 shilling. 
ConTetaely, Rednee f f of 1 shilling to the fraction of a pound. 

Here 1 lai^r unit is equal to 20 of lie smaller, 
Anl|5oflshiUiDg-|¥-e.20 =^f «^ = ^of£I. 
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EXEEOISES. 

AnSTKjiCT PllACTlO.N'a. 



1. Define a fraction, and explain tie notation o£ fraciions. 

2. "What is meant by an improper fraction and a mixed number? 
How are improper fractions converted into mixed numbers, and 
converauly ? 

8. Convert tho improper fractions ^, J^, S^, ^-\~, — |^— -, to 
mixed numbers ; and conversely; reduce the mixed numbers, 4^, 5|, 
7|:, 142-^ and 5784^ to improper fractions. 

4. Simplify ^^•y^" and L2^li«j and find what part the former 
is of the latter. 

5. "What are the advantages in arithmetical operations of employing 
fractions expressed hy tho smallest Eumbers possible ? State how 
fractions expressed by large numbers may be reduced to ec[uivalent 
fractions expressed by smaller numbers. Is this always possible ? 

6. State the rules for changing any given fractions to others of ec[ual 
value, but having the least common denominator. 

7. Explain why fractions liaving different denominators must be 
altered in form before their sum or difference can be expressed by one 
iraction. 

8. Define the multiplicatioa of two integers and tho multiplication 
of two fractions, and show how the multiplication of two fractions is 
not inconsistent with the multiplicatioa of two integers. 

9. How is it shown that the product of any two fractions as % and 
^ is equivalent to either of the compound fractions -§ of ^^ or ^ of f ? 

10. Explain how it is that the product of two proper fractions gives 
a fraction less than either of them ; and the quotient, a fraction greater 
than either of them. 

11. Show how the rule for the division of one fraction by another 
may he deduced from the method of the multiplication of one fraction 
into another. 

12. Of tho eleven numbers less than 12, which are aliqnot parts of 
12? Show how those numbers which are not aliquot parts of 12, 
may be expressed as the sum of two or more aliquot parts. 

II. 
Eeduce the following fractions to equivalent fractions, each having 
the least possible numerator and denominator ; — 

§K, 4M. ^Wtt- sw. mi mh u^> mn, m-u, mh 

kHih IHIH' fr^Sffj iilJI^^ H?b5ti Trr^-hi ^VmwT^!- 
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in. 

Reduce the followiug sets of fractions to eijuivalent fractions, eacli set 
iiaving the least common denomicator, 

1 . J and ^ ; § and -J ; -J, I- and -f ; §, ^ and j^ ; f , f , ^ and -j J- ; 
I, h i and ^. 

2. % and f ; ^, J and t^; {% ^, -jL aud/if; ?, |, -/^ and ^yg; 
iV> fj :^i T^ and -jTfVi,. 

3. wand/s; ^Vi s's an'^ a'i ; a) A ^^^ H I ¥' t'-^i ? and ^ ; J, jV. 
-1^, -^and-^g. 

IV. 

Find the sTims of the following twuuty-three sets of fractions in 
iieir simplest forms : — 

i. ^ and i. 2. J and f. 3. 2^ and 5^. 4. -j-^ and 54^. 5. ^, ^ 
and-aV- 6. 1^, 2J aad a|-. 7. Joff and^^ofSJ. 8. ^, 4j and f of 2. 
'■>■ i%, ir, w. U and ^-. 10. lOOf, 64^ and -f of 701. 11. -.J of 
2J, f of -f^ of ^ and f of f of J. 12. j^, ^, //t- i^ aiid AV- 

13. 253J, 47f, 5^, and J of If 14. 887J, 285j, 394,} and ^ of 3704. 
15. 6^, 8|, tt^V and IOtV- 16- -| of 5, 4- of 6 and tr of 7- 17- ;^, f, 
f . f, i, 4, i and |. 18. lOj^r, aOj^lT, 30^^ and 40^H§- 19- i 
of f of 62-rV B- of f of 606| and ^ of -^j of f of 1864. 20. /j, -j^ of 
A. A of A of A. A of A of A of I-, and A of tt of A of ^ of 8. 

21. -^of2AandTVof|ofl2A- 22. yAVW and y^^. 23. 13^, 
34^ and 15^}. 

V. 

Find the differences between each of the foUowiug two fractions : — 
1. ^ and ■^\-. 2, 3^ and 6^. 3. 3|- and 3^. 4. 2^ and 12|. 

5. f of 140J and ^ of 1000. 6. %oli of 7^ and f of 200. 7. -^ of -^y 
of ^ and 1^ of I of ^^. 8. lOl^V aad i of tV of 999. 9. ^ of -^ 
andjof aV 10. -|of -j^rof 25 and 10. II. fofjof 16^ and 49^. 
12. -I of -l^ of 2509 and J of ^ of 10000. 13. 4j of 5^ and 2^ of i|. 

14. 1^ of 9999 and ^ of 10000. 15. -J of ^L- of 7874 and -^ of 5896|. 

VI. 

Find the products of the following sots of fractions in tlieir simplest 

1. ^ and J. 2. ^ and ^. 3. ^ and J. 4. ^ and f. 5. ^ and -^. 

6. li and 2^. 7. 20^ and 12f 8. i, | and 4. 9. 2145^ and 7985. 
10. ^, f, Jand^. 11. ^, A. A and A^. 12. |of ^ and^of i- 13.^ 
of 2^ and ^ of 4^. 14. ^of^and 11. 15. ,i.of ^of 2 and I of ^ of 
1000. 16. ^ of #^ of 23tIj and -f^ of f of 29O5V !'• i of I of 1864 
.and f of I of 11. 18. U, 2|, 3^, 4^ and 5f 19. 4 of ^J^f^ and 
■hoi mjsm- 20. H. if . U. ^. and f^ 21. 7|, 5J, 2^, andlJ. 

22. -H- H. H- #i aid 1^. 23. 1000-riu and 100-n?^^. 24. lA of 
1000 and 6i of 10000. 
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TIL 

Knd the reBpecti've quotients arising fiom the following di^'idends 
and divisors: — 

1. fbyf. 2. 8by2i. 3. 3^ by 4^. 4. 2J by i of 6f 5. ^ of 
f by f of 3^. 6. I- of ^ by -f of tV- 7. ^ of ^ of -} by ^ of i of |. 
8. % of 21 by -g of 15. 9. -^ of 1 of 3J^ by f of f of 4^. 10. ^V of /t 
"by ^ of ^. 11. 1215-^ by 512|. 12. -jV of A of 10000 l^y xmr of 

Tin. 

1. How may the relative magnitudes of two or more fractious bo 
compared? Express by the least integers the relative magnitudes of 
the fractions ^, -§^, and -ff . 

2. Express 11, 13, 17, as fractions, each with the same denomina- 
tor, 23. 

3. What part of 15 ia ^ of 4^? 

4. Arrange tlio fractions -^, -^j f^, %f, in oi'der of magnitude. 

5. Change the fraction ^^ into one ■whose numerator is 209 ; aud 
14 into one whose denominator shall be 729, so that the values of 
the two fractions may retain the same value. 

6. Which is the greater of the two of the foUowiug sets of 
fractions — ^ or ff ; f of g- or $ of * ; J of 1 ^ or ^ of 1^, and ^ of iV 
or^of^? 

7. Find the altei'ation produced in the value of a proper fraction 
•j^, first by adding, next by subtracting, fiie same number 3 from the 
numerator and denominator. 

8. If the number 6 be added to the numerator and denominator 
of any improper fraction -^f, or taken from it, when is the value 
of the fraction increased or diminished ? 

9. Show that the fraction |±| lies between | and -?. 

10. Showthat ilie fractions ~tr- ^^^ ai-l ' ^^'^ equal to each ot 
the fractions -5 or ||, and explain the reason. 

11. The fraction A±.l±o lies between the greatest and least of 
the fractions ^, -^, -f. 

12. If any number of fractions be equal, then any one of t!iem is 
equal to the fraction "whose numerator is equal to the sum of all tho 
numerators, and -whose denominator is equal to the sum of all the 
denominators. Exemplify tliis in the case of six equal fractions. 

IX. 

1. Show that tho sum of -^ of SJ, and ^ of 1-|- is equal to 1, 

2. To 479 add 1^^, and repeat tho addition sis times. 

8. Add together the greatest and least of the fractions J, ^, \^, l^, 
and subtract this eum from the sum of the other two fractions. 

4. Change the fractions f J-, If, and jj-l, into fractions having a 
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common denominator : and express the difference of tlie first two as a 
fraction of the difierence of the second two. 

5. Add together -J^, ^, and -ii^> ^^^ ^^'^ what is the least frac- 
tion with denominator 1000, whieli must be added in order that tho 
simi may be greater than unity. 

6. Show that the sum of % and f is 13 times tlieir difference. 

7. What fi-aotion subtracted fi-om the sum of J and f will have 
uni(y for tlie iemaind«r '' 

8. Suhtiait the sum of g of ^, 4f, and | of 1^ fi-om 12. 

9. By how much does the sum of IgV ^^^ -rs exceed the differ- 
ence ? Whit fidttion of 7 IS the excess? 

10. "What IS that number of which the sum of one-third, one- 
I'oui-th, and one tilth, la equal to 235 ? 

11. Suhti-act -^j^ four times from t}^, and state how many times 
it may be subtj'acted, and what is the last remainder. 

12. rind three fractions whoso numerators shall be 3, 5, 7 ro- 
spcctiTcly, and their sum equal to unity. 

X. 

1. Show that the CLUotient of I divided by ^, is 9 times their pro- 
duct. 

2. "Wlrat is the differenoo and the product of the quotients of -g 
divided by ^, and ^ divided by f ? 

S. What traction divided by ?■ o£ ^- of I^ will give the quotient 
unity ? 

4. What fraction multiplied by 5 of -^ j- will malie the pi-oduot equal 
to 2? 

5. How often does -^j of the sum of -^ and y diminished by ^^^ 
contain ^ 1 

6. Multiply the sum of ^ aud -{\j by their difference, and find how 
much the product is less than unity. 

7. I'ind the product and tho quotient of the sum of % and \ and the' 
difference of unity and -^ ; aud ascertain which result is the greater. 

8. What is tho quotient which arises from dividing the difference 
between the first and second, by the sum of the second and third of the 
fractions -^, ^, -Jf . 

9. The sum of |- and -^^ is diminished by y'^ ; how often docs the 
difference contain -^ of the eum of 4^, ^ and yV ? 

10. Add together i}, -J, ^ and \, and subtract the sum from 2, 
multiply the difference by $ of f-J of 88, and find what fraction the 
in-oduct is of 999. 

1 1 . Prom the sum of S| and 4| subti-act 6f , multiply the difference 
by 2^, and divide the product by 4|. 

12. Convert ^Jf§ into a continued fraction, and find the first six. 
converging fractions. 
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Eoctuoe tLe following expressions to tlieir simplest forma ;- 
iu 1G"'"14 12i Il2"'"l6"'"2l"''6[li 



U + 5 + 4) ■ U + S+S) U Si'^lj+S) 
(II 13 7} 8| ItljS ;,2.5,_t} 

Ii2+T+T5~u" 5) h e + fl a + io> 

; 81» 1 j. J, I J.,. SH j 

1106103 13933' 1 ^1393^166463) 
(7 9 10 111^(1 8 3 4 5 7 51 
U + IO + il + TSi ■ h + S + J + 5 + 6 + 8 + 9J 

a4-lil1xl7'ij.iKi+fia_11 



XII. 
Prove tlie truth of the following eipiiYalent expres 
1 + 3 + 5 



— i 2^ 


2 + 


i ' 2 + 4 + e ' 2 + 4 + G + 8 ' 3 + 


4 + 6 + 8 + 10 




'2. 1 + 


+ ^ 


-l^^4+^ 


3.5.7 1.3.0 


-?-9 .,„ 




4. (i. 8 ' Si. 4. 6 






3. , 


'+i 


-hh\-^ 


H--h\-\ 


^i-i!-t 




«- 


2 

7' 


14 G 10^5 


\hl\*U- 


+»- 




■'- S 


~23 


11 fU , 8 

-395=^ln + 7 


"4 i I10+T3J 


— 1. I 




[ux 


55X 


8.. li^ +. 

[12X136 


U«. , lis 

|n X !^ 1 10 X 
1111 


ss-fTTx^' 
1 1 






3+5+7+9 1+ 


+6+1+1+5+5+2 




1 Tlie no 


ation 


|10 mciiiis 1 X 


3x3x4k5xS 


X 7 X 8 X 9 X 


10 O! 


1.2.3.4.5 


0.7 


3.9. 10, 
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OONCEETE FkAOTIOKS, 

xiir. 

1. How may aay fraoiional parts of a given eouci-oto imiuLer bo 
found? 

2. What is meant by redueing ono concrete number to tho fraction, 
of another ? Give examples. 

3. Explain how a concrete fraction of one denomination is changed 
to an equivalent fraction of another denomination. 

4. What is the value of f of one guinea ? and what fi.'action of one 
guinea is 13s. I^d.P 

5. Wtat is the value of ^ of -J of | of £12 ISa. 6d. f 

6. What part of £9 Ss. 9d. ia £8 13a. Of d. ? 

7. Express 3a. 8Jd. as the fraction of Is. 6Jd. ; and Is. 6|d, as 
the fraction of 3a. 8|d. 

8. What part of 2s. 6d. ia equal to 4 of Is. 4^d. 1 

9. What fraction of one pound is f of -| of 18a. 6^d. ? 

10. Which is the greater, -fi of one pound or -^ of one guinea ? 

11. What fraction of a pound is 4s. 9 Jd. ? How many shillings ig 
the same fraction of a guinea ? 

12. EeducG 16s. 4|d. to the fi-action of a guinea. 

13. Reduce -Jt^ of a pound to the fraction of a guinea; and con- 
versely, -^ of a guinea to the fraction of a pound. 

14. If xV of ai^ estate bo worth £1,003 17a. 6d., what is the value 
of the whole estate ? 

XIV. 

1 . Explain the method of adding and subtracting concrete fractional 
numbers. 

2. Add J of 6e. 8d., ^ of £2 33. 9d., and -ft of £4 14s. 5d. 

3. Eind the sum of J of ^ of £7^, and ^ of £5 168. 7^d. 

4. Add together £100f, jV of 100 guineas, and % of -^j- of 1,000 

5. Add together -J of 50 guineas, ^ of ^ of 1 3^ moidores, and f of 

6. Express the sum of f of a guinea, -^^ of a pound, and y'„- of a 
crown in the fraction of a guinea. 

7. Add £1^, 9^3., and 6Jd., expressing the sum in the fraction of 
£100. 

8. Talre ^^- of &Q 68. 9d. from i| of £10 16s. 9d. 

9. Eind the difference of |- of one guinea and | of a pound in 
terms of the fraction of half a sovereign. 
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10. AVliat fi-aotion of £1 must be added to {J of |^ of one guinea, in 
oi-der that tlie aum may be one pound? 

11. Express the difference of -g of £1 and f of a guinea iu th& 
fraction of a crown. 

12. "What fraction of a crown is the difference between J of |- of 
one guinea and ^ of |- of £1 ? 

13. A ship is worth £18,000, and a person who owns /^j of it soli* 
j^g- of his shai-e. What is the value of his remaining share ? 

14. Out of £i 7s. 6d. one third is paid to A and one seventh to 
£; after this four elevenths of the remainder is paid to A, and the- 
rest to £ -■ find the gums respectively received by A and B. 

XV. 

1. Explain how the products and quotients of concrete fractions 
are to be interpreted. 

2. Multiply -j^ of f of £3 by J of 2^, and find its esact value. 

3. Multiply £6 lis. 8^d, by 13f 

4. By what number must one ten-millionth of one pound be mul- 
tiplied, in order that the product may be equal to one farthing? 

5. Multiply 4s. 7§d. by 3j, and express the result in the fraction 
of a pound. 

6. Divide £99 I7e. O^d. by l^. 

7. Divide-|of |of 12s. by-f^of £.. 

8. Divide £7^ by IS^s. and state the nature of tho quotient. 

9. Divide the sum of ^ of one pound and -f- of one guinea by the 
difference of # of a crown and -^ of one shilling. 

10. Add -^ to i, subtract the sum from ^, multiply this difference- 
by i, divide the product by ts-> and supposing the original unity tO' 
have been one guinea, find the value of the resulting fraction in 
pounds, shillings, and pence. 

11. Express £3,893 I5s. 6d. and £8 17s. ll^d. in the denomina- 
tion of pounds, and find the quotient of tho former divided by the^ 
latter, and state its nature. 

12. In the new metric system of money. It has been proposed that 
the sixpence shall consist of 25 instead of 24 farthings. If a working- 
man receive for his wages 17e. 6d. a week, show whether the change 
will be a gain or loss to him weekly, and how much in the year. 

XYI. 

1. Any sum of money can be expressed in pounds, tweHths of a 
pound, and a proper fraction of a twelfth ; and five per cent, on th& 
Eame may be immediately obtained by considering ihe pounds as 
shillings, the twelfths as pence, and the fraction of a twelfth as th& 
same fraction of a penny. Explain the reason of this. Hence find 
6 per cent, on £688 7s. 6d. 

2. How much per cent, is Is. 2d. in tlie pound? 
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3. Wliat is tho clifferonce iu the gam per cent, between selling goods 
at 2d. whieli cost l^d., and selling goods at 2^d. which cost 2d. ? 

4. What enni must A beq^ueath to £ so that B may receive £l,000 
after a legacy duty of £10 per cent, has been deducted? 

5. K an article was bouglit for 33. 6d. and sold for 3s. 10|d., what 
was the gain per cent. ? EUnd also the loss per cent, if the article was 
bought for 3s. 10|d. and sold for 3a. 6d. 

G. A merchant sold goodsfor £75, and by doing so lost 10 per 
cent., -wliereas in the regular course of trade he should have gained 
30 per cent. How mucli were they sold under tiieii- proper value ? 

7. If 7 per cent, be gained by selling goodsfor £69 Us., what per- 
centage would be lost by selling them for £61 15s. ? 

8. If an aiiicle be sold for 12s. 6d. there is a gain of 25 per cent, j 
what would be the loss or gaia if it were sold for lOs, ? 

9. By soiling at H per cent, profit a tradesman gains £47 14s. ; 
■p'hat was the prime cost of his goods ? 

10. K a tradesman mai-k his goods on credit 20 per cent, above 
cash prico, what ready money will he take for an arfiole marked 2Gs, ? 

11. If 10 per cent, be gained on the wholesale price of an article 
whose first cost is Ss. 6d,, and 40 per cent, on the retail price, how 
m.uch does the purchaser of such an article pay for profits to the wliole- 
sale and retail dealers ? 

12. The manufacturer of an article makes a profit of 10 per cent., 
the wholesale dealer a pro&t of 15 per cent., and the retailer malios a 
profit of 25 per cent. What is the cost to the manufacturer of an 
article which is retailed for 1 G shillings ? 

XVII. 

1. What fraction of a shilling, a pound, and a guinea is a franc ? 

2. Supposing the value of a franc to be 9|d., and that a eommis- 
Bion of 8d. is charged on every sovereign exchanged ; find tho least 
number of sovereigns that can be changed with an exact number of 
francs. 

3. If £1,000 be due from London to Pai-ia when £1 is worth 25 
francs, bow muoh must be remitted when a pound is worth 27 francs ? 

4. If an Indian rupee bo worth 2s. 4d., how many rupees ai-e 
ecLual in value to £1,000 sterling? 

5. If 10 scudi be worth 62| francs, I6s. worth 20 francs, and 12 
carlini worth 4s 2d., how many carlini are equivalent to 500 scudi ? 

6. If 12 carlini he worth 4s. Id., and a Napoleon he worth 16g. 
how many carlini ought to be received for 15 Napoleons ? 

7. If 100 francs mate £4, and 193 thalors make 19 guineas, how 
many thalers are there in 375 franca ? 

8. If lOfrancsbewortheflorins, and I5florin3 be worth 4moidores, 
how many francs must be given for 16 moidorea ? 

9. The exchange between London and Paris is 25^ franca for one 
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pound sterling; between Faiis and Amstei'dam 117 franca for 55 
florine ; tetweea Amsterdam and Hamburg U florios for 13 marks : 
required the exchange between. London and Hamburg. 

XVIII. 

1. A bankrupt's del>t8 amount to £4,586 5s., and his effects to 
£4,018 33.; how much in the pound will his creditors receive, and 
■what fractional part of the debt do they lose ? 

2. How much will a creditor lose on a debt of £5,842 5s. if he 
receive only ISs. 6d. in the pound? 

3. A ci'cditor receives 7s. 6d. in the pound of what was due to him, 
and thereby losea £76 53. 3d. What was the sum due? 

4. A bankrupt pays four dividends of Is. 4d., 2s. 5^,, 3s. 6^1., 
and 48. 7|d. respectively in the pound, and his ci-editors lose £965. 
"What was the whole of his debt ? 

5. A creditor receives upon a debt of £272 a dividend of lis. 6d. 
in the pound, and he receives a further dividend upon the deficiency 
of 3s. 9d. in the poiiad. What does the creditor receive on the whole 
debt? 

6. A bankrupt's estate is woi-Hi£2,lC0. A has a claim for £1,200, 
B for £920, and C for £1,080, How much should each ci'editor 
i-eoeive ? 

7. A bankrupt owes three creditors £150, £200, and £350 respec- 
tively, and his whole property is worth only £275. How much will 
each creditor receive, and how much per cent, of their respective 
debts? 

8. A house was to cost a builder .£664, for which he was to receive 
£830. "What would be his gain per cent. ? But on becoming bankrupt 
the completion of the house cost £830, and was sold for £664. What 
was the loss per cent. ? Explain why the rates per cent, differ. 

9. A, B, C conti-ibute respectively to an undertaking £105, £165, 
and £285, and gain £195. How shall they divide it equitably ? 

10. Three pei-sons enter into a speculation and adventure £600, 
£800, and £1,000 respectively : they gain £1,000. Divide it among 
ithem so that they may have at the rate of 3, 4, and 5 per cent, respec- 
tively on the capital each advanced. 

11. Three merchants contributed ,J, ^, and J respectively of the 
■capital for a commercial adventure, on the condition that the gains 
should be divided at the rates of 7, 6, and 8 per cent, respectively on 
the sums each had conti-ibuted. If the gains were 1,500, what was 
the shai-e of ea^jh? 

12. Four merchants, A, B, C, J>, trading with a capital of £30,000, 
find after a certain time their respective shares increased by £26 6s. 8d., 
£37 3s. 4d, £53 6s. 6d., and £63 4s. 6d. Howmuchhad tbeyseverally 
subscribed to the original capital ? 
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XIX. 

1. How many ounces, pstiny weights, and grains are there in U 
of a pound Ti-oy ? What fraction of a pound Ti-oy is 6oz. 12dwts. 
12gi-a.? 

2. What is the value of a bar of gold weighing 87oz. 2dwts. 20grs. 
at £3 17s. 10|d. per ounce ? 

3. Standard gold contains 22 parts of pure gold to two of alloy ; 
if 20lb. Troy is coined into 934 sovereigns aud ono half-sovereign, 
find the weight of pure gold in a sovereign. 

4. If a grain of pure gold bo woi-th 2Jd., what should bo tlie 
weight of a sovereign ? 

5. In standard gold ho'w much per cent, is alloy ? 

6. If a sovereign by wear become one grain lighter than it ought 
to be, what loss will be sustained by selling 100 light sovereigns as 
bullion to the Bank of England at £3 17s. 9d. per ounce ? 

7. The English mint formerly coined 44^ guineas out of one pound 
Troy of standard gold ; it now mates 46|^ sovereigns out of the same 
q^uantity of gold. Is there any gain or loss by the change ? 

8. Han ounce of standard gold be worth £3 l7s. 10^.,whatisth& 
value of lOlb. of jewellers' gold in which the weight of alloy is 5 
parts out of 12, the valuo of the alloy being neglected ? 

9. If 4oz. of gold, 17 carats flue, are mised with 3oz , 13 oaiits 
fine, how much pure gold will there beinagJd oin<iment weighmg 
3^02. of the compoimd ? 

10. From 1797 to 1821 cash payments weie suspended Befoie 
that time the value of gold was £3 17s. lOJd. per oz , but m l'*15 it 
rose to £4 13s. 6d, per oz. How much per cent hid the cuiilucj 
depreciated ? 

11. How many sovereigns will weigh one ounce avuiidupoii if 
1869 weigh 40 pounds Troy ? 

12. In standard gold, if the aUoy he silver at 5s. 6d. an ounce 
Troy, or copper at Is. 6d. a pound avoirdupois, what ia the difieronoa- 
in value of the sovereign when alloyed with coppor and when alloyed 
with silver ? 

XX. 

1. If 6 grains of silver are worth 5 farthings, what should be tho 
weight of a crown ? 

2. Suppose the alloy in silver coin to be -^ of the mass, what 
would a crown piece be worth if it were all silver ? 

3. A shilliug weighs 3dwts. 15grs., of which 3 parts out of 40 ara 
nUoy, and the rest pure silver. What is the weight of alloy and of pure 
silver in a half-crown ? 

4. Supposing the alloy in a shilling to be -^.^ of its mass, and tho 
coin to he worth a farthing if it were all alloy, what would be its 
exact value if it were all pure silver ? 



y Google 



21 

5. If pure gold be worth £4 per ounce and pure silrei- 53., what 
percentage of copper must be mixed with pure gold in order that the 
value o£ a givsn quantity of the compound metal may be 15 times 
that of an eq^ual weight of a noised metal containing 80 per cent, of 
pure silver ? 

6. ThedenariusofthetimesofthoEoman republic weighed 60 grains 
of silver %% fine. Supposing a aestertium to be oquiYaleat to 250 denarii, 
and standard silver which is JJparta fine to be worth 5s. 2d. per ounce, 
how much was a sestertium worth of our money? 

7. A pound of silver is coined into 66 shillings, of which 62 only 
are issued, K nineteen half-crowns and fifteen sispences are melted 
into bullion, and sent to the mint to be recoined, what sum will be 



8. A mass of metal being composed of fine gold 15 parts, silver 4 
parts, and copper 3 parts, find how much of each is required in 
making 18 cwt. of the composition. 

9. The values of equal weights of gold and silver being £23 38. lOd. 
and £1 13s. respectively, compare the weights of a sovereign and of a 
hatf-ci-own, if gold be valued at £3 17a. lOJd. per ounce. 

10. If 66 shiUings weigh one poxmd Troy, how many shillings are 
contained in one pound avoii-dupoia ? 

11. Allowing 44| guineas to weigh one pound Troy, and 32 half- 
pence to weigh one pound avoirdupois, what is the difference in grains 
between the weights of a guinea and a halfpenny? 

XXI. 

1. Find the value of §f of one pound avoirdupois; and reduce 
12oz. 8 drams to the fraction of a pound. 

2. Eeduco |^ of -f of 15 cwt. to the fraction of -^ of a ton. 

3. How much ironstone ore must be raised from a mine, that oa 
losing J-J- in roasting, and -^ of the remainder in smelting, there may 
result 506 tons of pure metal ? 

4. If a shekel contained 240 grains, what was the weight in 
pounds avoirdupois of the head of Goliath's spear, which was 600 
Bhekels of iron, andof his coat of mail, which consisted of 5,000 shekels 
of brass (1 Sam. xvii. 5, 7) ? 

5. Findasumof moneywhichshall bethesame partof £61 9s. Id. 
that 2cwt. 2qrs. lOlb. is of 36cwt. Iqr. 

6. Show that 2^ times the price of one hundred weight in pounds 
sterling is the price of one pound in pence. Es. Let the price of one 
hundred weight be £14. 

7. If a pound avoirdupois of copper is coined into 24 penny pieces, 
and a, pound Troy of standard silver into 66 shillings, standard silver 
being a metal of which |-J are pure silver and ^ copper, find the 
value of one ounce of pure silver, if a pound avoirdupois contain 7,000 
grains Troy. 
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8. If a mixed metal be composed of 11 pai-ta of tin to 100 parts of 
■copper, how much copper and how much tin will be recniired to make 
24 ewt. of this metal? 

9. Bronze contains 91 por cent, of copper, 6 of zinc, and 3 of tin. 
Amas3of bell-metal (consisting of copper and tin only) and bronze 
fused together is foimd to contain 88 per cent, of copper, 4^ of zinc, 
and 7| of tin. Knd how mucii copper and how much tin are in bell- 
metal 

10. Sugar being composed of 49^ per cent, of oxygen, 43^% per 
■cent, of cai-bon, and the remaiader hydrogen, find how many pounds 
of each of these materials are contained in 1121b. of sugar. 

1 1. Sulphate of lime consists of oxygen 82 parts, sulphur 16^^ parts, 
and calcium 20 J parts ; find the weight of each element in one pound 
■of sulphate of lime. 

12. In English gunpowder, 15 parts by weight are nitre, 2 parts 
sulphur, and 8 parts charcoal. How many pounds of each ingredient 
are required in mating a toa of gunpowder? 

xxn. 

1. Multiply 75 lineal inches "by 6}, and by oj lineal inclios respec- 
"tively. 

2. Multiply 7^ square inches by 5 J lineal inches, and 5-| situate 
inches by 7|- lineal inches. 

3. Divide 7f square inches by 5^, by 5|- lineal inciics, and by 5J 
square inches respectively. 

4. Divide 7^ cubic inches by 5^; by 5^ lineal inches, by 5J square 
inches, end by 5| cubic inches respectively. 

5. Divide 3 lineal feet 8 inches by 1 lineal foot 10 inches. 

6. Divide 8 square feet 48 inches by 3 lineal feet 4 inches. 

7. Divide 3 cubic feet 192 inches by 18 square feet 48 inches. 

8. Divide a cubic foot by 9, by 9 lineal inches, by 9 square inches 
■{iiid by 9 cubic inches respectively. 

9. Esplainifthere be any difference between 30^ square yaids and 
SO J- yards square ; and if any, how much. 

10. Multiply and divide 52 feet 6 inches by 5 feet 10 inches, and 
■explain the residts. 

1 1 . "What leiigtli must be cut off a board which is &^ inches broad, 
so that the area may contain a square foot ? 

12. How many superficial feet of inch plank can be sawn out of a 
log of timber 20 feet 7 iaches long, 1 foot 10 inches wide, and 1 foot 8 
inches thick, supposing no waste in the sawing ? 

13. Of a field ^ is meadow, § is arable, and the remainder is 
1 acre, 3 roods, 26 poles ; find the quantities of meadow and arablo 

14. Apiece of land of 200 acres is to be divided among 4 per- 
sons in proportion to their rentals from surrounding property. Sup- 
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posing tliese rents to be £500, £350, £800, and £160, how many 
ificres must bo allotted to each ? 

sxni, 

1. On measuring a distance of 32 yards with, a rod of a certain 
length, it was found that the rod waa contained 41 times with half an 
inch over. What is the distance approaching nearest to 77 yards 
which can be measured exactly by the same rod ? 

2. If -j^ of an inch on a map corresponds to 7 miles of a eountiy, 
vhat distance on the map represents 20 miles ? 

3. Two scales 9 and 10 inches long respeotively are each divided 
into 10 equal parts; the points of division being marked 1, 2, 3 , . , 10 ; 
if the scales are applied to one another so that the points marked 
2 coincide, what is the distance between the points marked 9 ? 

4. If 35 metres are equal to 39 yards, 17 metres to 9 toiees, and 5 
plathra to 124 toises, how many yai-ds are there in 1,575 plethi-a? 

5. The relative distances of three ti'ees are 3, 4, and 3, and a rope 
492 feet long just goes round them ; find the respective distances, 

6. If a yard measure be incorrect by one-eighth of an inch, fintl 
the error in measuring a distance of 500 yards 2 feet 6 inches. Explain, 
if there is any diflFerenoe, whether the error be in excess or defect. 

7. "What fraction of the Earth's diameter is a mountain 5J miles 
high, if the radius of the Earth be 3,963 miles ? Determine by what 
frajjtional parts of an inch could be represented (1) the highest point 
of Mont Blanc, which is about 15,700 feet above the level of the sea, 
on a globe of 16 inches in diameter; and (2) the highest peak of the 
Himalayas, Kunchinjunga, 28,178 feet above the level of the sea, ou 
a globe of 30 inches diameter. 

XXIV. 

1. How many square yards, square feet, and square inches are 
tliere in a rectangle 34 yards 2 feet II inches long and 29 yai-ds 1 foot 
10 inches wide? 

3. The lengtt of one side of a rectangular field is 572 yards, and 
its area 50 acres, 2 roods, 32 poles ; find the length of the other side. 

3. How many yards of stuff 3 quarters troad will line a cloak 
5^ yards long and I-J- yards broad? 

4. What must be the ■width of a floor which is 17 feet 7 inches 
long, in order that it may contain the same area as another of 13 feet 
4 inches by 22 feet II inches ? 

5. How many plots of ground containing 33-J square yards can be 
tut off from a field containing 4 acres, 3 roods, 9 poles, 19^ square 
yards, whose breadth is 135 yards ; and what will be tlio width of the 
remaining strip, after the plots are marked off? 

6. A piece of land whose length is 151 yards 1^ feel, and breadth 
35 yards, is to be exchanged for part of a strip of land of the same 
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quality whose linrndth ia 15 yards 2=} feet. Find the length of the 

. rind the whole surface of a room 22 feet 5 inches long, 18 foot 
4 inches broad, and II feet 8 inches tigb. 

8. The flooring of a room 14 feet 3 inches long, and 13 feet 4 inches 
broad, is composed of half-inch planis, each 8 inches wide and 40 
feet long. "What is the number of planks? 

9. What length of carpet I yard wide will cover a room ivhoBQ 
length, is 42 feet 5 inches, and breadth 31f feet? 

10. If 30 yards of carpet f yard wide cover the floor of a room, 
how many yarda -|- yard wide will answer the same purpose ? 

11. How many paving stones, each, of them a foot long and -^ of 
a foot wide, will be rcijuired for paving a street half a mile long and 
45 feet wide? 

12. Find the length of paper ^ yai-d wide reciuii'ed to cover the 
walla of a room whoso length is 27 feet 5 inches, bi-eadth 14 feet 
7 inches, and height 12 feet 10 inches. 

XXV. 

1. In a rectangular court which measures 96 feet by 84 feet there 
are four rectangular grass-plots, each measuring 22^ feet by 18 foet. 
Knd the cost of paving the remaining pai-t of the court at 8^. per 
sijuare yard. 

2. "What must be given pet yard for cai-pet 27 inches wide, that 
the carpeting of a room 26 feet long and 15 feet 8 inches broad may 
cost £45 ? 

3. The cost of carpeting a room whose length is 18 feet, at 3s. 6d. 
a square yard, is £5 123. ; and the cost of painting the walls, at 43. 6d. 
a square yard, is £17. Find the height and breadth. 

4. The expense of carpeting a room 18 feet long was £7^, but if 
ihe breadth of the room had been 4 feet less than it was, the expense 
would have been £5 J. What was the breadth of the room ? 

5. Whatisthocostof papering the walls of a room 12 feet 4 inches 
high, 16 feet 6 inches long, and 14 feet 3 inches wide, the paper being 
2 feet 6 inches wide, and costing 3s. 6d. a yard, the workman, also 
charging a farthing for eveiy square foot ? 

6. If the painting of the walls of a room 20 feet 3 inches long and 

4 feet 8 inches hroad cost £2 3s, 7|d. at 7^d. per square yard, what 
ia the height of the room ? 

7. A room is 14 feet 6 inches high, 20 feet wide, and 22 feet long. 
What will be the cost to cover it with paper 2 feet 6 inches wide, 
whose price is lO^d. a yard? Allow 8 feet by 5 feet 3 inches for each 
of two doors, 6 feet 6 inches by 6 feet for a fireplace, and 12 feet by 

5 feet 7 inches for one window. 

XXVI 
1. What is Ihe solid content of a cube whose edge is 6 feet 6 inclies ? 
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2. How many ciibes of 2.^ inolies in tho cilg'e can be cut from, a 
cul)e of wLieh tlie edge is 27 inches ? 

3. How many cubes whose edges (we J inch long caa be contained 
in a box of which the baae is 18 square inches, and the depth 7-^ 
inches ? 

4. What length miist that solid be to contain a cubic foot which is 

8 inches broad and 3 inches wide ? 

6. If a solid parallelopiped contain 100 cubic yards, and its baae 
contain 100 square feet, find its height. 

6. How many cubic yards of earth were dug from an excavation a 
mile and a half long, 80 yards wide, and 24 feet deep ? 

7. What is the niiniber of cubic feet and inches in a piece of 
masonry 9 feet 3 inches long, 1 1 feet 5 inches high, and 3 feet 2 inches 
thick? 

8. Find the length of a solid whose tliicliness is 1 foot, breadth 
18 inches, and solid contents 3 cubic feet 216 inches. 

9. What must be the length of a trench which is 5J- feet deep and 
9^ feet wide, in order that the entire escavation may contain 7,040 
cubic feet ? 

10. A rectangular cistern whose length is 18^ feet, and bi'eadth 
C feet, contains 294^ cubic feet. What is the depth ? 

11. How many bricks will be required to biiild a wall 20 yards long, 
7^ feet high, and 13 inches thick, supposing a brick to be 9 inches 
long, 4 wide, and 3 thick ? If there be in the wall a doorway 6 feet 
4 inches high and 4 feet wide, how many bricks less would be 
required ? 

12. A chest is 6 feet 2 inches long, 3 feet 4 inches wide, and 2 feet 

9 inches deep, and is composed of boai-ds 1^ inch thick. Find the 
quantity of wood used, the lontents of the chest, and tho difference 
between its external and internal surfaces. 

XXVII. 

1. If a cubic foot of wood weigh 121b,, what is the weight of a 
beam whose length, width, and depth are 24, 2^-, and 2| feet ? 

2. The weight of a cubic foot of Portland stone is 156 pounds ; 
find the weight of the first stone of the Fitzwilliam Museum, at 
Cambridge, the mean dimensions of it being: length 7 feet, breadth 
3 feet 9 inches, and thickness 2 feet. 

3. What is the weight of a block of stone 12 feet 6 inches long, 
C feet 6 inches broad, and 8 feet 3 inches thick, when a block of tho 
same stone 5 feet long, 3 feet 9 inches broad, and 2 feet 6 inches thick, 
weighs 7,5001b. ? 

4. Find the weiglit of a rectangular vessel of iron an inch and 
a half thick without a top, the vessel being 10 feet 8 inches long, 8 
feet 4 inches broad, and 5 feet deep, supposing a pound weight of iron 
to have a bulk of 4 cubic inches. 
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5. How mauy culiic foot of lead ono-eightli of an inicli thick would 
be roqiiired to line a datern whose length, breadth, and depth arc T 
feet 10 inehea, 6 foot 3 inches, 3 feet 4 inches ? 

6. A cubic foot of copper weighs 4cwt, Sqrs. 2'tlb. 4cz., and can 
be drawn into a wire 1 mQe 3 furlongs 5 poles long. I'ind the weight of 
copper reqnisite for a single wire of 50 miles. Eind also the area of 
a section of the wire. 

7. How long ia an iron bar that contains a cubic foot of ii-on when 
its breadth is f of an inch, and thickness ia ^ an inch ? 

8. Find how many square yards a cubic foot of gold would cover 
when beaten out yjj^^ijTj of an inch thick, and show that its extent 
is greater than ^^, but less than ^y of a sq^uare mile. 

9. If gold can be beaten out so thin that a grain will form a leaf 
of 56 square inches, how many of these leaves will make an inch 
thick, tiie weight of a cubic foot of gold being lOewt. S51b. Avoir- 
dupois ? 

XXVIII. 

1. If 6 men earn £7 6s. 3d. ia 7^ days, how much will 10 men 
earn in 11-^ days? 

2. If 4 men earn £4 7s. 6d. by working 5 days of 10 hours each, 
how much would 7 men earn in 8 weeks working 8 hours a day ? 

3. If 7 men and 10 boys earn £6 a week, and 3 men and 5 boys 
earn £11 in 4 weeks, in what time will 5 men and 4 boys earn £14 ? 

4. The wages of A and £ together for 7^- days amount to the same 
sum as the wages of A alone for 12f days. For how many days will 
the eiim pay the wages of Ji alone ? 

5. If 3 men do as much work as 5 women, and 2 women as much 
as 5 children ; divide between 9 men, 1 1 women, and 6 children a day's 
wages amounting altogether to £3 5s. Id, 

6. The wages of one man, one woman, and three children amount 
to 30s. per week. The man and one child earn together 4 times a^ much 
as the woman. The man and three children earn 5 times as much aa the 
woman. !Pind the wages of each. 

7. If 20 men, 40 women, and 50 childi'sn receive amoiigthem£350 
for 7 ■weeks' work, and 2 men receive as much as 3 women or 5 
children, what sum does a man, a woman, and a child receive 
weekly ? 

8. Three men arc employed on a work, working respectively 8, 9, 
lO hours a day, and receiving the same daily wages. After 3 days 
each works one hour a day more, and the work is finished in 3 days 
more. If the total sum paid for wages be £2 7a. 6^d., how much of it 
ehould each receive ? 

XXIX. 
1. If 100 men can perform a piece of work in 30 days, how many 
men can perform another piece of work thrice as large in one-fourth 
part of the time ? 
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3. If 6 men or 7 women can do a piece of worlt iu 37 days, liow 
long will a piece of work twice as great occupy 7 men and 5 women? 

3. If 12 men and 9 boy3 do a piece of work in 25 days, find how 
many men, assisted by an eqnal number of boya, wonld be required to- 
do the same in 9 days, supposing 2 men to do as much as 3 boya. 

4. If 3 men, 4 women, 5 boys, ov 6 girls can perform a piece of 
work in 60 days, how long will it take 1 man, 2 women, 3 boys, and 
4 girls, working together ? 

5. Men, women, and children are employed to do a piece of work, 
A man can do twice as much as a woman, and 6 times that a child j 
8 women and 18 children can do the work in 40 days. How long 
would it take 10 men to do it ? 

6. Thi'ee men and two women take three daya to do a piece of 
work which four women and three boya can do in 5 days, and one man 
does as much as three women in the same time. How long would it 
take a man, a woman, or a boy to do the work alone ? 

7. If 5 men and 2 hoys can complete a piece of work in 6 days, 
wliich 5 boys and 2 men will complete in 12 days, how long would a 
single man or boy talce to complete it by himself ? 

8. If a man can do treble, and a woman double the work of a 
boy iu the same time, liow long would 9 men, 13 women, and 18 hoys 
take to do double the work which 7 men, 12 women, and 9 boys com- 
plete in 250 days ? 

9. If 6 men and 2 boya can reap 13 acres in 2 days, and 7 men 
and 5 boys can reap 33 acres in 4 days, how long will it take 2 mea 
and 2 boys to reap 10 acres ? 

XXX. 

1. Two persons, A and If, finish a work in 20 days, which B hy 
himself could do in 50 days. In what time could A finish it by him- 
self? How much more of tho work is done by A than hj£? 

2. A alone can do a piece of work in 11 days, and £ alone can do 
it in 17 days. How long would they take to do it together? 

3. A and 5 do a piece of work together in 6 days, and B can do a 
fifth of the same in a day and a half. How long would each be in doing- 
it alone F 

4. A and B can huild a wall together in 12 days, A and C in 13, 
Z(and Cin20, In how many days can they do it (1) working all together ; 
(2) each working separately ? 

5. A and B can do a piece of work alono in 1 5 and 1 8 days respec- 
tirely ; they work together at it for 3 days when B leaver, but A con- 
tinues, and after 3 days is joined by C, and they hnish it together 
in 4 days. In what time would do the work by himself? 

6. A and B can perform a work in 7 dTi=" A and C'in 8 days, 
and A, B, and C in 5 days. In what time can B md C perform it ? 

7 . A does |- of a piece of work in 4 hours, B does ^ of what ri 
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in 1 hour, and C finisliea it in 20 minutes. How long would they 
have been in doing the whole if they had worked together ? 

8. If -4 can perform a work in 9 days, S in 10, and Cin 11, in 
what times could A and B, A and C, and B and respeetivoly com- 
plete the work ? 

9. A, B, and oan each complete a certain work in 9, 12, and 18 
days respectively. If A and B work together for 2 days, and A and 
G afterwards for 2 more, how long will B and C working together take 
to finish the work ? 

10. If ^ can do as mnch work in 5 hours as 5 can do in 6 hours, or 
as C can do in 9 hours, how long will it take A to complete a piece of 
work, one half of which has been done by B working 12 hours, and G 
working 24 hours ? 

11. If ^ in 2 days can do as mndi work as Cin 3 days, and 5 in 5 
days as much as C in 4 days, how long will B requiro to execute a piece 
of work which A can accomplish in 6 weeks ? 

12. A is twice, and B ia just one and a half times as good a work- 
man as G. Tlie three work together for two days, and thon A works 
on alone for half a day, and B for ono day. How long would it have 
taken A and together to complete as much as the three will havo 
thns performed P 

13. If A can by himself perform a certain quantity of work in 5 
days, B twice aa much in 7, and G 4 times aa much in 11 days, 
in what time can A, B, and G together perform S times the original 
quantity ? 

14. A can do as much work in 2 days as ^ in 3 days, and B 
as much in 4 days as in 5 days. In what time could A, B, 
and G together do a piece of work which A can do in II days? 

xxxr. 

1. If a cubic foot of water weigh 1,000 ounces avoirdupois, find the 
number of grains Troy in a cubic inch of water. 

2. A rectangular tank is 13 feet 6 inches long by 9 feet 9 inches 
wide. How many cubic yards of water must be drawn off to make the 
surface sink 1 foot ? 

3. How many tons of water will a cistern contain whose lenglh, 
breadth, and depth are respectively 18 feet 8 inches, 10 feet 4 inches, 
aud 6 feet 9 inches ? What is tho amount of pressure of the water on 
the bottom of the cistern ? 

4. If 13 cubic feet make 81 gallons, how many hogsheads ii'ill 
he contained in a cistern 42 feet long, 39 feet broad, and 10^ feet 
deep? 

5. A cistern is -| full of water, and after 35 gallons are drawn 
off it is found to be | full. How many gallons does it contain ? 

6. Two equal wine-glasses are filled with a mixture of spirit and 
water, one containing 3 pax-ts of water and one part of spirit, and tho 
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otliei' 4 parts of water and 3 parts of spirit. WLen the contenia of the 
two glasses are mixed in a tumbler, find how many parts of the whole 
mixture are ■wine and water. 

7. Four gallons of wine and one of water are poured into a 
veBsel, and one gallon of the mixture is poured out into a second vessel; 
then onegallon of water is poured into the first vessel, and the process ia 
performed four times. Determine the quantity of wine in each vessel. 

8. If a euhio foot of atmospheric air weigh an ounce and a 
quarter under the oi-dinary pressure, what would be the weight of 
air contained in a room 30^ feet long, 20^ wide, and 10^ high ? 

9. If the pressure of the atmosphere on a square inch at the sur- 
face of the earth he about 14 pounds 1 1 ounces avoirdupois, what is 
the pressure on a square foot and on a square yard ? 

10. What is the pressure on a square foot at the bottom of a 
pond 20 feet deep, if the weight of a cubic foot of water be 1,000 
ounces ? If the pressure of the atmosphere he taken into account, 
what is the total pressure ? 

11. If the weight of a cubic foot of water be 1,000 ounces avoir- 
dupois, and mercury be 13^ times aa heavy as water, find the height 
of a column of water which shall be equal to the pressure of mercury 
in the barometer when it stands at 30i inches. 

xxxn. 

1. If a vessel of water be emptied in 6 hours through a spout A, 
and in 3 hours through a spout i?, in what time will it be emptied 
through both spouts together ? 

2. If a cistern when full of water can be emptied in 15 minutes by 
a pipe, and when empty can he filled by another ia 20 minutes ; if the 
eistornhe full, in what time can it be emptied by both pipes being opened 
at the same time? 

3. If a pipe which conveys 1^- gallons ia a minute, lowei the sur- 
face of water in a tank 1^ iuches ia 45 minutes, in what time will 
a pipe which conveys 4 gallons in a minute lower the suifaie 5 
inches ? 

4. A cistern is filled by two spouts in 20 minutes and in 24 minutes 
respectively, and emptied by a tap in 30 minutes; if the cistern be empty, 
what portion of the cistern will be filled in 15 minutes, when all three 
are opened together ? 

5. A cistern has 3 pipes. A, By C ; A will fill it in 8 hours, B will 
fill it ia 4, and C will empty it in 1 hour. The cistern being empty, 
these pipes are opened at 1, 2, and 3 o'clock respectively. At what time 
will the cistern be full or empty, and which ? 

6. In what part of a day will four fountains, being opened to- 
gether, fill a cistern, which if severally opened, they would each fill it 
in one day, half a day, the third and the sixth pai't respectively? — 
(^lAlavati). 
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7. Translate and solve the problem :— 

Xa\Kt6s fifti Jifar, Kpaisoi ti p.ii\ B^flaTO So.i, 

Kal oT-d^, Kol Ti Bfvaj, SfJiTEpoTo irciBoj. 
n\^« 5e KpTjT^pa 3u' Jf^aoi Sejiof a^ia, 

Kb! \aibv TfHTums, nut Tiiffil/iEffdi fl^tfap ; 
'Apsiov ej £i()oij irA^troi (TtJ/ib, ?i !'ii;in ir^ra, 

XXXIII. 

1. If one pei'son tato steps of 29 inches each and another person 
steps of 31 inches ; if the latter take 69, and the former 61 in a minute ; 
■what is the difference of time tetweon each person walking a mile? 

2. A and B walk to meet each otlier from two places 100 miles 
distant. A walks 6 miles an hour and B 4 miles an hoar. At what 
point oa tie road do they meet, and at what two times are they 50 
miles apart from each other? 

3. How long will a column of 10,000 men, 4de6p, require to march 
through a defile of 5 miles at the rate of 75 paces of 2 feet each in one 
minute, supposing each rank of 4 men to occupy 20 inches in depth? 

4. If two trains be moving in contrary directions at the rate of 30 
miles an hour, and each of them be 88 yards long, how long will they 
take to pass each other? But if one of the trains 88 yards long was 
moving 30 miles an hour, and the other 130 yards long was moving 
40 miles an hour, find the time in which they would pass one another. 

5. Two trains lOO yards and 150 yai'ds long respeetivelj, are 
moving in the same direction at the rates of 30 and 40 miles an hour. 
In what time will one pass the other? 

6. If sound travel through air at the rate of 1,130 feet per second, 
through water at 4,700 feet per second, and through land at 7,000 feet 
per second, in what times could sound be transmitted a distance of & 
miles through each of these media? 

7. A person saw the flash of a gun fired from a ship at sea distant 
a mile and 480 yards, and 5 seconds afterwai-da saw the flash of another 
gun fli-ed from another ship in a line between the first ship and him- 
self, and two seconds stOl later heard two reports aimultaneouBly. rind 
the distance between the ships. 

8. A person shooting at a target at a distance of 500 yards hears 
the bullet strike the target 4 seconds after he fired. A spectator equally 
distant from the target and the shooting station hears the shot strike 
2^ seconds after he heard the report. Find the velocity of sound. 

9. If the velocity of electricity be 288,000 miles per second, what 
time would it take to travel round the earth, whose circumference is 
about 24,900 miles? 

10. While Eoemer was engaged in observing the eclipses of Jupi- 
ter's satellites, he found that when Jupiter was in opposition the 
eclipses happened 8' 13" earlier than thoy should according to the 
Rsti'onomieal tables, and when Jupiter was in conjunction these eclipses 
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happened 8' !3" later. Find the velocity of light if tho radius of th© 
earth's orbit he 93,000,000 miles. 

11. Two cogged wheels, of which ono has, 16 eogs and the othei- 
30, work in each other. If the first wheel turn 18 times in 10 seconds, 
how many times will the othor turn in 25 seconds ? 

12. If two hodies move in the eircomferenee of a cirole, the swifter 
making a revolution in 5 hours and the slower in 9, supposing they 
start from the some point, when will ono overtake the other? 

13. The periodic times of four bodies being 24, 22, 20, and 18 
days respectively, in what times aftei leaving a conjunction will they 
all be again in conjunction, and what number of revolutions will each 
have perfoi-mod? 

XXXIV. 

1. A clock is set at 12 o'clock on Saturday night, and at noon on 
Tuesday it is 3 minutes too fast. Supposing ita rate regular, what will 
be the true time when the clock strikes 4 on Thursday afternoon ? 

2. rind the different times at which the hour and minute hand 
of a clock aa'o in conjunction, in opposition, and at right angles to 
one another, between noon and midnight. If the hands were alike, 
at what tiroes of the day might they be mistaken the one for the 
other ? 

3. The seconds hand of a watch revolves about the same axis as 
the hour and minute hands. Determine all the positions in which 
the three hands are together, in the same straight Hne, and at right 
angles, during one revolution of the hour hand. 

4. If a watch be 4 min. 8 ^ sec. too slow at 9 hrs. 80 min. a.m. 
on Tuesday, and loses 2 min. 45 sec. daily, what will be the time 
indicated at 5 hrs. 15 min. p.m. on the following Friday ? 

6. A watch which is 10 minutes too fast at noon on Monday 
loses 3 min. 10 sec. daily. What will be the time indicated by the 
watch at a quarter past 10 on the morning of the following Saturday ? 

6. "What is the magnitude of the angle between the hour and 
minute hand of a clock at :^ past 11? 

7. It is between 2 and 3 o'clock, and the hands of the clock are 
equally inclined to the vertical on opposite sides. In what time will 
they be inclined to the vortical again on opposite sides ? 

8. A watch set accurately at 12 o'clock indicates 10 minutes to 5 
at 5 o'clock. What is the exact time when tho watch indicates 5 o'clock ? 
If it indicated 10 minutes past 5 at 5 o'clock, what would be the exact 
time when the hands indicated 5 o'clock ? 

9. One clock gains 2 minutes in 3 days, and another loses G 
minutes in 7 days ; if they were set right at 12 noon to-day, when will 
their times differ by a quarter of an hour ? 

10. Two clocks begin to strike 12 together; one strikes in 35 
seconds the other in 25. What fraction of a minute is there between 
their S' 
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RESULTS, HINTS, ETC., FOE THE EXEECISES. 

Abstkact Feactions. 

I. 

1, Art. I. 2. Arts. 1, 0. 3. The impropei' fractions are given. 4. 

S ' 3 24 

11 and note. 6. Art. 12. 7. Art. IS, note. 8. Art. 15 and note. 9. Art. 10 
and note. 10. Arts. 15, 16, and note. 11. Art. 16. 

19. The numbers which are aliiiuot parts of 12 are 1, 2, 3, i, 6. Thus 1 is ^ of 
12, 2 is J of 12, 3 is i of 12, 4 is J of 12, 6 is J of 12. Tho other numbera less thuu 
12, niunely, 5, 7, S, 9, 10, 11, can be divided into two or more aliquot parts. 
' . 8 1,1^1 



^ 12 12^12 3^4 3 



12~12"^I2""2"^6*" 



12 I2"''l2 2'''2*^2 

n 12^12 2^3 
ll._6_^ _2_1 ,1,1 
12""12'''ia"'"l2 



■5+3+-fi- 



12 12"^ 12 2"^! 

It may also be notetl that the alic[uot parts of 20 and of 100 are much employed. 
in calcidations connected with, morcantilc transactions. 

II. 

Tho following are the fraotJone in the lowest teiins found by dividing tho 
numerator and denominator of each fraction by their greatest common measure 
reepeetivel J :— 

11 55 j4 55 1309 69 2993 23 19 131 276 8 7 13 61 10996 , 

20' 64' 50' y "360^ 77' 332l' 33' 34* 19l' 397* B* 9' 14* M" S4661 
11761 
122387' 

III. 

The following are the fractions as re 

-5, 38. 9 35 1 175 

1. — and — : _ and _ ; -^, d _- : 
13 15 12 12 105 420 
4680 2457 2912 ^^^ 5544 . 2 

6552' 6552' 6552 6552' 8 

2. «andi= -1, l^andl: ^, ?^ and il : 
9 9 18' 13 18 Sa' «.. uv uv *>.>. ^00 100 

160 375 175 18 ^^j _8_ 
1000' 1000' 1000' 1000 lOOO' 

3. Jlandll: ii, ii and ^1 . M ^2 ^^^ 44 ^ 105 ^ 3i ^r.A ^ : 
100 100 6W 600 600 72 72 72 108' 108' 168 1(J8 
120 100 32 210 ^^^ 75 

240' 2iO' 240_ 240 240 

IV. 



y Google 



3-3 

18. EJja. 17. 5f^. 18. 1. 19. 251^. 20. JJ. 21. 1-^- 22. — '^"'i^' -. 
23. J3^\V 

!Note. — Tlie four fractions in example 13 may be more readily added togctlier hy 
resolving the denominators of the fractions into their prime fai^tora, 

HeroJL+JL = ^„fI.+Hi 5H^_ 

2431^2717 11X13 1 17^19 J 11x13x17x19 

And 589 8J4S 1 i 5S& 3] J6 j 45563 

3553'''4199~I7X19 I 11 "*" 13 1 "11X18X17X19" 



Sum of the four fractions = 



11X13X17X19 i6189 



1. i. 2. Vi- 8. h 4. ^. 5. 44. 6. 85- 7. 252. 8. tJs- 9- 1713379^?. 
^ 11. Ws5- la-sV 13. 4iS^. 14.1. 15. 4H. 16.193^. 17. S^BO^V 
115Ji. 19. Jf 20. 3fj. 21. 1783|. 22. iig^iSJj. 23. 1 00002 , „„'„„„ . 



vm. 

1. Art. 12, note, ^| ia gi'cator thsji Jf, and J^ is greatei' than \i. 

3. W. W. W- S. T^thpaH. 

4. Their relative magnitudes will be obvious when the fractious are retlacEd ti 
the same denominator. 5. Art. 7. 6. Alt. 12, note. 

7. If 8 be added to Ihe numBratoi- and denomina&3r of the proper fraction ^ 

It becomes -^ or ^ or ^ 
12+3 15 ? 
And I is greater or less than -^ 
According as .^ ia greater or less than -^. Art. 12. 
But -^ is obviously gi'cater than ^. 

It follows that -I±i is gi«atei' than i-, 
12-1-3 * 12' 

or that the pi'oper fiuetion -^ is inci'eaaed by adding tie same uurabci' 3 to its 
mimerator and denominator. 

In a slmihir way it may be shewn Hhat the proper fraction -^ is diminisliEid by 
Bubtracting the same number 3 from its numerator and denominabsr. 

The remaining examples 8, 9, JO, 11, 12, oiFer no difficulties. 

"With ifspect to Ex. 12 see Art, 7. 

IX. 
1. EedHoe to single fi'actious and find the sum. 2. T!ie i^osult is 484|g^. 3. 
tWt. *■ jiis- ^- '^''^ ^""^ "' ^'i® fi'aotions is -fy ; and the lowest fraction required 
with denominator 1000, will be next greater than ft, which ivill be fomid to be ■^^. 
7. i|. 8, 0H- 0- \i excess, JJ of 7. 10. 300. ll.j^ can he subtracted 11 times, 
from iSu. "1'^ leaves a remainder ^. 12. 3 + 5 + 7 = 1.'!, and Tc+f^+TT^^' 
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1. V-9XiV 2. The diffei'enoe ia ^: the prodnei; 1. 3. J. 4. 10^. 5. 
ilUftrS' 6. iJ. 7. The ijuotient ia grmte\' than the product. 3. aV 9' Si'i'r' 
10. -rflfc- II. 1- 

12 H5I^1 Lilllt L'lli^A^H 

■ 2448~l + l+3+l + l + 3+3+13 ' ' 3' 7' B' 16- 57' 
XI. 

'■ HVi-6ci- 2. 11830. 3. l|a|, 4. 2|S5. 5. ^-J^. 6. if?^. 7. -^5%^ 

xn. 

Tlie operations indicated in tbe first foar expiiissioiis offer no difficulty. 

5. Til. «p,,.™ i. «iuM,ut 1. ^^I^L^x^x^y 

6. The left side of tha expression can be put under the form — 



|10.1_36 ( 11. 13. 13"^11.12. 3G 11. 36.37 36. 37.38 S 

d ' +^± L n,u_ 2s 

11.12.13^11.13.36 11.] 



,1.19ll3'^12) "^11.1 



11.12.13.12* 11.86.87 11.12 
1081 1 1 C 


(.18.12' 3; 
3243 1 


■i 11.12.18,12.37 
■) 134950 


11.12.13.12.37 ' 36.37,33 36.37 f-ll 

T^.,„....„ 1^^ 49.50.51 


.12.13 '33 

151 
8=il343S- 


3 11.12.13.36,37.38 
49.50.51 
~11. 12.18.36. 37. 33 


^'"'"^"'Vo.|3_e-ll. 12.13.36,37.3 
7. See Art, 11, note. 





CONCEETE TliACTlOKg. 

XIII. 
1, 2, 3. Art. 17, and aote. 4. TJie direct and oouvei'se. B. £2 lOs. E^^l. 6. 
^MS- ?. iSfiiidi^. e. i^. 9.44s. 10. jV of I guiiM. n, £i, and 3:^3. 
12. ^, 13. The direct and cottverse. 14. -f^ of eat,tte=£1003 17s, 6d. r 
,V = £200 16s. 6d., find 1? or whole estate = £3413 3a. 6d. 

XIV, 

1. Ai't. 18. 2. £5 123. 4Jd. 8. £7 143. 5|d. 4. £140 10s. ll^i^d. 5. 

£6423.2Sd. 6. IJIoElguinea. 7. ^'i^^ of £100. 8. £1 JOs. 6d. 9. JJ of half 

.a sovereign. 10. ^^ of £1. II. f^ of a crovvu. 12. ,^ of a oi-own. 13. Ee- 

.niaiiiing share ^^ and its value £3080. A received £2 5s. lOd,, and B £2 Is. 3d. 

XV. 

1. See on Multiplication and Divi^on of Conerete integers. 2. ^i of £lc- 

£1 12a, llfjd. 3. The shorter course is to add J of the snm to thirteen times the 

sum. Therc3ulti3£8D63, IJJd. 4. I6403DJ. S.^Jgoffl. 6. £5 Is. l^i.L 7. 

26*53. 8. Tiio quotient 9^f iudicates the uumber of times the lattei- sum ia con- 
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tainefl in the former, when both sums ave expressed i:i the same units. S. The 
diiference is contained 4fJJ times in the sum. 10. -^^ of 1 guinea is equ.il to Is. 7-j\d, 
11. 903^jf ^, an ahEtl'act uumher denotiug the number of times tlie less sum is con- 
tained in the greater. 

12. Here lis. fid. is equivalent to 8i0 farthings, and 25 new to 31 old fartliings, 
and 1 new is §J of one old farthing: 8iO iiew = ||x840 = S06| old farthi.iga. 
840-806» = 33J old faithings loss per week. And 83JX52 = I747J- farthinga = 
£1 ICs. 4Jd. loss yearly, 

XVI. 

1. £U 8s. 4Jd. 2. £1 gives la. 2d. ""grrs "^ ^^ ■ ^^"O gives £ V. oi' ^s per 
cent. 3. First one halfpenny is the gain on three halfpence, tlie gain is J of tho 
caiiitiil, and the gain on £100 is ^633^, or 13i per cent. 

Secondly, one hfllfpenny is tiio gain on four balfpenw^ tho gain ia i of tlia capital, 
and tlie g;uii on £100 is £26, or 25 per cent. The difference is 8J per cent. 

4. £100 her^ueathed gires £90 to legatee, or he receives £90 for 100 befiueathed, 
and£l for Vi?, and therefore, £1000foris£2i>, or £1111J the sum to tie bequeathed. 

5. lirat prime cost 3a. 6d, or £-^ gives 4Jd. gain : £1 gives Ifs. gain, and 
£100 gives ^- - or £10^ gain, or 10^ per cent. 

Secondly, 3s. lOJd., or £-^, gives ijd. loss, and £1 gives J^s. loss, and therefore 
£100 gives ~^^ or £9Ji loss, or OJi per cent. 

6. 83^ per cent. 7. fJJ of £1. 8. Neither gain nor loss. &. With M^ gain, 
the prime cost is 100, and £4^ is contained ^g times in £47 143. Hence £47 14s. 
Eives^XlOO-£530,Uie prime cost. 10. 21^3. 11. 2s. n^d. 13. 10,^. 

12. Let 1 denote wholesale price to the retailer, who makes a profit of 25 per 

Thenl-!-^=l + ior^=16s. 



Host, let 1 denote the manufacturer's price to the wholesale dealer, wlio makes 
aproflt 01-15 per cent. 

Then l-i-iH =l+i or ?? = 124s. 



Thirdly, Jet 1 denote the original cost of tlie article to the manufacturer, who 

makes a profit (if 10 per ecu'.. 



,ta,to,.i.|!x!2.?|5.,o.^,. 

Or tlie cost to tlie manu&ctm'cr is lOs^ijS. 

xvn. 

1. A franc, lOd. -^ =£^\ = ^^ of 1 guinea. 2. 1 guinea-=504-6 = iSS half- 
pence : ojid 1 frano=19 halfpence. As 498 and 19 are prime to each other. The 
L. CM. = 19X498. Hence 19 sovereigns, or 498 fi-anos, are the least iinmbei-s of 
these coins that can be exchanged. 3. 25714t francs, i. 857I.J lupees. 6. 
10 Bcudi = 53i francs, and 1 scndi-'V of 1 franc; 20 francs = lCs., and irrauc = ^of 
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Is.; <!Js. = 12 cai'liiii, and le.=JSof 1 earlini. Hence leoudi = V of i°^ if of 
loni-lmi, and therefore 500 9CUili = 500xVX^XJ^ = 60i8oarUm. 0. 705J| caclhii, 
7, 620^ thalers. 8. 100 franca, 9, £e in London is equiyalent to 85 marks h> 
Hamburgh, 

XVIII. 
1. 173. 6]VWV^- i" the pound, itad they lose HtI^ of t'leii' debt. 2. Ho loses 
^ of £5312 5s, 3. g lost, whole dubt £120 Sa, i!Jd. 4. The creditors lose iU pi>rt- 
The whole debt was £2440. 6. £178 Is. 6d. 6. £810, £621, £729. 7. £^^J^' 



„78i^ ^m 



Each receives S9^ per cent, of his debt. 8. Jirst, £604 w 



£166, or J of the capital employed, which is £25 in the £100, or 25 per cent. 
Secondly, £830 lost £166, or ^ of the capital employed, or 20 per cent. 9. By 
dividing £195 into three parts, 3^, ^, and ^. 10. £180, £320, £500. 11. 
HeieJ+i+J— ■^+TV+T'i'=ilof the whole, of which ^ sbai-e is not assigned. 
The gain £125 for their share must bo dedaeted from £1,500, which leares £1,375 to 
be divided. Their three capitiils ai* denoted by 6, 3, 2, and the first fakes 7 per 
cent, on his 6, the second 5 per cant, on his 3, and the thiiii 8 per cent, on his 2 ; 
and the sums of these 42 + 15+6 = 63, or J+^'V+i^^l, which gives the shares of 
the gsuns £9ief, £327^, £130|$. 12. £200xl6J, £200x37*, £200x53^^, 
£200x63^5. 

XIX. 
1. The questions ate one tbe reverse of the other. 2. £333 6s. 23id. 3. S^dwts. 
of pure gold. i. The aapposition gives 96 grains of pure gold, neglecting the alloy. 
E. 8J out of 100 pai'fe, or 8J per cent. 6, The tmo weight of a sovereign is 5dwta. 
2Jgi-s. The loss on 100 light sovereigns is to he calenlated on the supposition of a 
loss of Ijd. on £3 17s, lOJd., the value of one ounce of standard gold. 7. Heitlier 
gain nor loss, 8. lOlba. of jewellers' gold consists of SJlba. of pure gold, and 4^1bs, 
of alloy, of which alloy %§ of lib, added to 5Jlb3, imre gold, makes e/ylhs, standnrd 
gold ; the rest of the alloy, 3^Ibs., is neglected. The question now requires the 
price of 6,^lb3. of standard gold at £3 173. lOJd. per ounce. 9. 17 carats pure gold 
implies 7 cai'ats alloy, 2Ji ounces of pure gold. 10. The sum of £3 17a. lO^d. 
could have paid £4 IBs. fid, in 1815 ; bnt in 1821 the depreciation was 15s. 7Jd. on 
£4 I3a. 6d., or i of £4 IBs. 6d. Hence the depreciation on £100 will be £leg, or 
16| per cent. II. If the nnmber of grains in one ounce Avoirdupois be divided by 
the nnrabev of grains in the weight of one sovereign, the quotient will give the 
number ot sovereigns required. 12. The alloy in a sovereign is 10^ grains. The 
diEference will be the excess in value of lO^j^j grains of silver at 5s. 6d. an ounce, and 
lO-i"^ grains of copper at Is. 6d. aponnd Avoirdupois of 7, 000 grains. 

XX. 

1. I2dwta, 2. Es. 3Jd. 3, Sdwts. ll^-J grains of pure silver, and 18}^ grains 
alloy. 4. Blgii farthings. 

6, Supposing tlie value of the alloy neglected. 80 per cent, of pure silver 
implies 20 per cent, of alloy, so that,^+t^ = l, orf+i = l. And if the unit be 
taken as one ouncB, one ounce of alloyed silver is in valao ^ of an ounce of pure 
alver, or 4s, And 15 times the val\ie of one onnce of alloyed silver is £3, and £3 
is I of the value of 1 ounce of pure gold. But three parts of pure gold and one port 
of copper make up the ounce of alloyed gold. J of an ounce of copper, or 25 pei- 
cent., must be mixed with 75 per cent, of pure gold. 

6. Estimating the coins by the pure ailver in them, 1 sestertimu'=250x54giain3 
of pure silver, and^Jof 20X24 grains=37X 12 grains, which are worth 5s. 2d. The 
's worth £7 17s. IjVd, 
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7, 51g issued. 8. IS-j^cwt. of gold, StV of ailrar, Mid 2-jV of copiier. 9. "Weifjhfc 
of the aoveieign 1 23 J}J gmiiia, of the holf-erown SIB-iVsSi grains. 10. 80 shillings 
and 5 giains over. 11. SSJ^J grains. 

XXI. 

2. IJoflScwt. or A of one toil. 3. 1520 tons of ore. i. 20|Ibs. and in|lte. 
5. £860 7s. 2d. 7. ri4J« pence. 8. 11+100 = 111 .-. ^ + i¥? = l. The unit is 
''iewt of wh eh 2J^owt is tin, and 21|^wt. copper. 9. 75 per cent, of copper 
nd 23 p»r cent of t a 10. 66|^lbs. of oxygen, 48^^1bs, of carbon, and 
TT'L'y!,!'^ "f 1 jd og n 11. 7ii5 ounces of oxygen, 3JJJ ounces of sulphur, and 
4Mt oun of 1 un 12. IScwt. of nitre, 2ewt. of snlphnv, and 3ewt. of 
chi oai 

XXII. 

1. 44Jg lineal inches, 44^ squai'e inches. 2. 44^ cubic inches. 8. 1^^-; lineal 
iuohaa; 1^^ an abstract number. 4. l^j ac[uai'e inches ; 1^ lineal inohes; 1^ 
an abstract number. 5. The former is double of the latter. 6. 2J lineal feet. 7. 
■^ lineal foot. 8. The first quotient is 192 cnHo inches, the second 192 square 
inches, the third 192 lineal inches, and the fourth indicates that 9 cubic inches is 
contained 102 times in a cubic foot. 9. Tiie difference is 8M\% BC[Uflre yai'da. 10. 
808 i square feet. The quotient 9 gives the nnniher of times the latter length is con- 
tained in the former. 11. 21J inches. 12. i52i square feet. 13. Meadow^ and 
Ei'able is J+f = |S, the rest iS=l acre, 3 roods, 26 polee=30e poles, and ^ = 18 
poles. .'. -^ or ^ = 144 poles, meadoic: and ^ or | = 2?0]>ole3, arable. 

14. Here 500+350+800+160 = 1810 .-. .^+^+^'^+^ = 1. In this caso 
the unit is 200 acres, .'. -^ of 200 aci'cs = 55-^\, the allotment to the possessor of 
the rental of £500 a year. In a similar iray the reat of the allotments may be found. 

XXIII. 
1. The length of the measurbg rod is 2S^ inches, and is oontaiaed SSJIg times 
in 77 yards, which is not so near 99 times as by ^ in defect. The distance, there- 
fore, which approaches neai'est to 77 yards is 99 times the length of the meaaui'ing 
rod. 2. IJJineh. 8. .j^ of an inch. 

4. 6 plethi'a=124 toises, 1 pletinu^-ili toises. 
9 toises = 17 metres, 1 toise =-',' metres. 

S5 metres = 39 yards, 1 meti'e -|^ofIyaiil. 

Hence 1 plothva=i|i of -^^ of ff of 1 yard. 
1575 plethva'=i5fiX-H^XV'-XfS = 82212 yards. 

5, 3+4+5=12, J + i+-fe = l. Tito unit is 492 yards. Hence I, J, and -fi of 
492 yaids are respectively 123, 164, and 205 yards. 6, If the eri'or be in defect, the 
appai'ent length is 602 yards, and 24i inches over. If the error be ire excess, the 
apparent length is 499 yai'ds and S| inohes over. 7. SJ miles is tM? °^ ^^ eai-th's 
diameter. The height of Mont Blanc above the surface of a globe of 16 inches 
diameter is represented by -Y^rw "^ °'" '"<'''' ™ between -ji^ and -[Jt of an inch. 
The height of Knneliingunga above the surface of a glohe of 30 inches diameter, is 
represented by ^"jVs °^ « '"^^i °'^ between ^^ and ^ of an inch. 

XXIV. 
1. 94j\ square yoi'ds, 847j aq\iare feet, 10174 sqnai'e inches, 2. 429 yards. S. 
9J yards, i. lOg^V feet wide. 6. 230 plots each l-^J foot wide. 6. 266^ 
yiirds. 7. 1772| squoi's yards. 8. 28i planks. 9. 199^f J yaida. 10. 25 yurds. 
11. 1036500 stones. 12, 186| yards of paper. 

XXV. 
1 £30 2s. 9id. 2. I4s. lO^f^d. per yaid. 3. 10 feet high and 16 feet broad. 
4. lefcetbi-oad. 5. £15 14s. SJ-Jd. 6. 0/;?^ feet high. 7. £5 178, 0}-|d. 
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XXVI. 

1. Seei oubiu feet. 2. 1728 Gubes. 3. 320 wvbca, 4. 6 feet long. 6 16 yacda, 
e. 683600 Ottlio yards. 7. 384^^ cnHo feet. 8, 2^ feet long. 0. 960 feet loug. 
10. 3| feet deep. 11. 7,800 biioke. 12. The eontont of tlio chest is 56Jt euMo feet- 
Quantity of wood used gj eubie feet. Difference bstween tlio external iiiid internnl 
surfaces of the eliest Si sqitare feat. 

XXVII. 

1. ISSOlba. 2. 81901bs. 3. The weight of a cubic foot of the stone is 1601b.«, 
The weight of the bloek 235,96011is. i. Supposing the internal dimensions given, 
the external dimensions iviU be 10ft. llin,, 8ft. 7in., mi 5ft, liin. The vessel 
eonsiats of 36-^!,'^ onhio feet of iron, of nhidi i cubic inches weigh one pound Avoir- 
dupois. 5. The internal snrfaee of the cistern is 143^} si^unre feet, and 17sH euiiii; 
feet of load are reqiiii'ed to line it. 6. 1 yard of wire requires ^ of lib. of copx>c]', 
ajid 50 miles rec|uire 4,00011)e. The area of a sestiou of the wire can be found liy 
dividingtlio number of cubic inches of copper in the wire by its lengtli. 7. 334 feet, 
8, 7617SI square yards. 9. 27ES25 lesives. 

SSVIII. 
1. Since six men earn £7 6s. 3d. in 74 days, they earn 199. 6d. in one day, and 
one man earns 33. 6d. in one day. The 10 men will earn £1 15s. iu one day, and iii 
Hi days they will earn £20 Ha. 3d. 2. Talte an hour as the tinit of time. 

3. Here 3 men and 5 boys in 4 weeks earn £11; 

therefore B men and 6 boys in 1 week cam £2f , 

and 6 men and 10 boys in 1 week com £5^. 

But 7 men and 10 boys in 1 week earn £6 : 

tlierefore 1 man in 1 weak earns £J, 

aiid 3 men in 1 week earn £11. 

Whence 5 boys in 1 week cam £li, 

and 1 boy in 1 week earns £i. 

Wherefore 5 men and 4 boys earn in 1 week £3^. 

But 5 men and 4 boys earn in some number of weeks, £14. 

The time requited is 14-r-8i = 4 weeks. 

4. 18 days. 5. Lot the work of one child be taken as the unit. Then the Roi'k 
of 9 men, 11 womefi, and 9 cliildi-on is equivalent to the work of 71 childwu. Iha 
men receive £1 14s. 4id., the women £1 5s. 2id., and the children 5a. 6d. 

6. Let the wages of 1 child be taken as the unit 

Wages of 1 man and one child are equivalent to the wages of 4 women. 

Wages of 1 man and 8 children are equivalent to tlie wages o£ 5 women, 

Hence the wages of 2 children are equivalent to the wages of 1 woman, 

and the wages of 1 man is enuivalent to the wages of 3J women or 7 children. 

Therefore the wages of 1 man, 1 woman, and 8 children, are equivalent to the sum of 

the wages of 7 children, 2 children, and 3 children, or 12 children. 

But tho amount of these wages of 12 children is 30b. 

The man's ivages are 17s. 6d., the woman's 59., the 3 children 2s. 6d. each. 

7. £350 for 7 weeks' work gives £50 weekly. 2 men or three women receive as 
much as 5 children, therefore 1 man receives as much as f children, and 1 woman as. 
j children. And 20 men receive as much as 50 children, 40 women us 66J children, 
and consequently 20 men, 40 women, and 50 children receive together as much ai 



166f children in 1 week. Each child receivt^ £6O^166J = 0s. weeltly. 1 
frX6 = 10s., and 1 man JX6 = 16g. 




XSIX. 
1. Here 1 man performs ^^ of the work in 1 day, and a certain numbe 
perform f in one day. Hence g-rsoW=^1200, the number of men. 


rof 
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2. Since the work of S men is eqiiivEilent to tlitit of 7 women, the work of i 
womaii is denoted by ^ that of a man ; and the work of 7 men and 5 women will ba 
denoted by -^ work of a man. The numljor of daya ia Si-^, 

3. The work of two men ia equiimlent to that of 3 boya, and the work of 9 boys 
will he ec[ual to that of 6 men, ond therefore the work of 12 men and 9 boys will he 
the same as that of 18 men. 1 man can perfonn jj^ of the work in 1 day, and tho 
work of a boy as | of that of a man, or jf j in I day. Hence tlie work of 1 man and 
1 boy ill 1 day is denoted hy j^. Tlie number of days is 30. 

i. 30|g daya. 5. 23 days. S. A msii in 11 days, a woman in 33 days, and a 
boy in 38-^ days. 7. A man ia SIJ daya, and a boy in 252 days. 8. 360 da^, 

XXX. 
1. If the wovk be denoted by 1. Then A and B do 1 in 20 days, or i,'n in 1 day. 
B does 1 in 50 days, or ^ in 1 day. Hence A doea ^g—ik--^ "i one day, and 
l~--jg^t=-ig!!=33i da^ in which A conid finish the work by himself. 

And A does i^ in 1 day, or in 20 days he doea ?5 or - of the work. 
60 60 5 

„ . 8 3X20 3 

ioa " " 100 6 " 

3. A docs 1 in 11 days, therefoi'e Vr in 1 day. B does 1 in 17 days, thcrofove 
Vt in I day. 

Then i+^ = ^^\. And l^^^l^^S^^ days. 
Together they complete tile work in 6i^ days. 

3. A and B do 1 in 6 days, and J in I day. S doea i in IJ days, and -^ in 1 
day. And Jdoeai— ft^jL: and 1-^3^-30 days, l-H-ft=-t^=74. 

That is, A does the work in SO days, and S in 74 days. 

4. A and 5 do 1 in 12 daya, and -fj in 1 day ; similarly A and do -Jj in 1 day, 
and S and C ^ ill 1 day. 

Then i+i-i-A 01. 1 is double of what ^, i5, do in I day, 

and therefore A, B, t7do J- of the work in 1 day, 1-=-— --10 days, 

or, togethei', they finisli the work in 10 days. 

., what does in 1 day. 



10 13 60 60' 


'' 


i_l=ii:^^l, what £ doe. h 
10 15 30 30 


a 1 d^iy. 


^ -^ =2^^-^, what ^ does i. 


n 1 day. 



10 20 

And J, B, C, separately, do the work in 20, 30, and 00 days respectiToly. 

5. A doea 1 ia 15 days, and •,'s in 1 day. S does 1 in 18 days and tV in I day. 

.-. A and -fi together in 3 days do 1+i or ii of the work. 

and 1 — il=— of work remains to be done. 
30 30 
Here JB leaves, A continnes, and is joined by C, who together finish the part 
;ft 15 ia 4 daya. Of this ^ does -1 in 4 days. 

And 1?-A=„li work left. 
30 15 30 



n 4 days, or ii inl day, l-;-i£ = '^-10« days. 
■* ' 1911 ■" 19(1 n TI J 



' 120 ■•■"'■ ^20" 

That is, C could do the wovk by liimaelf ui 10^^ flay.!. 

«, 10^ J daya. 7. IJ hrs. 8. m days, 4JS daj-a, 5j\ daya. 9. 2 dsys. 10. 23 hrs. 
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11. 3 days' work of ^ - 3 days' work of ; 
aad B daya' work of £ = 4 days' work of Q. 
.'. 8 days' work of ^=12 days' work of (7; 
and 15 days' work of .ff=12 days' mork of (7. 
Hence 8 days' work of ^ = 15 days' work of B, 
and 1 day's work of J = -^ days' work of B. 
Therefore 36 days' work of A = — ^ — , or 673 dnys' work of B, 
or B will require 67J days to complete what A can perform iu 6 weeks, 
12. S| days. 13, Z-^i^ days. 14. 5 days. 
XXXI. 
1. 1728cuMoiiie!ie9=l(IOOouneesAvoirdiipois. Ion, M-ater ^Ib, = ^?g'' gi'aiua. 
Hence 1 cuMc inch of water = i^X^gii = 25ii}J5 grains Ti'oy. 2. 4f cubic yords. 
3. Content of the ciatem=^x—X — = 14x31X3 oiiUc feet. 



1 cnHcfoot of water=1000oz.= 



1000 



Therofore weight of water = - -. < :- ■ .- . .—^ — ^— ^ — =-— . = 36H tons. 



X25_2335 _ 

16X112X20 

the pressure on the liottom of the cistern, which is at the rate EJ!{J tons on the 
square foot. 

4. 3402 hogsheads. 5. 120 gallons. 

6. Glass A contains 8 parts water + 1 part spirits = 4 parts. 
Glass B contains 4 parts water + 8 parts spirit—? parts. 

% of water+ I of epirit-l, 

and f of water + 4 of spirit = 1, 

therefore 1^ of water+H of spirit = 3. 

Or the mixtiire conaiats of 1^ of water, and ^ of spirit. 

7. The first -vessel contains If^J gallons, the second 2^\% gallons, 8. 7045^^ 
onnoes. 9. 2II51I)S. on the sqnaro foot, and nine times this pre'ssiue on the sqnitre 
yarJ. 10. 82aelba. 11. 17tV feet. 

xxxir. 

1. Jhour. 2. a^minntes. 3, 60 minutes. 4. ^ full. 

B. The capacity of the cistern may he represented by 1, Pipe A fills the cistern 
in 3 hours, and poms in S in I hour. Pipe B fills it in 4 lioui's, and pours in i in, 
1 hour. The pipes A and B pour in J+i or -^ in 1 hour ; hut pipe C empties the 
cistern or pours out 1 in 1 hour. Hence the quantity jwm-ai mii being greater than 
the quantity ^vared iti during the same time, the cistern will become e»ijrfjf in a 
certain time. At 3 o'elook, when pipe (7 ^ opened, the ciatem contains \-\-\, or -J}. 
And in 1 hour, 1 — ■i!E''Ti '^ excess of quantity poured oat above that poiircd in. 
Hence ii-^-h=^=H hours, Tlie va?sel will be empty 2^ honrs after S o'clock, or 
at 12 minutes past 5 o'clock. 

e. T^ofnday. 

7. 1 am a brazen lion, witli fountains in my two eyes, my month, and in my 
right foot. The water flowing from my right eye fills a reserroir in two days, aad 
from the left in three, and from the foot in four. But when the water flows from my 
monUi, it fills the reservoir in six houra. In what time will the TCScrvoir be fiUad 
by the water from the mouth, the eyes, and the foot, if all bo opened together ! 

Ie %% hours the re'iervoir will be iiHed. 

XXXIII. 

1. The difference is iIH^?2?^S minutes, or more than IJ, but less than, 
Ucf a minute. 
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2. Here 6+4=10, and J+|— 1, and the unit is 100 miles. Hence A walia 
% of 100, or 60 miles, and £ § of 100, or 40 miles, when they meet. 

Again ^ of 50 -" 38 miles, and f of 50 = 20 miles. When A had travelled 30, and 
B 20 miles, they were 50 miles apart. They will a second time be 50 miles apart 
after having passed each other, when A is SO and B 20 miloa distant from the places 
from which B and A respettively started. 

3. 3 hrs. 23J min. 4. -^ oC 1 miaute, and ^3 of 1 minute. 5, ^ of 1 minute, 
e. aSyts seconds through air, J^J seconda through water, and 4-^j seconds through 
■lancl. 7. 1344 yards. 

8. The shooter notes the timos of the flight of hall over 500 yards, and of sound 
over the same distance in 4 seconds. The spectator observes the diiference of these 
,to be 2J seconds. Hence it appears sound moves over 500 yards in % second, which 
gives 1125 the velocity of sound in 1 second. 

9. The time required will-be the same part of one second as 24900 miles is of 
288000 ; that is, the time is ^V°iicfe> ''^ ^ts "^ ' second, which is between ^^ and -^ 
of a second. 

10. 192e97j^f miles. 11. 24 revolutions. 12. Ih II j hours. 13. 3950 re vo- 
Inlions. 

XXXIV. 

1. Shrs. 54Jmin. p.m. 

2. The hour and minute hands of a clock are coincident or in conjunction at 12 
o'clock. They are also in conjunction at some point of time in each successive hour 
(except from 11 to 12 o'clock) until they are again in conjunction at 12 o'clock. The 
motions of the hour and minute hauds are uniform and the minute hand moves 12 
times as fiist as the hour hajid. Now ft th j notion at 12 o'clock, the 
minute hand reaches XII. again when th ho h 1 pc nts to I. And when the 
minute hand reaches I. the hour hand 11 h m ed over ^V of the distance be- 
tween I. and 11., and when the minnte h nd act allj o rtakes the hour hand, Ihe 
hour hand will have gone over ^ of th d la b tween 1. and II. ; and in the 
Bame time the minute hand will have n d ^ And therefore fj, or l^^. is 
the space moved over by tie minute ha d f m X!I wh 1 the hour hand has moved 
■j^ of the equal space I. to II. And the exact time of the first coincidence of the 
hands after 12 o'clock, is 1-,V hours or H^t minutes past 1 o'clock. In the same way 
it may be shewn that the next coincidence will take place at 2^ hours, or at 10}^ 
minutes after 2 o'clock. The successive times of conjunction will be found by adding 
1-}^ hour to the time of each preceding conjunction, reckoning from 12 o'clock Ohr. 
They are at 1-^, 2-ft, S^V, i-}-,, 6^, e-ft. T-ft> 8^, OVr- '^^Vi, "ii hon"^ re- 
spectively. 

The hour and minute hands will he exactly opposite, or in opposition, at 6 o'clock, 
and also once in every hour until they are again in opposition at 6 o'clock. 

The hour and minnte hands will be at right angles to each other when the 
minute hand points to XII., and when the hour hand points to III. and to IX., or at 
3 and at 9 o'clock ; and in every hour there will be two points of time when the two 
hands are at right angles to one another. 

The preceding remarks on the solution of the first question will suggest the mode 
of proceeding for the esact solution of the second and third questions. 

8. See the preceding solution. 4. 4min. 68sec. too slow. 5. At lOhrs. 15min. 
a m. on Saturday, the watch is 5miD. 36^seo. too slow. 6. The angle is 109J de- 
grees. 7. The sngles at which the hoar and minute hand are inclined to the vertical 
is 60°, when both are equally inclined between the hours of 2 and 3 o'clock. 8. 
10^ minutes too slow, and 10-^ minutes ftw fast. 0. 8hrs, 15 min. a.m. 

10. There are 11 intervaJs between 1 and 12 strikes. The interval of two strikes 
of the first clock is ^ sec,, and of the second y^eo., and the seventh strikes take 
place on the completion of the sixth interval. The tiniea are ^f and J^ seconds, 
their difference is ^5 "^ 3 seconds, or 1^ of 1 minute. 
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DECIMALS. 

Abt. 1, As the local value of figures in tlie denary eeale of notation 
increases tenfold reckoned from the right towards the left, the first placo 
teing the place of units, the second the place of tens, the third the 
place of hundreds, the foni-th the place of thousands, and so on .- it 
follows that each successive figure decreases tenfold when reckoned 
from the left towards the right. 

If the scale be continued towards the right and reckoned from, the 
first place o£ units, the second, third, fourth, &c., places -will he the 
places of tenths, hundredths, thousandths, &c. And if a point be 
placed before the figure in tho place of tenths, this mark will distin- 
guish the fractional from the integral portion of the scale ; and while 
the integral places successively increase by tens, hundreds, thousands, 
ftc, the fractional places suceessively decrease by tenths, hundredths, 
thousandths, &c., from the unit's place. 

This extension of the numerical scale reckoning tenfold decrease 
towai'da the right constitutes the perfection of the denary system of 
notation, and i-enders it complete for expressing the smallest possible 
fraction as woll as the largest possible number. 

And further, as these fractions consist only of an extension of the 
scale helow th pi f in t t t nths, hnndi-edths, thousandths, and 
so on, the p t a f dd t subtraction, multiplication, and 
division can b p f rm d it th th fractions in the same manner as 
integers, tak t m k th values of tho results by correctly 

placing the p ut wh h p t th fractions from the integers, 

2. Dei-. A decimal fiaction o decimal, may be defined to be a 
fraction the denominator of which is 10, 100, 1000, &c. 

'Xhere is apecniiar notation asssumed for expressing these fractions. 
The denominators are omitted, and the numerators only are written 
with a point placed before that figure, which stands as many places 
from the right-hand figure as there aro ciphers in the denominator. 
If the number of figures in the numerator be less than the number of 
ciphers in the denominator, the required number of figures must be 
made up by prefixing ciphers to the significant figures of the nume- 
rator, in order that each figure of the numerator may occupy its 
proper place in the scale.' 

' In order to avoid itnTiigmty the point liould te x'" "'^ liefora tin, ujpei 
pnrt of the first figure of tho decimal and not hsf le the l>»er part as i point 
placed between numbers or symbols m the Ijncr jiit has been assuned mitcad 
of the symbol X, to denote that the numbers or sjmbils ire multiplied together 
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Thus, the decimal fraction -^ is repi-esented by -5, -^ hy -05, 
.^-^s^ by '005, -;^Tj\,'V ^y '876, fff§ by 6-876.' 

S. Pr.or. The value of any decimal is not altered in value ly annexing 
on», two, three, ffc, ciphers to the right hand of it. 

For Tjy annexing 1, 2, 3, &c., ciphers to the right hand of a 
decimal, both the numerator and the suppressed denominator of the 
decimal fraction are multiplied by 10, 100, 1000, &o. : and if the 
numerator and denominator of a fraction be both multiplied by the 
same number, the fraction is both multiplied and divided by that 
number, and therefore remains unaltered in value. 

Also, if one, two, three, ^c, cip/cers be found at tJie i-ight hamd of a 
deciTiiai, the;/ may be omitted without altering the value of the decimal. 

For by omitting 1, 2, 3, &c., cipliera, both the numerator and the 
suppressed denominator of the decimal fraction are divided by 10, 
100, 1000, &c.; and whea both tbe numerator and denominator of a 
fraction are divided by the same number, its value ia unaltered. 

4. Paoi'. Tojind the sum or dijjerenee of two decimals. 

If the decimals be reduced to a common denominator, the sum or 
difference may be found as the sum or difference of two ordinary 
fractions. 

The sum or difference, however, may be found irithout reducing the 
decimal fractions to a common denominator, by arranging the numbers 
-under each other ; units under units, tenths under tenths, and so on, 
and then adding or subti-acting as in integers, talcing care to place the 
decimal point in the sum or difference before the pla«o of tenths.' 

1 If the equivalent notations ^ and -5 might be named, the foi-mer " a decimal 
rrattion," and the latter " a decimal," an ambiguity would aometimea be avoided in 
hpeaking of the two forms of tlie same thing. 

A decimd may consist wholly of significant figures, as '875 ia a deaimol of 
tbi-ee places, consisting of three significant figures ; or partly of significant iigures, 
and partly of figures which are not significant, &s '005 is a decimal of three places, 
consisting of one significant figure. 

Any integer may be expressed in the form, of a decimal fraction, as 25 may be 
put into the forms W. '^' WifSP. &c. 

Any decimal may be erhibit«d as the sum of as many decimals or decimal frac- 
tions as there ai-e significant figures in the given decimal. 

The decimal -875 may he exhibited as the sinii of three dccimnl ftactiona. 
Thus. -875- ^ =5^+Jii^ 



n and diffei-ence of 13-1036 ajid 7-3105389. 
13-1U35000 
; ■8105689 
5-liaa»3il diCferenm. 
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5. Paop, To tnuUiphj one decimal hy anoilier, and lo deduce the general 
rule for the place of the deeimal point in the produet. 
To multiply 3-457 by 2r34 :— 

Hei-e 3-457= ^±'1 , and 21-34 =^ 
1000 ' 100 

3457 „ 2134 



= 73-77238 
Heiioe tho product of two decimals is found by multiplying the 
decimals aa integers, and pointing off from the right-hand figure of 
the product aa many decimal places as there are in the multiplicand 
and the multiplier. 

If, however, there are not as many figures in the product as the 
number of docimal places in the multiplicand and multiplier together, 
the required number of decimal places must be made up by prefixing 
to tho product as many ciphers as malre up the defect, and the 
product will be wholly a deeimal. 

6. Feop. a deeimal m midtipUed hy 10, 100, 1000, &c., hy re- 
moving the dedmal point in the given decivial one, two, three, <fcc., places- 
towards ilie right. 

For any given decimal eipressed as a decimal fraction is multiplied. 
by 10, 100, lOOO, &c., by dividing the denominator by 10, 100, 1000, 
&c., and thus the decimal fraction, when expressed as a deeimal, will 
consist of 1, 2, 3, &c., decimal places less than before. 

7. Prop. To divide one decimal hy another, amd to deduce tite general 
rides for the place of the decimal point in the qiLotient} 

Three ciphers have beea annexed to the decimal part of the larger numter to 
make the number of decimal places equal iu the two numbers. 

It la evident that aa ten units maka 1 ten, ten tens 1 hundred, and so on, so ten 
tenths maka 1 unit, ten hundredths 1 tenth, and so on ; the same law obtains both 
in the integers and the decimal [larts. The processes of addition, subtraction, multi- 
plication, and division of decimals are effected in the same manner aa in integral 



A dednial is said to be correct approximately for any number of places when any 
number of figures on tho right of the decimal hare beeu omittsd ; but if the first of 
the figures omitted be greater than 6, the last figure on tha light must be increased 
by 1. As an eiampla 5-293 is nearer to 6-2929311 than fi-29S, for 5-293 eieeeds, 
6-2e29311 by -OOOOeSS, and 5-292 is leas than 5'2929811 by -0009311. Henea the 
error is lass in the former case than in the latter ; the former is in eicess and the 
latter in defect of the truth. 

' In the operations of multiplication and division, as tho terms dividend, divisor,, 
and quotient in tho latter correspond to product, multiplicand, and multiplier ia 
the former ; it is possible that the number of decimals given in a dividend may be 
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Case I. When tlie number of decJmala in tto diyidond is greater 
tlian the number in the divisor :~ 
Let 73-77238 be divided by 3-457. 
7377238 



Thea 77-77288 - 



= — — J a decimal of two places, 

= 31-34. 
Hence, when the number of decimals in the diyidend is greater than 
the number in the divisor, the number in the ijuotient will be equal 
to the excess of the number in the dividend above that in the divisor. 

Case 2. When the number of decimals in the dividend is eq_uai to 
the number in the divisor — 

Let 7377-238 be divided by 3-457. 



Tien 7377-238 -r- 3-457 = 



7377238 _^ 3457 
1000 " 1000 
7377238 1000 
1000 3457 

7377238 
3457 
= 2134 an integer. 
Hence, when the number of decimals in the dividend is equal to the 
number in the divisor, the quotient will be an integer. 

Case 3. When, tbe number of decimals in the dividend is less tlian 
the number in the divisor. 

Let 737723-8 bo divided by -3457. 

Here 737723-8 - 1^11^ , and -3457 = -51^ ; 
10 10000' 

greater than, equal to, or leas tlian the number of decimjl<i m a divisor Htnoo 
thore wUl arise three oasES in division of decinuils to be considered 

Abbreviated methods have been devised both for the multipli ation and division 
of decimals, whereby the number o{ figures employed m these operations may be 
somewhat lessened; and these methods were doubtless lery useful in operations 
requiring 3 large number cf figures But since the invention of logarithms, these 
abbreviated methods aie of no great priutieal utility, as such operations can ba 
easily effected by the uae of logarithmn, tables. 
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Then 737723-8 ~- -3457 = 1^11^^ ~ ^l^l 
10 iOOOO 

7377238 10000 
10 "34S7 

7377233 x 1000 

3457 
7377338000 
3457 
= 2134000 an integer. 
Hence, when tho number of decimals in the dividend is less than the 
nnrober in the divisor, a number of ciphers ec|_ual to the dofoot must 
be annexed to the dividend, and the quotient will bo an integer. 

If there be a remainder after all tho ciphers of the dividend have 
been employed, the division may be continued by annexing other 
ciphers, considered as decimals, to the dividend, either until fho 
division terminate, or until any recLuired number of decimals in tlio 
quotient is obtained.' 

8. Peop. a dedinal is diviiied hy 10, 100, 1000, t&c., ly reftnoving t7ie 
decimal point one, tioo, three, t£'o., places Jitrl/ier towards tlie left of the 
given decimal. 

For any given decimal expressed as a fraction is divided by 10 
100, 1000, &c., by multiiilying the denominator of the decimal fraction 
by 10, 100, 1000, &o., and thus the decimal fraction, when expressed as 
a decimal, wiR consist of 1, 2, 8, &;c., decimal places more than before. 

9. Paop. 2'o reduce an ordinary fraction to a dcomal. 

If the numerator and denominator of any ordinary fraction be both 
multiplied by 10, 100, 1000, &e., and the numerator so increased bo 
divided hy the denominator of tho given fraction, the result will bo 
the equivalent decimal fraction. 

In practice, this may bo more readily effected by annexing one, 
two, three, &o., ciphers, as decimals to tlie numerator, and dividing 
by the denominator of the fraction, the c[uotient will he the equivalent 
decimal, consisting of as many places as there were ciphers annexed 
to the numerator. 

In the conversion of ordinary fractions into their equivalent 
decimals, it ivill he found that in some cases the process of division 
will terminate, and in others it will not terminate. Each class of 
decimals will require separate considerations in the converse process.^ 

■■ It will be fomid sometimes convenient in mathematical operations (o change a 
multiplier into a. divisor, and conversely. Fot instance, sicca J = '6, it follows 
tliat to mnltJply bj '5 ia the same aa to multiply by J or divide by 2, and conversely. 
And in tlie same way, to divide by ■625 is tho same as to multiply by |. 

' For examples, iu the conversion of J, |, ^ to their et[uivalGnt decimals, as tho 
denofniufttors respectively consist of one, tivo, three factors ; ono, tn'o, three cipheia 
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10. Pkop. To deUrmine what must he ilie ^rime factors of iJie denomina- 
ior» of fractions which can he converted into terminating decimah. 

respectively mnat be annexed to the respective numerators, and tlie equivalent 
' consist of one, two, three places respeetively. 

Tlmsl=l><i£ = ^2_=i.= -5. 
2 2X10 2X10 10 



-■rs. 

^ = ■625. 



3 3X100^ 300 ^.75^ 

4^4X100 4X100 100° 

6^ 6x1000 ^ 500Q 

8 8x1000 8x1000 1000 

In the first 100 natural mimtera there are only 13 which 3K composed of factors 

of 2 and of 5 ; it ia obvious, therefore, that of the series ot fractions whoso denomi- 

natora are the first 100 natural numbers (omitting unity) thers will bo 13 which 

produce tenainating dooimala, and 86 repeating deoimala. Hence it is clear tliat the 

greater number of fractions whan wdneed will produce repeating decimals. In prac- 

dee, however, repeating decimals are not generally employed, except in coses whers 

very minute accuracy is required in the result. In ordinary oases any ftpproiimato 

degree oE accuracy may be attained by considering repeating decimals to terminate at 

any iigure in the series of I'epeating figures, and the limit of error in exeoss or 

defect can be definitely stated in each case. And the larger the number of decimal 

figures be taken, the more nearly will the terminating decimal approximate to thi; 

exact value of the repeating decimal, 

IE ), be converted into its eijiaivalont decimal, 

1 _ I n lOOOOOO ^ 30000Q0 ^ U28574 ^ IJ3857 , __!____ . 1 
7 ~ 7 X 1000000 ° 7 X 1000000 ^ 1000000 " 1000000 "^ 1000000 7 
it appears that 6 iiguros continually recur, and if 1, 2, 3, i, 5, &c., figures be 
taken successively as approximate values, it will appear how the i 
terminating decimals differ from the true value of the repealing decimal. 
Hetei)- - -142857142857142857 .... 

Let -1, -li, -142, ■1428, -14285, ■142857, &c., he auooessively taken as 
mate values of the recurring decimal. 

If -1 be taken for f, then | is gre^iter than '1, but leis tlmn '2. 
■14 -14 -15. 

.142 -142 -143. 



■1428 -1428 


■142&. 


■14285 -14285 


■14286. 


■142857 -142357 


■142858. 


■1428571 -1428571 


■1428572. 


and so on. And the limits of error both in ei^eess and defect from 


tho true value c.t 


he determined in every ease. 




Let the first assumption be taken : \ greater than ■!, but loss tlian ■2. 


Then 4-'^ ^~ — 7Z ^ ~- eiTor in defect 





Ij)t the thii-d be taken ; ^ greater than ■142, but less tlian -143. 

1 .,.„ 1 142 6 ■ w ^ 

— — -142 = — — — -—- = ■-—- en^or m defect. 
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If one, two, three, &o., ciphers bo aauexed to tho numerator, it 
fcecomes a miiltiple of 10, 100, 1000, &a., aad ttiose numbers aro ex- 
actly divisible by 2 and by 5, by 2 x 2 and by 5 x 5, by 2 x 2 x 2 and 
by 5 X 5 X 5, &c. 

Hence it follows that when tho denominator is 2, 4, 8, &e., or 
6, 2 125, &c., the fraction can be reduced to a tei-miaating decimal, 
and the number of ciphers to be annexed to tlie numerator is eciual 
to the number of factors of 2 or of 5 contained in the denominator. 

11. Pkoe. Ill the conversion of an or Ainarn fraction into a decimal, if 
the division of the nmierator teith ethers annexed, as deeimaU, iy the 
denominator do not terminate, the remainders taill reeur in periods, each 
of not more figures than the units in the denominator, less ht/ one. 

Let the seventli he ttiken : ^ grentsv than -1428571, but less tlitui ■1428572. 

1 - -1428571 = ^ - i^^-55^ ?— error m defect. 

7 7 lOOOOOOO 70000000 



■1428572 - ~ 



1428572 



10000000 7 70000000 

It is seldom that more thau aeven decimal places are required in oompiitatioils ; 
and this number would make the approximation correct to tenths of a million of 
the unit. 

In converting an ordinary fraction into a repeating decimal, in whicli tho number 
of repeating figuies k large, the labour may be much shortened by a method giren 
by Mr. Colson in p. 102 of Hewton'3 Fluxions. He gives as lai example the eon- 
version of g'j into it eoiTesponding repeating decimal. If 1 with ciphers annexed 
be divided by20for any number of figures in the quotient, then^j^, = 03448^ (1); 
and multiplying these equals by 8, ^ = -2758451 = "27586^. 
If this value of ^ be substituted in the expression {I) 

then ^ = -0344827586^. (2) 
A^n, maltiplying these equals by 6, 

^ = ■20e8965516|f = -2068965517;^ ; 
substitute this value of ^ in the expression (2) ; 

.■.■^!= -03418275362068966617 A- (3) 
Thirdly, multiplying these equals by 7, 

then ^ = -2413793103448275861911 = ■2413r931O3448275S620^Jif 
and substituting this value of ^ in the expression (S). 

^ = ■034482, 758620,689665, 172413, 793103, 448275,8620§g. 
It appears from this result, that the repeating period consists of 28 figures. 
And ^ = ■034482,758620,689655,172413,7931 
is the equivalent i-epeaUng decimal required. 

In the conversion of ordinary fractions to decimals, whtn the denominators are 
large numbers, the labour may be considerably lessened by moans of a table of the 
reciprocals of the natntal numbers. In Barlow's Matbomatical Tables, the reciprocals 
of the natural numbers from 1 to 10,000 have been calculated to ten places of 
decimals. By means ot this table, the approximate decimal oon-esponding to any 
ordinary fraction may be more readily calculated when the denominator is a large 
mnmber, tlian by ordinary division. 

To convert ^ff^ info a decimal. The table gives ^i^ = ■000147544, 
and multiplying these equals by 45, then ^^^tt = -0001475144145. 

It is obvious that the multiplication of the reciprocal of 6779 by 45, is a less 
laborious process tlian dividing 45 with ciphers annexed by 6779. 
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As ilie division doea not terminato ; the remainder at eacli step 
o£ tlic diviaion is greater than 0, tut less than the denominator. 
Consequently, there cannot be more different remaindei's than oao 
less than the denominator, lyhile the number is without limit. Honeo, 
after as many remainders aa are eq^ual to the number in the denomi- 
nator less by unity, a remainder wiU recur the same aa some former 
ono ; after this, the circumstances producing the succeeding re- 
mainders are the same as those which produced the preceding ones, 
and therefore the second period of remainders will be the same a& 
the first. And, similai-ly, the third, fourth, &o., periods will also be 
identical to the first period. From that step in the division where a 
remainder becomes the same as a former one, it is evident from the 
natni-e of the division that the foi-mer figures of the quotient must bo 
rejieated in the same order. 

Decimals are called repeating, recurring, or circulating decimals, 
ill which one or more figures continually recur, and the figui-e or 
period of figm-es that recur, or are repeated, are called repetends. 

The periods or repeating figures in decimals are distinguished by 
placing a point orer the first and last figures of the periods. If ono 
Jigui-e only be repeated, one point only is placed over the repeating 
figure. 

If the decimal consist only of figui'es which reciu', it is named a 
pure repetend ; if it consist partly of figures which do not, and whicJi 
do recur, it is named a mixed repetend : — thus, '3, -45 are pure repe- 
tends, and -16, ■S4567 are mixed repetends. 

12. PiLor. To convert arty given terminating decimal into an ordiwinj 
fraction. 

A given decimal can be expressed as a decimal fraction by writing 
under the numerator the suppressed denominator. And if the nume- 
rator and denominator of this decimal fraction be divided hy their 
greatest common measure, the quotients will be the numerator and 
denominator of the fraction equivalent to the given decimal. 

13. Prop. To change a j«m-6 rejiealhig decimal to its equivalent 
ordinary fraclicni . 

If 1 with ciphers annexed as decimals be divided by 9, 09, 990; 
9999, &e., respoi 
a:hen^ 



DU- - 



■lUlIIll 

■OlOlOIOl 

■001001001 or 

■00010001 

fcc, &c. 

and any other numbers, 2, 3, 4, &e., when divided by 9, 99, 999, 
9999, &e., respectively, will give the same number of figures continu- 
ally repeated. Hence, conversely: Every pure repeating decimal 
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consisting of 1, 2, 3, 4, &c., repeating figuM a respectively is equal to a 
fraction having the repeating figiires for tlie numerator and as many 
ninea for the denominator. 

A singular exception ai-ises when 9 ia the repeating figui-e of the 
decimal. In this case ^ is not a fraction, and the repeating decimal 
cannot have been produced hythe division of any number with ciphers 
annexed, by any other number. 

14. Psor. To reduce a mixed repeatiwj deeimal to Us equivalent or- 
tJinary fraction. 

Every mixed repeating decimal as -123 can be eepai'ated into two 
pai-ta, of which one is, and the other is not, repeating. 
Here '123 3; -12 + -003 

-12 = — - , and -003 = — of -ii -^ — 
100 100 900 

,,„„„. 12 3 108 3 

and -12 + -OOo - --— -(■ — — ~ —— + ^-^-, 



Tlici'efore.120 = 



123-12 



Hence, any mixed repeating decimal is eijuivalent to the fraction 
whose munoratoris the difference between tlio numbers composed of the 
mised repeating decimal and of the non-repeating figures, and whoso 
denominator consists of the number composed of as many ninea as the 
figures in the repeating part prefixed to aiS many ciphers as figures 
in the non-i-ep eating part. 

15. Prop. Ih add and suUraet repeating decimals. 

If the repeating periods of the given decimals do not begin with 
figiiresof the eameloeal value, each pei-iod must he made to begin with 
a figure of tlio same local value and to end with one of the same lower 
local value, so that tlie decimals may have the same number of repeat- 
ing figures, and of the same local values. The sum or difference may 
then be found, and the number of repeating figures in the sum or 
difference will be the same as those noted in the decimals.' 

' Example.— To find tlie sum and diffiireiace of 13-453 and 7-270. 
Hero 12'4S3 oontnias two repcatiug figures begimiing fram tho place of huiii 
di-edtJis, !uid7'276 eoattuns three, begiimins from the place of tenths. The repeating 
figures in 7-276inust be made to begin fi-om the pltioe of liundredthe, making the firet 
figure non-i-epeating, thus 7-2764, so that 764 are uow made tho, repeating figures. It 
win he obvious tliat as the repeating figures in each cumber begin with a figure of tJie 
samelocalvaliie, andas thei-eareSinoneandainthe other, thei-e must he 6 repeating 
figures ill eaeh, that they miiy end with figui-es of the same but lower local value. 
Thus, 12-453 must be written 12-4S35S635 ia-45333533 

7-27a „ „ 7-2t627627 7'27637627 

19-7298116 sum. 5-l?72690 dilforence. 

It may he observed that one or two figures of each repetend must be csiitiiiiicd 
in oi-der to secure the accuracy of the last repeating figure in the result. 
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Or, the given repeating decimals may te converted into ordinary 
Iraetions, and the Eum or difference of the fractions found, and then 
ihe result may bo convei-ted into a decimal if required. 

16. Peof. To muUiphj and divide repeating decimah. 

To multiply or diidde one repeating decimal by another, or a tei-mi- 
nating decimal by a repeating decimal, is a tedious process. In general 
it will be found more convenient to reduce the repeating decimals to 
ordinary fractions, and find the product or quotient of the fractions, 
and afterwards, if necessary, to convert the fractional product or 
quotient to its equivalent decimal.' 

17. Prop. Tofindthe value of the decimal of any eoncrete quantity in 
smalkr units of tlte same kind: and eonvereely, to reduce any eonerete 
tiimntity or deeimal to the decimal of any other unit of the same Und. 

Concrete decimals ai"e subject to tlie same rules of operation as 
ordinary concrete fractions. 

A concrete deeimal of a larger unit is reduced to a number or 
decimal of a smaller unit of the same kind by multiplying the given 
decimal by the number of smaller units contained in the larger. 

And, conversely, a eoacrete number, or decimal of a smaller unit, 
is changed into the decimal of a larger unit of the same kind, by 
dividing by as many of the smaller units as make one of the greater. 

If any of the given decimals be repeating decimals, it will bo found 
more convenient to change them into ordinary fractions, and employ 
them instead of the repeating decimals." 

18. Prop. To finil the sum or differenee of two eonerete ieoiinals of the 

» E:;aniplQ.— ilnltiply and divide 2'27 by i-l'd. 
He. 2-27=42 = 3-1 -If. 

.nd 4.16 = 4-l| = 4i=f. 

Then 3-'27 x 4'16 -^x ?5 = ^= 9 -460,- the product, 

and 2-ii7 -^ 4*16 = ?5 x — = -~ =- "oi, the quotient. 

It may ho remarked that aometimes it will be found that the product or quotieiih 
of two repeating desimals may ptodnce a tei'minating decimaL 

= Example. — What is tho value of £828125 in units of lower denomination ! 

The deeimal of a pound is reduced to shillings by mnltiplying by 20, and 6 daeim.il 
places marked off in the product gives 16 ehillings. 

Nexl^ the decimal of a shilling is reduced to pence by mnltiplying by 12, and 
G deoimals marted off gives the pence 6. 

And lastly, the decimal of a penny ia reduced to faithings by multiplying by i, 
and 6 places marked off give the farthings 3. 

The process may he thus shown ; — 
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Tlie value of each of the concrete decimals may he found in smaller 
units of the same kind, and then their sum or difference. 

Orif the given decimals be of different units, they may be I'oduced tw 
©cjuivalent decimals of the same unit, and the sum or difference can bo' 
found as in abstract decimals. 

If, however, any of the decimals be repeating^ decimals, these may, 
with greater convenience, be reduced to their equivalent ordinary 
fractious befoi-e performing the operations. 

19. Pkop. To find the product or quotient of two concrete decimals. 

If the given decimals be toi-minating decimals, the product or 
quotient can he found in the same way as if the decimals were abstract. 
If one or both of them be repeating decimals, it wdl be found neces- 
saiy in aU cases of multiplication or division, first to reduce the given 
repeating decimals to their equivalent ordinary fractions, and then 
to perform the operation required. 

If one of the given decimals be concrete and the other abstract, or- 
if botli be concrete, the nature of the prodact or quotient will be deter- 
mined by the same considerations as the product or quotient of two 
concrete integers or ordinary fractions. 



d. 6750000 
4 
q. 3-000000 so tlmt £ ■828193 = IBs. 6Jd. 
Coiiveisely.— To oxtttess 16a. e|d. aa Uie ijoeinial of one pound. 
First : 3 farthings with ciphers QimcxEd aa deoinials, divided by 4, gives the- 
decimal 76 of 1 penny. 

Next; 676d, with ciphers annexed as decimals, divided by 12, gives -5625 of 
1 shilling. 

And 16"5625»., with ciphers annexed, divided \iy 20, gives -828125 of 1 pcund. 
The process may be exhibited thns : — 
4) 3'QQ 
12) S-7500d. 
20)1 6-5625008. 



In all othei' concrete quantities which according to their uatliro arc divisible 
nto larger and smaller units, by a Bimilar method may bo found tho units of s. 
naaller unit in any decimal of a larger unit ; and conversely, any smaller units may 
le reduced to the decimal of any larger unit of the same kind. 

Example.— "What is the exact value of £-516 sterling ? 



Hero £-516 = -516 of £1 = 



618-51 465 



iof£l. 
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EXEEOISES. 

Aesthaot Decuials. 

I. 

1. Shew that decimal fraotions aro simply an extension o£ tins 
common denaiy system of notation adopted in the aiithmetie of whole 
numbers. 

2. Write fully in irords the value of eacli figure ia 32M23. 

3. Define a decimal fraction, and a decimal; and explain ivliat 
notation is Uised to distinguish decimals from integers. 

4. What are the advantages of decimal fractions over ordinaiy 
fractions ? State why decimal fractions are not always used in calc\i- 
latious. 

5. Explain whether -067 or '068 is more nearly eq^ual to -06718, 
and express in words the error in excess or defect in each case. 

II. 
1. Find the sums of the following fiuite decimals, and express tlie 
results in words: — 



(1. 



1.) 1001, -0001, 125'125 and 500. 
2.) -172, ■06,10004,2002 aud-OOl. 
(3.) 12-4873, 124-873, 1248-73, 12487-3, i-34873 and -124873. 
(4.) 270, -073, -0001, 100-3508, 5-7764, and -12345. 
(5.) -0010375, -0006875, -0008125, -0069625, -0000718, -0009282. 
2. Find the sum of all the decimals wliieh can be formed with the 
digits 0, 3, 7, 9 in every possible way, all the four digits being used 
in the same number. 

III. 
Find the differences of the following finite decimals : — 
■02 and -002: -006 and -007 : -027 and -123 : 20-204 and 2-9174!: 

■027541 and -207514 ; 284-9 and -99999 ; "100 and 001; 2140007 and 

1000-000007: -0078125 and -00048828625. 

IV. 

1. Shew that any decimal is multiplied by 1000 by removing the 
decimal point ia the multiplicand three places towards the right. 

2. Devise a rule foif the multiplication of finite decimals depend- 
ing on the local value of the figures without reference to fractions. 

3. Eind the products of the following finite decimals : — 

2-5 and 3-7: -025 and 8 : 1-25 and 12: 421 and -002: -01 and 
lOOOOO: -00001 and 10000: 76-86425 and 10000: 3-45 and 345: 
■000125 and 125000: -007853 and -00476: -0015625 and -00064; 
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87-0004 aud 2-2S65 : -09183475 and 865-64: -0001125 aud 8-25: 
56-001 and 1-002: -00003712 and -00078 : -02534 and -03256. 
4. Multiply the sum of 2-616, -00132, and 1-0448 by -62639. 

V. 

Find tlie quotients of the following finite decimals ; — 

1. -5 by 5: "075 by -25: -00081 by -27: -0175 by 3-5: -00385 by 35: 
-000125 by 125000: -00229njy -29: 21-875 by 17-5 ; -00426 by -071 : 
-000625 by -125: 552-5325 by 8-25 : 43-7265 by 2-87 : 278-48352 by 
27-84. 

2. -94 by -47; -144 by -012: 2-625 by -005 : -001813 by -000049: 
H-904 by -324: 4-8822 by -0079: 2-1825 by -0025: 22-801 by -151. 

3. -72 by -018 : 2-3 by -000625 : 4 by 'OOOOI : 400 by "08 : -0021 
by -00003: 126-025 by -0000071 : 514-25 by "00000085 : 10 by -00025. 

4. Divide -0175 by 35, and 35 by -0175 ; 1700 by -0017, and -0017 
by 1700; -05 by -02, and -02 by -05; -000282 by -000705, and 
-000705 by -000282. 

5. Prove tbat a decimal is divided by 10000 by remoi'iog tko 
decimal point in the dividend four places towards the left. 

6. Enunciate the general rules for the division of decimals. In 
■cases -wbere the division does not terminate, explain how to determine 
the place of tlie deoimal point in the remainder. 

7. Knd the ijuotients of the folio-wing decimals, each to seven places 
of decimals, and state the values of the remainders in each case : — 

148 by -00727: 16-65 by 2-927: 72 by 1-00005: -0006163 by 
2994-418: 1 by 8-14159: 639-176 by 17-23; 9-91931 by 353; -0001 
by -03: 41-22054 by -00087009. 

8. Find the quotient arising from dividing the sum of 30-33 and 
-0337 by their difference. 

9. Find the product of the quotients of 5-G25 divided by -45, and 
-045 divided by 56-25. 

10. Divide 375 by -75 and -75 by 375, and find tlie sum and 
difference of the quotients. 

11. Divide 76-57 by -0019 and multiply the quotient by J. of 
-0008568. 

12. Express the milliontli part of -5 as a decimal. 

VI. 

1. Convert the divisor -625625 into a multiplier. 

2. A¥hat divisor is equivalent to -0064 as a multiplier ? 

3. By what number must -0016 be multiplied tliat the result may 
be unity ? 

4. IIow many times can -0087 be taken from 2'29I ? What frac- 
tion -will the remainder be of the former ? 

5. Divide -31398 by -079, and write down tlie true value of tlie 
xemainder after obtaining two decimal places in the quotient. 
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6. Find the greatest common divisor of 36-595 and 57-980. 

7. AYhat is the least number which can be divided by each of tho 
numbers 1-36652 and 246-8642 ? 

vrc. 

1. In what cases can an ordinary fraction bo c 
decimal? Shew that the numher of decimal plao 
be inferred from, the factors of the denominator. 

2. Of the fractions which produce terminating decimals, write 
down the denominators of such fractions as will produce decimals of 
1, 3, 3, 4, 5, 6, 7 places respectively. 

3. Convert the following fractions into decimals, and express in 
words at length the values of the respective decimals : — 

5' 5^1 S' "liri ^' UToi TITS' ^TSi 60> fjas'ji TS-STS' TJffDTTi Tswu- 

And conversely, reduce the following decimals to ordinary fractions 
in their lowest terms r — 

■5, '75, -623, -3125, -15625, -0359375, -176, -000112, -318401, 
•00341796875, -02176, -25234375. 

4. Calculate the limits of the error made in taking ^-ff as an 
approximate value of 3-1415926 to seven places of decimals. 

VIII. 
Calculate the following expressions, each to 7 places of decimals ; — 



81^82^83^84 ' 



11 13 15^ 



'■ "^ 1 


.2 


^ 1.2.3 ^ 1.2, 


,3.4 ' ' 




1 

1+3 


H 


yhhi 


^i 




lOM 


[- 


4 4.5 I 

10= + 1.2'io 


4.5.6 
' 1.2.3 


IJ.+; 


if 
239 I 


1 

5 


1 ^ ' 

3 X 5^ "^ 5 X 5' 


■T^.-, 


j^rffij 



1. 2. 3. 4. 5. 6. 7. 8. 9" 



IX. 

1. What is meant 'by ptire and by mixed circulating decimals? 
Shew Low to ascertain from knowing the factors of the denominators 
of fractions, whether they produce pure or mixed circulating deci- 
mals, la it indifferent whether the numerators aie prime or com- 
posite numbers? Confirm the answer by examples. 

2. Shew that in the reduction of a fraction to a decimal, if the 
figures of the decimal do not terminate, they must recur in periods of 
one, two, three, four, &c., figures, which are always less in number 
than the denominator. 
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S. Chango the followiag fractions into their equivaleat decimals ; — 

h T> i' -hr {i> Tt' ■SY' ix' A- 

And conversely, reduce the following pure repeating deeimala to 
their eq_uiYalent fractions in the lowest terms :— 

■3, -571428, -5, -45, -846153, -0688235294117647, -185, -36585, 
1509433962264. 

4. Eeduce the following fractions to decimals ; — 

And conversely, conveit the following tnixei repeating decimals into 
eg^uivalent fractions in the lowest terms ; — 

-16, -916, -02063, ■10714285, '6761904, -5238095, -20432, '0005, 
■037065. 

5. Shew that ^ = '03448^; hence, without any further division, 
find the value of f^ to ten places of decimals. 

X. 

1. In the addition and subtraction of two or more repeating 
decimals, how may the numher of repeating figures in the sum or 
difference he ascertained ? How many repeating decimals will lie itt 
the sum and difference of two decimals, one of which contains four, 
and the otiier six repeating figures ? 

2. i'ind the sums of the following repeating decimals : — 
12-16, 110-354 and 1-1412; 3, -123 and -5678 : 

6-27, 18-561, 12-345 and 1-0001 : 1-03, 2-003 and 3-0003 : 

10-16, 300-857142, 8-695238, -073224, and l-0li85646 : 

257-3061, 6-6819, -1867312 and -153598 : 

10-12473, 62-91, 400-0003 and -2564 : 

1-5, 4-028, 12-845 and -2420329: 

100-0017, 2-38457789, 109-200471385 and 3.4"56. 

8. Shew that nine times the sum of -73 and -37 is an integer, 

XI. 

1. Find the differences of the following repeating decimals, and 
express the results as fractions in their lowest terms. 

3-27and4-16; -6 and •296; -734625 and -307196 : -6123 and -0416: 
■3639 and 1-02371280: -089285714 and -09: 14*2578 and 3-145. 
-34027 and -127: -123 and -1234: -01934 and ■273242. 

2. Eeduoe -265625 and 714285 to fractions, and find their differ- 
ence. 

XII. 

1. rind the products of the following decimals : — 
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83 and -0413: -297 ami 12000: 412-421 ami -002: -41716209841 

and -0025 ; 

■37, and -6: -0729 and -07: -142857 and -63: -285714 and 123; 

■16 and -3 : -93 and -7; -4933 and 75 : -571428 aa'd -0054 : 

■37 and -148; -1013 and ■000132: 03428571 and -0025 : 

■5819 and -0159: ■4I7lC26984i and -12931: -5714285 and -63 : 

3-i4i aad2-31: 13-2l6i and l-OOi: 7-00342 and -03: 

101-60714285 and 11-63: 3-14 and 2-00637: 

2-616, -00132, 1-0448 and -62639. 

2. Shew that the product o£ two cireiilating decimals may pi-oduca 

-a teiminating decimal. Esemplify in the produet o£ ■2142857 ty -46. 

xin. 

1. Determine the (juotienta of the following decimals : — 

■32 by 1-6, -16, -016, -0016, 160, 1600, and 16000 respectively : 
■72 byS :' -297 by -27 : -6 by -9: -54 by -43 : -142857 by -7: 
■142857 byG3: ■63 by ■142857: -SSbyie: ■0416by225: ■OU by 
'000i32: -SOibylOfl: 

25^25by2^5: -0025 by025 : 12-!)769,236 by0857142 : 
■4-7543 by 3-453: 1-956 by836: 3^43753 by 3^57324. 

2. Find the quotient arising from the product of 2^6I6 and ■OOlSi, 
divided by the product of 1-0448 and 6-2639. 

xrv. 

1. Sliew that when the fractions ^, -f, ^, ^-, f, -f. q,re reduced to 
decimals, the periods of each mil consist of the same digits. "What 
explanation can be given? 

2. In what sense can a finite fraction be said to be equal to an 
indefinite repeating decimal ? How must the sign = be understood 
in the expression -If = -333535 . . . ad infinitum, in order that the 
expression may bo satisfactory ? 

3. Shew that -03125 = ^^M^ = i!!uoa " i--IKo- = t=^^^^^ = tss- 
and -142857 = ^^ = .^2^1^ .= X .i. J? . ^^ = ^11111^ = i^^^llHa ^h 

4. If the denominator of a fraction be piime to 3, the period of the 
equivalent decimal is divisible by 9. Exemplify in -jV, tt> ^^^■ 

5. Convert 1-449 to an ordinary fraction, and then convert the 
fraction to a decimal, and explain the apparent discrepancy. 

6. Piud the first six decimal fractions of one, two, three, &c., places 
of figures whieb approximate to the fraction 3^^, and shew tliat the 
successive differences of the fraction and the decimals decrease. 
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7. How many I'Cp eating au J how many non-repeating figures will 
there be in the decimal equivalent to the fraction a-^Ws ? 

8. What must he forms of the mimerator aad denominator, that 
a fraction and Its reciprocal may both be reducible to finite or repeat- 
ing decimals ? 

9. If the nTimber of figures in a recurring period of a decimal, bi 
one less than the denominator of the fraction, the sum of the figures 
in the period ^^x number of figures. <Jive an example. 

10. In every pure repeating decimal of an even number of repeat- 
ing figures, the number composing the last half of the repeating 
period is less by uaity than the ai'itlimetic complement of the first 
half of the period. Exemplify this in reducing ^ to a decimal. 

11. In the reduction of a fraction to a pure repeating decimal 
having an even number of repeating figures, if the several remainders 
■arising from the reduction of the fraction be arranged equally in two 
series, tlie sum of every two corresponding remainders will be equal 
to the denominator of the fraction. Exemplify this by reducing /^ to 
a decimal. 



Co^CaETE Dl3CIJ[ALS. 

XV. 

1. Ehid the values of 1-0625 guineas; -83239 o£ ^£1; -042,0 of 
iglOO : and -35687 of a moidore. 

2. Eind the esact vahie of -7365 of 6s. 8d. 

3. Eeduee -165635 of one guinea to the decimal of aponnd; and 
■14526 of a pound to the decimal of a guinea. 

4. Convert 8-775 shillings to the decimal of a moidore ; and -|d, 
to the decimal of a guinea. 

5. Reduce 3s. 6d. to the decimal of £2 10a.; 3s. 114d. to tlie 
decimal of a moidore ; and I4s. 10|d. to the decimal of £l 4a. 3^d. 

G. Eeduce ^'-^^ to the fraction of a farthing, and find what decimal 
of a farthing is one thousandth pai't of a pound. 

7. Convert % of one penny to the decimal of half-a-crowa ; ,J of 
one guinea to the decimal of one pound ; f of 8a. Od. to the decimal 
of -g- of 6s. 8d. ; ^ of ^ of one guinea to the decimal of £5 ; and 
£2 12s. 6d. to the decimal of £7 2s. ll^d, 

8. Eeduce £2 12s. 6d. to the decimal of £1, and conversely £1 to 
the decimal £2 12s. 6d, 

9. Eind the value of -047460975 of £10 13a. 4d., and -00390625 of 
£20 10s. 6d. ; and reverse the operations. 

10. Reduce £698 15s. to the decimal of £750. 

11. Explain the reason why any number of shillings may be 
oppressed in the deoiraal of a pound by multiplying the shillings by 
5, and marking ofi' two places of decimals. 
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12. Show tliat any sum of shillings, pence, aad fai-thtnga may te 
converted into a decimal of a pound, correct to throe places of decimals, 
by writing 1 in the first place for every two ahillinga, 50 in the second 
and third places for the odd shilling (if any), and 1 in the third place 
for every farthing additional, adding 1 extra if the nvimber of pence 
exceeds sixpence. State the converse rule for turning the decimal of 
a pound into ahillinga, pence, and farthings. 

13. If a decimal coinage were adopted, and the tenth, hundredth, 
and thousandth parts of a pound staling called respectively florins, 
cents, and mils; what sum would 4 florins, 7 cents, 5 mils represent? 

XVI. 

1. Find the sum of £-1225, 1-225 crown, 12-25 shillings, 122-5 
ponce, in the decimal of a pound, 

2. Add together £0125, -01253., -01253,, and -0133 farthing. 

3. Add together 12125 pounds, 17-3035 shillings, and 9-75 ponco, 
and espreae the result in the decimal oi £10. 

4. Find the values of -971875 of one pound, of one shilliag, of ono 
penny, and of one farthing, and their sum. 

5. Express the sum of £5-125, 3-625a., 9'75d., and 3-375 farthings, 
in tho decimal of a crown. 

6. Subtract -g of five crowns from £1-59375. 

7. Which is the greater, '36 of a guinea or -StJ of a pound ? 

8. Kvido £12 5s. 6d. by -000635. 

9. Divide £638125 by 2-778625 of Ss. 8d., and state the nature of 
the CLuotient. 

10. By what decimal of one farthing does -0009 of one shilling 
exceed 00003 of one pound ? 

11. Shew that -025 of £1 is double of -05 of £i 5a. 

XVII. 

1. Determine the exact values of the following concrete repeating 
decimala : — 

£-0123; £1-39; £3-68422; -2345 of £6 17a. 6d. ; -81074 of 7^ 
guineaa ; -378984 of a ci-own. 

2. What decimal of £20 12s. 6d. is £7 17s. 6d. ? 

3. Find the exact sum of £2-1563, 12-54s., and 9-3d. 

4. What is the sum and difference of £3-452 and 2-172 guineas? 

5. What is tho diflerence of -1786 of £1 lis. 6d. and -2312 of a 
guinea ? 

e. Subtract ^l of a pound from f f of a guinea, ar.d express the 
result as a decimal of a pound. 

7. Multiply £-1236 by 3-25 and divide £-1249 by l-27s., and state 
the nature of the results in each case. 

8. Between what niimbers of farthings does the value of £15163 
lio? 
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xyiii. 

1. If the value of a, rupee be 2s. 4d., express £7'5642 in rupeea 
and decimal parts of a rupee, 

2. I£ £l sterling be wortb 12 florins, and also wortb 25'56 francs, 
liow many franca are there in one florin ? 

3. An American dollar is worth 4s. Sfd. or 5'42 franes ; what ia 
the least sum which can be paid in either shillings, dollars, or francs ? 

4. If 1 1 -75 florins of Amsterdam be worth 13-3 marks of Hambttrgh, 
and 120 florins be worth 25 Hre of Genoa, and 5 lira be worth 800 
Portuguese rees, and 1000 rees be worth 54 pence ; what advantage 
or disadvantage will there bo between sending £500 direct from 
London to Hambm-gb at an exchange of 13-6875 mai'lcs for one pound 
sterling, or sending it by way of Lisbon, Genoa, and Amsterdam ? 

XIX. 

1. Reduce -Jf of an ounce to the decimal of a pound Troy; and 
reverse the operation. 

2. Find tbe exact values of the following concrete decimals : -379 
of an ounce, and -954 of a pound Troy. 

3. If the unit of Troy weight called the pennyweight counted 
14*25 graina instead of 24, how many grains would mate the pound 
Troy? 

4. What number will represent 116*0435 grains when 4*0015 
graina ia the unit of weight ? 

5. If the Attic silver draohma be talien at O^d. when its exact 
value is 9*72 pence, what difference does this make in the talent of 
silver, if a talent consisted of 9,000 drachma ? 

6. If 25^ franes be worth £1, and gold be worth £3 173. lO^d. 
per oimce, how much pure gold could be bought for a franc? 

XX. 

1. If silver be woi-th 5s. 6d. aa ounce, and puro gold be worth 
£4 5s. an ounce, what should be the weight of a fifteen-shilling piece 
containing 92*5 per cent, of pure gold and the rest silver ? 

2. The value of one ounce Troy of English standard gold is 
£3 17s. lO^d., 31*1 French gi-ammes are equal in weight to one 
ounce Troy, and French standard gold ia f^ of the value of English 
standard gold. If one gramme of French gold be worth 3*1 francs, 
what is the worth of one pound sterling in francs ? 

3. One kilogramme of French standard gold -f'j flue is coined 
into 155 Napoleons. One pound of English standai-d gold -J^ flue is 
coined into 1,869 sovereigns. If a sovereign be reckoned as equivalent 
to 25*22 fiancs, find the equivalent of a kilogramme in grains. 

4. If a sovereign weigh 5dwts. S^ grs., one part out of 12 being 
alloy and the rest puro gold ; flnd what fraction of a cubic inch the 
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gold constitutes, having given that a cubic incli of water weighs 
252-458 grains, and that goM ia 19-362 tinaes as heavy as water. 

XXI. 

1. Eeduce 11 lbs. 11 oz. 11 drams to the decimal o£ a hundred- 
weigiit ; and reverse the operation. 

2. What decimal o£ 5 cwt. 1 q.r. 17 lbs. 3 oz. ia 4 cwt. 23 lbs. 3 a/.. 
Avoirdupois ? 

3. DotGi-mine the exact value of -03456 of one ton and -17 of omi 
hundredweight. 

4. If the unit be -0004 ounce Avoirdupois, what is the smallest 
number of such units which can be represented by an integer? 

5. Add -24 to 5-03, aubfract from this sum 3-002, multiply the 
difference by 40. Divide this product by -007 ; and supposing thC' 
original unity to have been a hundredfl'eight, find the value of 
tho resulting decimal in tone, cwts,, &c. 

XXII. 

1. Express a poimd Ti-oy as tlio decimal of a pound Avoirdupois ; 
and conversely, express a pound Avoirdupois as the decimal of a 
pound Troy. 

2. If the Eomau pound contained 63460-6 Fronch gi-ains, find 
how many grains Troy are contained in the Eomau pound if tho 
French grain is equal to -8202 of the grain Troy. 

3. If 40,443,495 sovereigns weigh 10,386,772 ounces, and 
150,291,456 pennies weigh 1,442 tons 12 cwt., find to three places of 
decimals the weight of a sovereign and of a penny in grains, 

4. If gold be sold to tho mint at £3 17s. 9d. per oimee, of which 
11 parts are pure gold and one part alloy, and bo coined into 
sovereigns; what ia the differenco of the mint profit on 10,000 
sovereigns, if the alloy be silver worth 5s. 2d. an ounce Ti-oy, or 
copper worth Is. 9d. per pound Avoirdupois, supposing each sovereign 
to weigh 123-247 grains? 

5. At the English mint 1869 sovereigns aro coined from 40 lbs. 
Troy of standard gold -f,]- fine. At the IVeneh mint, 155 Napoleons 
are coined fi.-om one kilogramme (2-2 pounds Avoirdupois) of standard 
gold 3% fine. A Napoleon being equivalent to 20 francs, find how- 
many francs are equivalent to an English sovereign. 

XXIII. 

1. Find the value of -7854 mile in yards, feet, and inches. 

2, Mnd the exact value of -0123 of 2J miles; and reverse the 



3. Express in the fraction of a foot, the remainder after -012 of a. 
yard has been subtracted as often as it is possible from 1-087 yard. 
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4. How many timea cau 2-372 feet be euLtracted from 42-S7,')l' 
yai-ds, and what is the length of the remainder ? 

5. If ia a yard measure there was an error of one-tenth of an 
inch, what woiild be whole en-or in meaauiing 5 miles and 345 yards ?■ 
"What is the difference when the error ia in excess or defect ? 

XXIV. 

1. What is the difference of the Eoman and the English mile, 
the former of which consisted of 5,000 Eoman feet, and each foot 
■9708 of anEnglii^foot? 

2. If 24 Eoman feet are eqi\al to 23 Greek feet, find the length of 
tlio Eoman foot, if the length of the Greek foot be 12'137 English 
inches. 

S. Pliny (Lib. ii. 21, &o.) states the stadium to be equal to 625 
Eoman feet, and 8 stadia of 600 Greek feet are equal to a mile of 
5,000 Eoman feet. If the Eoman foot was U-6496 English inches, 
what was the length of the Greek foot? 

4. The length and breadth of the upper step of the basement of 
the Parthenon at Athens, by admeasurement, was found to be ia 
English measure 227 ft. 7-05 inches, and 101ft. 1-7 inches respectively; 
and admitting the term hecatompedon was applied to it on account of 
its dimensions, ahoiv that the value of the Greek foot as determined 
from the length and from the breadth was 12-138 and 12-137 inches 
respectively. 

XXV. 

1. If the French metre be 39-3708 inches, what fraction of a 
metre is a yard ? 

2. Xxpress a degree, sixty-nine miles and a half, in French metres, 
32 metres being eriiial to 34-99625 yards. 

3. Find the value of the metre of Franco in terms of the foot of 
Cremona, if 48 Oremonese feet be equal to 56 English feet, and if tho 
meti-e be eq^ual to 39-371 English inches. 

4. The length of a seconds pendulum is 39-1893 inches ; what is. 
that in yards, feet, inches, and fi'actions of an inch ? 

5. How many crowns and how many half-crowns, whose (bamoters 
aro respectively -81 and -666 of an inch, may be placed in t\yo rows 
close together so that each row may make a yard in length ? 

XXVI. 

1. The Mont Cenis Tunnel ia 12,224 metres long; express its 
length in miles and yards, one metre being 39-37079 inches. 

2. Tea yards make 9-14382 French metres, and a metre is the ten- 
millionth part of the eaa-th's quadrant ; find the circumference of th©; 
earth in miles and furlongs. 

3. The mean distance of the earth from the sun is 15,287,813, 
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Fronch metres ; what is the di'.tiufoin Eagli^li miles, if the metre be 
equal to 3-2809 English feet ? 

4. If the mean length of a degiee <>± latitude be 365,000 feet, 
find the length of the Preach metio, which is one ten-millionth part 
of tlio distance from the pole of the eaith to the ocLuator, in. feet and 
incheg. 

6. If the mean distance of the moon from the earth be 59-97 
times the eai-th'a radius, and if this radius be 3062-824 miles ; find the 
distance of tho moon from the earth in miles, yards, feet, and inches. 

SXVII. 

1. The base of the great pyramid at &izoh is a siiiiare, each side 
of which ia 763-4 feet ; find the area in acres of the ground on which 
the pyramid stands. 

2. If the length of a metre ho 39-37 inches, find the number of 
square feet and the number of cubic feet in that sc]_uare and cube 
■whose side is a metre. 

3. How many cubical packages, the edge of each measuring 3-03 
inches, can be packed in a bos whose content is 1030-301 cubic inches ? 

4. Awire 99 miles long, and tho area of -(vhoso section is -01 inch, 
is drawn out into a finer wire 100 miles long ; shew that the area of 
its section is -0001 inch leas than before. 

5. If the length of the cubit be 24-883 English inches, what was 
the cubical space of Noah's ark, its length, breadth, and heiglit being 
respectively 800, 50, and 30 cubits respectively? 

xxvin. 

1. If the value of gold be iE3 10s. lOJd. an ounce, and a cubic inch 
of gold weigh 10 onaces, what quantity of gold would be required to 
gild a dome whose sui-faee was 5,000 squai-e feet, and the thickness of 
the gold -0002 of an inch thick ? 

2. The weight of a cubic foot of water being 1000 ounces, find tho 
weight of a rectangular block of gold 8 inches in length, 2 in thick- 
ness, and 3 in breadth; the weight of a mass of gold being 19-25 
times the weight of an equal bulk of water. 

3. A cubic foot of iron weighs 7-8 times as much as a cubic foot 
of water ; find the weight of a block of iron 10-41 feet long, 2-58 feet 
broad, and 3 feet thick ; supposing a cubic foot ivater to weigh 1,000 
ounces. 

XXIX. 

1. Find a multiplier for converting cubic inches into gallons. 

2. If the weight of one cubic foot of water be 62-35 pounds Avoirdu- 
pois, find the error in calculatdng tlie weight of 1000 cubic feet oa each 
of the following approximate assumptions : — ■ 

1. That one cubic inch weighs 252'5 grains. 

2. That one cubic foot weighs 1,000 ounces Avoirdupois. 

3. That one cnbie fathom weighs 6 tons. 
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3. If a gallon contain 277-274 cubic inches, and a cubic foot of 
water iveigh 1000 ounces, what quantity and weight of water will 
fill a rectangular cistern 5 feet hy 3^ foet wide, and 2 feet 9 inchoa 
deep? 

4. A gallon of water contains 277'274 cubic inches, and weighs 
10 pounds Avoirdupois; find how many tons of water are in a dock 
whose area is an acre and depth 10 feet. 

5. A gallon of water weighs 146'170 ounces Troy. Find the weight 
of a cubic foot of water in ounces Avoirdupois, if a pint contains 
34-66 cubic inches. 

6. If 144 pounds Avoirdupola are equal in weight to 175 pounds 
Troy, how many pounds Troy are contained in the imperial g^on of 
273-274 cubic inches, if the weight be 10 pounds Avoirdupois ? 

7. A gallon contains 377-274 cubic inches, and a cubic foot of 
water weighs 997-784 ounces ; find the weight of a pint of water iu 
pounds Avoirdupois to three places of decimals. 

XXX. 

1. If water expand ten per cent, when it turns into ice, how much 
does ice contract when it turns into water ? 

2. Find the number of gallons of water which pass in 10 minutes 
under a bridge I7 feet 8 inches wide, the stream being 10 feet 11 
inches deep, and its velocity 8 miles an hour, supposing a gallon 
contains 277-274 cubic inches. 

3. If the annual average of tbe rainfall in a certain district, in the 
periods of summer, autumn, and winter, be 2-84, 30-3, and 50-6 par 
cent, respectively, how mucb per cent, falls in the spring ? 

4. If the lineal expansion by heat of a piece of metal one unit in 
length be -01, show that the expansions in surface and volume of the 
corresponding units are -0201 and "030301 respectively. 

5. If the atmosphere were of the same density throughout as it is 
at the level of the sea, its height would be 26253 feet ; find the 
weight of the air which surrounds tbe earth, having given that 875-1 
cubic feet of air weigh as much as -1 cubic foot of mercury, and 30 
cubic inches of mercury weigh 14-7 lbs. : supposing the earth a sphei-e 
of 8,000 miles in diameter, and having given the content of a aplierc 
equal to two-thirds of its circumscribing cylinder, and tho area of 
a circle equal to 3-1415926 times the square of the radius. 

6. If a room be 10 feet high, 50 feet long, and 35 feet broad, 
find the weight of air contained iu it, supposing that 100 cubic inches 
weigh 32-698 grains at the temperatui-e of 32° Fahrenheit's ther- 
mometer. 

7. How high wHl tbe water barometer be if the mercurial baro- 
meter stand at 29-9218 inches, having given tliat one cubic inch of 
mercury weighs 13-5962 cubic inches of water ? 
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XXXI. 

1. Tte ineoi-iptaon on the congius of Vespasi 
Dresden, states that it contains 10 Eoman jiounds. "Whoa this 
measure was filled with water and carefully weighed, the weight of 
the water was found to he 63460'6 French grains; find how many 
grains Troy ate contained in one Eoman pound, if the I^ench grain is 
equal to "8202 of tho English grain. 

2. By the statute of Williara III. the Winchester bushel is declared 
to be round with a plain bottom, 18^ inches wide throughout, and 
S inches deep. How many ouhie inches is the content, the area of a 
'circle heing equal to 3-14159 times the square of the radius? 

3. If the Eoman modius contained three congii, and the congius 
of Veepaaian preserved at Dresden contains ton Eoman pouads of 
water, how many English gallons make a modius ? 

4. Pliny states that a modius of the corn of Olnsium weighed 
twenty-sis Eoman pounds. Suppose that a congius and a gallon are 
filled with the same grain, and that tho former weigbs as many Eoman 
pounds as the latter weighs pounds Avoirdupois, and if a modius bo 
three congii, what would be the weight of an imperial bushel of the 
<iom of Cluaium? 

XXXIT. 

23° 15' 11" fo the decimal of a degree in oii'cular 

2. Express 13° 17' 8" as the decimal of a right angle. 

3. Eeduce ^--^tstt of a degree to degrees, minutes, and seconds. 

4. If 90 English degrees correspond to 100 French degi-ees, how 
many French degrees are there in 36-45 English? 



1. What decimal of a day is 13 hours 12 minutes 10 s 
2- What decimal of a day of twelve hours is 5 hours 48 minutes 
49-7 seconds ? Find the value of '85714 of a calendar month. 

3. Eeduce 3 days 5 hours 48 minutes 57 seconds to the decimal of 
a Julian year. 

4. Divide 3 weeks 4 days 5 hours 6 minutes 7 seconds by 5 days 
'6 minutes 40 seconds, espressing the result as a decimal and Btating 
its nature. 

5. Divide -375 of a calendar monfh by -7864 of a weelE, and state 
the nature of the quotient. 

6. Find the sum of -123 of a Julian year, -566 of a week, -0125 of 
an hour, in days. 

7. Find the decimal of a week which differs from a day by less 
than Ihe millionth part of a week. 

8. For what uait of time can 108-8 and 8-28 hours be repre- 
sented by numbers prime to each other ? 
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xxxrv. 

1. The sun appears to a person on (Kg eartli to move through 360° 
in 365-24 days ; shew it moves through 59' 8" -351 ... in one day. 

2. Assnining the length of the Julian year at 365 days 6 hours, find 
tTie decimal whicli represents one hour to 10 places of figures. 

3. Find what time in hours, minutes, and seconds corresponds to 
23^ 27' 63" in the revolution of tlio oai-tJi on its asis ; and conversely. 

4. If tte circumference of a circle be 3-14159 times the diameter, 
find at what rate per hour a body moves at the equator by the rotatory 
motion of the earth, etipposmg tlie equatorial diameter of the earth to 
be 7925-648 miles. 

5. The longitude of Calcutta is 88° 20' cast, and of Barbados 
59° 50' west of London. Convert these longitudes into time, and shew 
liow much the clocks of London are before or behind those of Bar- 
bados a]jd Calcutta ; also how much the cloclia of Calcutta are before 
or behind thoso of Barbados. 

6. A lunar month is 29-530588 days. How many lunar months a 
there in 19 solar years, calculated at 365-242264 days? 

7. There -was a full moon on the 26th June, 1858, at 9.13 a.m. T] 
interval bet-ween successive full moons has since been on tho average 
29 days 12 hours 47| minutes ; how many foil moons have there been 
between the 26th June, 1858, and 26th June, 1875 ? 

XXXV. 

1. Describe the Julian and Gregorian adjustments of the calendar, 
and explain -why only every 400th year is a leap year. 

2. How many days elapsed between the epoch of the correction of 
the calendar by Julius Ctesar, January 1, B.C. 45, and Septomber 14, 
A.D. 1752, the date of the adoption of the Gregorian correction in 
England? 

3. The solar year contains 365-242218 days, and the average 
Julian year 365-25 days. In the year 1582 Pope Gregory corrected 
the Julian calendar ; how many days in round numbers did he add or 
omit ja that year to make it coincide with solar time ? 

4. The length of the tropical year being 365-242264 days, compare 
the accuracy of the Gregorian intercalation with that of the Persian, 
in which 8 days were intercalated in 88 years. 

5. If the year be divided into eighteen months of twenty days 
each, and five intercalary days be added at the end of each year, and 
also 12g intercalary days at the end of each cycle of 52 such years, in 
how long a time will the error ia reckoning amount to one day, tho 
true length of a year being 365-242264 days? 

6. The true length of the year is 365-242264 days, and the 
calendar as corrected by Julius Ciesar supposed it to be 365 J days; in 
how many years will the error caused by this discrepancy amount to 
one week ? 
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EESULTS, HINTS, ETC., FOE THE ESEECISE8. 

I. 

1. Art. 1. 2. 321-123 = 3004204-l+-i^+-s3ir+ygt[, wliich expressed in words 
ia three Imndred and twenty-one, together witli one-tenth, two-linndredtla, and 
tliree-thousajidtlia. 3. Art 2. 5. Ai't. i, note, p. 3. 

II. 
(1) 725'S26I. (2) 31-253i. (3) 13874-(e3903. 
(1) 103-32275. (5) 'OOgS. 

2. The following are the decimals wliioh can he formed with the four figaros : 



■0379 


■3079 


■7039 


■9037 


■0397 


■3097 


■7093 


■9073 


■0739 


■3709 


■7390 


■9307 


■0793 


■3790 


■7309 


■B370 


■0973 


■3970 


•7930 


■9730 


■0937 


■3907 


■7903 


■9703 



m of these decimals Li 12'6e51 



The following ate the dilferencea of the decimals : 
■OIB : -001 r -093 : 17-28659 : ■179973 : 23 



■099: 785'9903or: 



■0000373S028 ; "OOOOOI : 



V. 

1. ■!: 'S: ^003: '005; -00011: "OOOOOOOOl : "0079: 1-25; "03: "005: 170-01: 
18'i5: 10-003. 

2. 2: 12: 525.- 37; i6 : 618: 873: 151. 

3. *0 : 3680 : 400000 : 5000 : 70 : 17750000 : 605000000 : 1600. 

i, -0005 and 2000 : 1000000 and -000001 : 2-5 and i : "4 and 2-5 : 4 and 2-o. 

5. Ai-t. 8. 6. Art. 7. The value of the remainder is estimated after the division 
fi-om the decimiJ point in the dividend to the last figure nsed in the division. 

7. The quotient of the first example is 20495-1856946, and the value of the 
lemainder is ■00O0O0OOO253. 8. 1-002.. , 9. "01. 10. 499-998. 11. 14-9813. 
13. -0000006. 

VI. 

1. If ■625623 he a divisor, the equivalent multiplier is .^.^■'■ - or ~. 2. The mul- 
tiplier is 15625. 3. 625. 4. 263 times, with a remainder -0027, which is one-third 
of -0087. £. 3-97 is the quotient, and -00035 i: 
least common multiple. 



3 the i-emainder. 6. -65. 7. TIiu 



VII. 



1. Art. 10. 2. Art. 10. 4. ^£1 = 3-1415984, the ei 



i -0000033. 



1, 3-0515026. 2. ■7604602. 3. ' 
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1. Arts. 11—14. 2. Alt. II. 5. Avt. 10, note, p. 7. 



1. Art. 15. The L.C.M. of i mi 
(lociinala in tha Eum and difference of 1 
I'BSpeetively. 

2. 123-06242: l'02i313242132 : 3! 



3 is 13, whitli is the mimberof repeating 
repeating decimals of four and six placet 



; 315-20112831333620; 



1. -SUS-gg; 370=^?: -427123 = ^8^^5: -BJOeS-^BiH; 
■010711285; ll-:i227i): -21219: -OOClBll ; -2538S8B. 

XII. 

1. Sm ■■ 3661^ : mm ■ sAV^Wy^im^. reduce to lowest terns : ^1, : ^H^ : 
■A ; sHt '■ -^ : -(Vt : aSlSi : t^ ■■ ^Uh^ ■ TSe%Vri : Trhu ■ if Ms = 

-^mmmiM^- -^h-- ma- ^mm- fti^- "ss^^: mam- 

2. The product is -1 a terminating^ decimal. 

XIII. 
1. 1: 21: 22|: 222f;,fe: ,^ : ^^^i 2-fir: l-rW : ^ ■ U : fs : i-,\- 4J3 : 
^ : lOl^i : 8tVs ; OfH ■ i^ ■ 161*i = U\7-^ : 2sV.b : mtv%- 
2. Theauotbntis-HH><l!l-. 
'■ 5219x62639 

XIV. 

2. Any finite fraction can only be said to be equal or equivalent to the infinite 
repeating decimal, os the limit of the value iviiich the decimal can nerer exceed. It 
way easily be shen-n that the more figates of the decimal are token, the larger the 
decimal becomes, and will continue to approach in actual value to tiie fraction, but 
within a ditferenoo less tlian can be assigned hy any fraction whatever, 

5. Art. 13. a. Art. 9, note 2, p. 6. 

7. This fiaetion having the factor 7 in the denominator, is apparently one which 
■will produce a wpsating decimal, but when the fraction Is i-educed to ita lowest term, 
the denominator conaista of factors each equal to 3, Art. 10. 

8. Both the numerator and the denominntor miist contain one or more factoi-a 
diffei-ent from 2 and 5. Ai-t. 10. 

9. Take .f aa an example, ^ = ■875112. The numher of repeating figures is 6, and 
the sum of the digits of the period is 27, and 27= Jx 8. 

10. HarefJ = -et6153: and the A.Compleraent of 154 is 1000 — 154 = 846. 

11. When T^g is reduced to a decimal, the repeating figures in the decimal are 23, 
End the first eleven and the second eleven remaindei-s are respectively — 

37, 9, 21, 8, 7, I, 10, 8, 11, 18, 19, 
d, 11, 2, 20, 16, 22, 13, 15, 12, G, 4. 



CoHCEETE Decimats. 



I. £1 2s, 3id; 163. 7id. -BOSl : £1 5s.: £i Us. IJd. -0352. 2. 0s. 9|d, -3 
3. One the reverse of the other, i. -325 of 1 moidoi-c, and ■0l)29/6190i of o 
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gHincK. 5. ■07of£2I0s.: ■1-:4726SS... of 3 moidore. The fraction l^ - .| -g -^ 
when reduced to a decimal, will lie the required decimal of £1 4s. SJd. 6. ~^^ 
of one fatthiag : fl of one farthing. 7, "02 of l\alf-a-oroivn : -23 of £1 : -SSS of 
Jof ea. 8d.: -1 of £5: -36729... of £7 23. II jd. 8. Tho one is simply the reverse 
of tlio other. The value of -017*60675 of £10 iSs. id. is I'0O2600733. 10. ■82& 
of £750. 

IS. I florin "3^; of £1 : 1 cent = ^^ of 1 penny : 1 mil=^ of 1 penny. 



5inn3 =0 H 
9 6 " 
It maybe qneationed whether tlie advantages of the decimal division of money, 
weights, and mensurcs could compeaaate for all the inconveniences which, would 
aiiie on a departure from the ostahlishcd usage of a country. It haa been 
truly remarked that "decimal arithmotio is a contiivance of man for computing- 
numhers, and not a property of time, space, or matter. Nature has no partialities, 
for the number ten, and the attempt to shackle her freedom with it, ivill for ever 
prove atortive." 

XVI. 
1. £l-55ia. 2. £-01319010316. 3. £l'3030/5. i. £1 Os. 6-ia734376d, 5, 
21-4015825 crowns. 6. £1 23. 6d. 7. 36 of £1. 8. "000625 as a divisor is 
equivalent to 1800 as a multiplier. 9. Express the dividend and divisor in tho same 
units ; the quotient will indicate how many timea the latter sum is ountained in the 
former, 10. '0144 of a farthing, 

XVII. 
1. ElJd.: £1 88.; £3 13s. S^'j^d.: £1 12s. 33.: £3 7a, S^d.: Is, lO^J^d. 
3. £7173. ea.=H='38iof £2012a. 6d. 3. £3163. SJSJfd, 4. -319731.., of £1. 
5, 7id. m. 6, £4946... 7. £-00040217. ..; 1-273. is contained 1-9557.,. times 
ill £124'9. 8. Between 145 and 146 farthings. 

XVIII. 
1. C4-83S rupees, 2. 2-13 francs. 3. £10 ISs. 4. The disadvantage will 
appear from the fact that the direct remittance gives 684374 maiks, but by Lisbon, 
QcQoa, Mid Amsterdam, 76595Jf marks. 

XIX. 
1. f^ ounce = '127'lb. Troy. 2. 7dwts. I4| grains: Iloz. 9dwts. 2.^grE. 3. 3220 
grains. 4. 20. E. £1 £s. 63. C. 4i^fff grains. 

XX. 

1, Since loz. of silver is worth 6s. 6d., ^i^wts. of silver is worth lEs, And 
sinceloz, of gold is worth £4 53., -'ji^wta. of gold is worth 153. But 92-5+7-5 = 100, 
and'^+^=l, or ^+^^"1, that ia.iJ of the weight is gold, and^n silver; which 
parts together will be found to be 7j^wts. 

2. £1 sterlmg weighs JfS of an ounce Troy of English standard gold. This is to 
be converted in French standard gold, then this frendi gold into its equivalent value 
in fi-ancs. 

XXI. 
1. -1047675... of lewt, 2, The fraction is 5f|3, which when reduced to a, 
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tained 15625 times ia 1,000,000. 6. 

XXII. 

1. Reduce -^^ and -W' to decimals. 2. TIieEomrm.puimdcontaii!edB2050'334ia 

grains Troy. 3. Divide the number of grains in 13380773 ounces Troj by 

4044349B; and tlie number of grains in 1442 tons 12 cwt. Ayoirdupois by 

150291456, each to S places of decimals, tlia q^notients will gira the weights of each 

xxnr 

1. I382yda. Oft, lOHs inches. 2. 54-j"iyda. 3. The vemainder ia i^ of I foot. 
i. E4 times with a remainder of 7^^ inches. S. The error of one-tenth of an incli 
in one yard will cause, an error of 91 4^ inches in B145. yards. If 9145 yards he. 
divided by SS/^, and by 36^^ respectively, the difTerence can, he found when ths 
error is in defect and escesa. 

XXIV. 

1. The English mila exceeds the Roman mile by 433 English feet. 2. 12'6i2; 
English inches. 3. 12'13S English inches. 

xxy. 

Tiie Frenchmctre is ^g§g of the English yard, 2. Mia47i^5|i- French metres-. 
3. 1 metre'=2-813 Cremonese feet. 4. 1yd. Oft. S-^^-^ inehea. 5. 44 crowiia, anij 
■SBofan inch over, and 54 hulf-crowns, and -036 of an inch over. 

SXVI. 

1. 7 miles 1048-5728 yards. 2. The circumference of the earth is 40 million 

metres. 3. Convert the metres into feet, and the feet into miles, i. These dat:v 

give the length of the metre 39'42 inches. 6. 237650 miles, 977yd3. 10'512 inches. 

XXTII. 
1. 13 acres 1833yds. 3ft, 80-64 inches. 2. 35-2232 cubic feet, and 107388. 
square feet. S. 37. 6. 4io01-49841 cubic yards. 
XXVIII. 
1. 1440 ounces of gold at the cost of £5103. 2. lOOO^V onncea. 3. 11 tons, 
Ocwt. lilbs, 8-5202. 

XXIX. 

1. One gallon contains 272'274 cuHe inches; and 272-274, or m^^i- as a, 
divisor, will he equivalent to ^^, M TsVryT ^ "■ multiplier. 

2. If 1 cubic foot of water-e2-35Ibs.,then 1000 ouKcfeet-.1000x 02-35 = 323501bs. 

On the first assumption lOOO cubic feet*. =j^^-r = 



On the third 



S. Tlie ciatem contains 48S cubic feet of water, weighing 1320Tfo'l'S-- or- 
SOS-ftsVyV gallons. 4. 2423 tons 9cwt. SS-^'ff^lba. 5. BBSf^Jilbs. 6. 124lhs. 
Troy, 7. 19-940 oimces. 

XXX. 
1. Since water on freezing expands in volume 10 per cent., or 10 parts in 100, or 
1 part in 10; 10 parts of water become 11 parts of ice. 

Hence conversely, when 11 parts of tee become 10 parts of water, the ice is con- 
tracted by one-eleventh part of ita volunia 
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2. S31203-ftW^ gallona. 3. 16 -28 per cent 

5. If S'liI592659 timea tlio aquara of the radius be talau for the area of a oirola, 
nnd 5 miles be employed instead of 262S3 feet, the volume of the atrooaphere will be 
found to be the difference of two aphtrca whose radii ara respectively iOOO and 4005 
miles, and equiil to 100658681 cubic miles nearly. Sext finding what weight of 
mercury is equivalent to a oubla mile of air, the whole weight of the atmosphere may 
be determined according to the auppoaitions made. 

6. 12-ei208cwti 

XXXI. 
1. 5205-884... grume Troy. 2. 2150'428... cubie inches. 3. 2-225... gaions. 
4. 60^1113. Avoirdupois. 

XXXII. 



xxxm. 

1. ■5E011£7*40 of I day. 2. -4844491. .. of a d^y of IC hours ; 25 days I7hr9. 
8min. 28-88360. 3. -63S453i... of a Julian year. L 5-0378.., an abstract numbei-. 
5. The decimals of the monti and the weet must first be reduced to days before 
Tierforming the operation. 6. 49-00302083 days. 7. ■142850ii2S57 of a week is 
the exact difference : any less decimal will fulfil the condition. 8. 4 hours. 

XXXIV. 

2. 1 hour = -0001140791,.. of a Julian year. 3. 1 hour, 33miu. Sl^sSttc. 
4. 1037-133... milesanhour. 

5. 88° 20' longitude correspond to 5hra. E2Jniin,, and 59° 50" to 3hrs. 59Jmin. 
Suppoae the time to ha noon at London, then the clocks of Calcutta are 3hrE. 52imin. 
niter 12, and the clocks of Barbadoes aie 3bi'a. 59imiii. before 12 : or the clocks of 
UaJentta indicate 7mm. 40sec. past 8 o'clock p.m., and those of Barbadoes 40seo. to 
8 o'clock a.m. The clocks of Calcutta are 9hrs. 51|min. hehind the clocks of Bar- 

6. Divide the number of days in 19 years by the number sf days in one lunar 
month. 

7. Divide the whole period by the interval between two Euecessivo full moons. 

XXXV. 
1. See " On the Divisions and Maaaures of Time," pp. 14, 17. 2. The product 
of tba correct number of days in one year, and tha number of years in the interval, 
will give the required number. 3. The error in one year is -007738 of a day, which 
in 1257 years amounted to 9-724152 days, or 10 days nearly, the number of days 
omitted in 1582 by Pope Gregory in his adjustment of the calendar. 4. Ii may bo 
shewn that tlie Gregorian intoi-calaflon is more accurate than the Persian. 5. Tha 
error in 52 years ia -34728 of 1 day, and this eiTor amounts to one day iii 
62x2-8705-140-731, or nearly ICO years. 



y Google 



ELEIENTAET AEITHSIETIO, 
WITH BEIEF NOTICES OF ITS HISTORY. 



SECTION XI. 
MIOPOKTION. 



BY EOBEET POTTS, JI.A., 



CAMBRIDGE ; 

rUBLISOLD BY W. METCALFE jiND SOS, TRISITY STBEET. 

LOSDON : 

SOLD AT THE NATIONAL SOCIETY'S DEPOSITORY, WESTMINSTER. 

1876. 



y Google 



CONTENTS AND PEICES 
Of the Twelve Sections. 

SECiTiox I. 01 Numbera, pp. 2S Zd. 

Section II. Of Money, pp. 62 M. 

Sectio:^ III. Of Weiglita and Measures, pp. 28 . .3rf. 

Sectiom IV. Of Time, pp. 24 Zd. 

Section V. Of LogarithmSj pp. IG Id. 

Section TI. Integers, Abstract, pp. 40 .od. 

Section VII. Integers, Conorete, pp. 30 oil. 

Sectio:? VIII. Measurea and Multiples, pp. IG ....%!. 

Section IX. Fractions, pp. 44 5i?. 

Section X. Decimals, pp. 32 4rf. 

Sectios XI. Proportion, pp. 32 4rf, 

Seciiok XII. Logarithms, pp. 32 Qd. 

W. METOALFB AND SON, TRISITST STHEET, CAMcrLlDGB. 



NOTICE. 

As the Book-post affords great convenience fur the prompt ti'ansmiaslon 
of Boots to persons living at a distance from towns, copies of Mr. 
Potts' publications can be supplied by Messrs. W. Metcalfe and Son, 
tlii-ough the Booii-post, within the United Kingdom, on receiving 
orders with prepayment in postage stamps, post office orders, of 
otherwise. 



y Google 



EA.TIO AND PEOPORTION. 

Aht. 1. Two numbers or two magnitudes of the same kind may bo 
compared in t^yo ways ; by considering, first, bow much one of them ia 
greater than the other; and, secondly, how many times one contains, 
or ia contained in, the other. The former is called their arithmetical, 
the latter the geometrical relation.' It is under this latter view that 
the ratio and proportion of numbers and magnitudes are considered. 

Katio is defined to be the relation which, exists between two 
magnitudes of the same kind, or two numbers, with respect to quotity. 
Thus, two lines, two areas, two Toluniee, two weights, or two absti-att 
numbers, can have a ratio te each otlier ; and the comparison ia made 
by conaiderlng what multiple part or parts the first is of the second. 

Hence the ratio of two magnitiidea of the same kind is represented 
by the quotient which unset from dividing tlie units of the first magni- 
tude, called the antecedent, by the units of tJie second magnitude, 
called the consequent o± the ratio : as, for instances, the ratio ef a 
guinpa to a cion-n, oi 21s to 5a., is '^£ or 6J, an abstract number 
which denotes the number of times, whole or fractional, the antece- 
dent contains the consequent. 

It is also obvious that the ratio o£ ajjy two concrete numbers of tlie 
same kind is the same as the ratio of two absh-act numbers, as the 
quotients in botli cases are oqual. 

"When the antecedent of a ratio is eqiial to the consequent, iho 
ratio is called a ratio of equahty ; when the antecedent is greater 
than, or less than, the consequent, the ratio is eallod a ratio of greater 
or of less inequality. 

2. In the seventh book ef Euclid's Elements, the definition of ^iro- 
portion is thus expressed : 

Four numiers are proportionids, tc7wu the first is the same multiple of 
the second, or the mme^art or parts of it as the third is of the fourth : 

1 Tlia terms aritlmietieal ratio and geometrieal ratio are arbitrary names which 
do not define nor explain their mBaniag. The arilhrnstical relation of two numbers 
is properly a difference, and may be a concrete or abstract number, of the samo 
natuio as tlie two given numbers. The geometrical ratio is a quotient, always an 
ahstmct number. By the ratio of two magnitudes in the latter sense, is meant their 
relatim magnitu^, how often one contains the other ; not their absoliae magnUndr, 
how much one exceeds the other. Thus, although the absolu'te magnitude of 12mile3 
and 1 mile is much greater than that of 12 inches and 1 inch, yet the relativo 
magnitade, or tlie ratio of the two former, ia esnctly tlie same as tliat of tlie latter 
two ; or in other words, 3 mile is as small a space in comparison of 12 miles as 
X inch is in eoui]iaiison of 1 foot. 
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Or in other words, if the quotient arising from the first of fow 
numbers divided by the eecondj lie equal to the quotient o£ the third 
divided by the fourth, the four numbers constitute a proportion. 

The definition o£ proportion has been more briefly defined to bo 
the equality of two ratios. 

Thus the four numbers 12, 4, 18, 6 fulfil the conditions required, 
Jhat the first, 12, has to 4, the second, the same ratio as 18, the third, has 
f 6, the fourth, aad are proportionals ; 

60 that 12 bears the same relation to 4 as 18 does to 6, 
wliick is usually written thus: 12 : 4 : : 18 ; 6. 
This samo relation holds good when the terms of ea«h ratio ai-e 
concrete numbers, as 12 yards bear the same relatioa to 4 yards, as 1 8 
shillings bear to 6 shillings. 

The four tei-ms of any propoi-tion may have thoiv ordor rovoracd 
without affecting the proportionality of the numbers, as the fourth, 
third, second, and first terms of a proportion may bo made the first, 
second, third, and foui-th times terms. 

Conversely. If four mmhers he proportionals, the qtwtient ofthejirst 
divided hj the second is e^ttal to that of the third dmded hy the fourth. 
Thus if 12, 4, 18, 6 form a proportion, 
which is usually expressed, 12 : 4 : : 18 : 6, 
Then the ratio 13 : 4 ia V- oi' 3, 
aad the ratio 18 : 6 is Jj^ or 3, 
whence follows the equality, J^^-^i/-. 
It also appears from the equality of the two fractions, that if the 
first term of a proportion be greater than the second, the third is 
greater than the fourth ; if equal, equal ; and if less, less. 

If four mtmlej-s, rts 12, 4, 18, 6, he proportionals, the proditet of (he 
extremes is equal to the product of the means. 

Since 12, 4, 18, 6 are proportionals, 
the ratios J,^ and -\f are equal, or \3_ - ,i,?_ 
Multiplyhig these equals by 4 x G 

Then 12 x G 3: 18 x 4, 
01- the product of the extremes, 12 and 6, is equal to the product of the 
means, 18 and 4. 

Hence it appears, tliat if the product of the means, 18 x 4, he 
divided by 12, one of the extremes, the quotient, 6, will be the other 
extreme; aiidif the ^roinctoi the extremes, 12x6, be divided by 4, one 
of the means, the quotient will be the other mean.' 

1 Some writer assume the lotter a; to denote the required number in queations of 
j'vopottion, iind deal with it as o niim1)ev unltnowo, but to be detenniiied by the 
touditiona of the question. Others rcjeet the use of all general Bjmbois ia nume- 
lical oomputatious, as anch symbols hdong mther to Algobra. "Whichever may be 
the con-cut view of the matter, there is no doubt tliat such an assumption affords 
both facility and convenience in arithmetical roasonings, when it is made the Stat 
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And, universally, if any three terms of a proportion be given, the 
foru-th can always be found. 

3. If the product of any two numbers he equal to the proditot of two other 
numbers, the four numbers can form a proportion. 

For example, the four numbers 3, 6, 12, 20, are so related that the 
product of two of them is ec|_ual to the product of the other two, 
Or 3 X 20 = 5 X 12. 
Dividing these eq^uala by 5 x 20, 

And 3 : 5 : : 12 : 20. 

It may be noted that whon the terms of one ratio are prime to each 
other, as A and 5, they are the least numbers in the pi-opor.tion. 

Since the two equal ratios which constitute a proportion ai-e 
denoted by two fractions, all the properties of ratios and proportions 
depend on the properties of fractions. 

If the four terms of a proportion be abstract numbers, or concrete 
numbers of the same iind, the exti-emea and means may bo inter- 
changed one with another, eo that the four numbers shall stil! contimie 
to form a proportion, 

Tlius the first term shall have the same ratio to the third aa the 
second to the fourth ; and the second shall have the same ratio to the 
first as the fourth to the thii-d. 

If, however, the tei-ms of one ratio be either abstract n;,imbera, or 
concrete numbers of a different land from the other ratio, this intei'- 
change is not possible. 

TJio following properties of a proportion can be readily shown to 
be true by means of fractions. Sec, IX. 

1 . If any eqiumultiples, or equisiibmultiples, of the first and second 
terms of a proportion be taken, and the same or any other equi- 
multiples or equifiubmultiples of the third and fourth be taken, the 
four numbers will form a propoi-tion. 

term of the first ratio in ijuestjons of proportion. As for example — If 10 pounds of 
tei cost 25 sMUinga, what is the cost of 100 pounds ? 

Hera 10 poimda cost 26 ahillinga. 
Let 100 „ „ X 
Here the raimhcr x hears the same ratio to 25 as 100 bears to 10. 
_1 00X 25 
10 

But when tlie proportion is inveyse, it appeals more convenient to iidopt tlio form ii 
Art. 1 p. S, as in the following ejiample : — 

If 5 men perform a work iii 13 days, in how many days can i Dieu perform ai 
ciiual work ? 

Here the efeols are the same, and the offaetive caoses miist be equal 
If a: denote the miknowii number of men, 

The first effective causa J3 5x12 



:^;anda;=.£y^^^£12 10s. 
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2, If any ocitiimiiltiples or equiaubmultiples of the lirst and third 
terms of a propoiiion be taken, aad the same or any other equi- 
multiples or equisubmultiples of the second and foiii'th be taken, the 
four niiDibers will form a proportion. 

8. The sum or difference of the first and second tenns is to the 
first, as the sum or difference of the third and foui'th terms is to the 
third. 

4. The sum or difference of the first and second terms has the same 
ratio to the second, as the sum or difference of the third and fourth has 
to the fourth. 

5. Tho sum of tlio first and second tei-ms is to their difBerence, as 
the sum of the third and fourth terms is to their difEeronee. 

6. If the corresponding terms of two proportions bo multiplied 
together, or divided, the products wUl form a proportion. 

4. A proportion may be considered either as direct or inverse. 

A propoi-tion is direct when tlie eaaiie rehition exists directly between 
llio first aad second terms as between the third and foiu'th ; as 3, 6, 
5, 10, are in direct proportion ; for the ratio of 3 to 6 and of 5 to 10 is 
■^ ; it follows that 3 bears the same direct proportion to 6, as 5 hears to 
10 ; 01- 3 : 6 ; : 5 : 10. 

Aproportioa is inverse when the first and second tenns are directly 
proportional to the inverse of the third and fourth terms ; as 2, G, 9, 3, 
avo in inverse proportion. For the direct ratio of 2 to 6 is J, the same 
aa the inverse ratio of 9 to 3 ; it follows that 2 bears to 6 the samo 
direct proportion as the inverse of 9 bears to the i]iverse of 3, or that 

The natui-e of direct proportion may bo exemplified, if tho names 
of cause and effed may bo given to those numbers in the proportion 
which depend directly on one another, whatever may bo tlie causes or 
effects, provided only that they can be expressed by numbers. As, for 
instance, a sum of money may be considered the eatcse, and what ia 
gained by it the effect: as if £100 prodiico a gain of £5 ; at the same 
rate £500 will produce a gain of £25. Here the first cause beai-s the 
same ratio to the second canso as the first effect to the second effect. 

The natui'e of inverse proportion may be illustrated in the same 
iianner In this case, however, the causes bear an inverse ratio to 
the distances oi the times involved in the question, in which the effects 
uo the same , as, for esample ; If 12 men can perform a certain work 
in 5 dajs, 6 men an perfo-n the s me n 10 days He the ts 
ot cause are inve sely p oport on It tletms Alon the a e of 
tho straight lever wl n kej t n eq lb um on a f lo m tli two 
weights are mve s ly j ^ o t nal to the d st o fiom tho 
Inlcrum 

In question", howeve a wh h tl e d ff r nt u es pr I elf 
fiitat eftocts in g en t m the t ne a a i tant 1 a t tho 
Likulation, ds 1 man a 3 d js n j olu the same efi t a m 
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ill 1 day. In such cases the effective cause ia tlio product of tlie uiiita 
of agent and tlie units of time for producing the given effect. 

In all questions involving these three elements there will be found 
given; one cause, its effect and the time in which it was produced; and 
tlie requirement -will he ; to find what effect another given cause will 
produce in another given time ; or what cause will he neceasaiy to 
produce another givctt effect in another given time ; or in what time 
Jiuother given cause will produce another given effect.' 

3. Proportion is o.-nployed ia calculating the interest of money, 
which is a payment agreed upon between the borrower aad the 
lender for the loan of a sum of money, called the Principal. This 
payment is genei-ally a fixed sum for every £100 during a year, and 
is called the rate per cent. The sum of the Principal and die Interest 
together is called the Amount. 

Interest is called eitnpie, when it is paid at regular periods, as 
yearly or half-yearly, or at the end of the time for which the Principal 
was lent. It is obvious that the simple interest of any sum for one 
year can be found by a proportion when the interest of £100 for one 
year- ia given; and the interest for any number of years will bo 
■determined by multiplying the interest for one year by the given 
unmber of years. 

The result, however, is more readily obtained, by dividing by 100, 
the product of the pi-incipal, the rate per cent., and the number of 
veai's. 

The interest for months, for weeks, or for days, of any sum will 
^so be found by meana of a proportion, from the interest for a year, 
which may be considered as consisting of 12 months, 52 weeks, or 3C5 

If the amount and the principal be given, the interest is the 
■difference between them. Also of the principal, amount, rate por 
cent., and time; if any three be given, the fourth can be found by 
means of a proportion. 

Interest is called compound when the interest of the principal for 
the fij'st year is not paid at the end of the year (or of the period) 

■ The following qusBtion may be taken as an ejataplo : — 

If 120 men in 15 days of 12 hoars long can dig a trenoh BO yards in lengtK, 2 
in breadth, and i deep ; how many men will be reqnired to ilig a trench 72 yards 
long, 6 broad, and 5 deep, in 9 days of 10 hours long t 
Here, the fii'st cause, 120 men ; 

effect, 50 X 2 X 4 cubic yards ; 
time, 16X12 hours. 
The second cause, Men rec[uired ; 

effect^ 72x6x5 eubie yards j 
time, 9xI0houi-s. 
Taking the effects proportional to the effective causes, the number of men 
roijuiied will be found to be 324. 

The reqiiii'ement may be vaiied to find the days, the bours, or the effects. 
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■when it is due, but is added to the principal, so that tho first year's 
amount becomes the principal for the second year ; and so on for tho 
third and the succeeding' years.' 

The compound interest of any sum for any number of yeart 
may he calculated by proportion, for each successive year, as simple 
interest. 

' In finding tho compound inteiest foi- any putt or pai-ts of a jeai- nftL^i- the ex- 
piration of seveml yeaiB, it is uaunl, for iustance, if the oompoiiiid iutttest be 
re([Qired for i% yeata, to take thi'ee.fourths of the 6th year's interest. This may be 
oltjected to as implyinf; that the interest is payable quarterly. This approximation, 
however, does not differ much from th« exact truth, as will be seen in tho following 

To find tiie compound interest of £300 for 4f yeavs at 5 per cent, per ainiHiii. 



300 =li'iint yeai-'s Principal. 

15 , , Interest. 

315 „ Amount, or 2nd yciir'a I'rincipil. 

16 "75 Second year's Interest. 
33075 „ Araonnt, 

185375 Third year's Interest. 
347*a375= ,, Amount. 

17 '36437 6 Fourth year's Interest. 



: 4^651876= „ Amount. 



£23259375= Fifth yeai^'a Interest. 



13-6744453125 -^ of 5th year's Interest. 
= Fourth year's Amount. 



*378-326320313S = 4} year's Amount. 



378 6 ei=Amount. 
=- Principal. 



£78__6__G^ Compound Intei'est for 4J years. 

It may be here re«ani-ked that the nnmber of decimal places in this computa- 
tion might be restricted k> or 7, without incurring the error of a farthuig. 

If the compound interest of £300 for i% years, at 5 per cent per annum, he cal- 
culated from the fonnulaM — F(l-i-r)", by means of a table of lognrithms calculated, 
to seven plaoes of decimals, it appears from the calculation that the correct result is, 
£ s. d. 
S78 4 10J=Amount. 
SOO =Principal. 
£78 4 10J=Compouud interest for 4J years. 

And the approximation is too great by Is. 8d. nearly. 
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The compound intei'est of any sum can be found by a sliortei- 
pvocess, by eimply taking tlie same aliijuot parts of the principal of 
each successive year, aa the rate per cent, is of £100. 

6. DiBOOunt fe defined to be a deduction made for the present pay- 
ment of a sum. of money due at somo future time, and differs from 
simple interest or Banter's discount. 

If £100 be lent for one at 5 per cent, per annum, the amount at 
the end of the year would he £105. 

But if £100 be due at the end of a year at the rate of 6 per cent, 
interest per anuum, and if £5 bo doductod for present payment, the 
sum paid fo the creditor would be £95. 

Now if this £95 were put out immediately to interest for a year, 
at 5 per cent. ; at the end of the year the amount would be £99. 15s. ; 
whereas if the paj'ment had been deferred till the end of the year, tlie 
creditor would haToreceived£100, and would not have lost Ss. ; intho 
transaction ho should have lost nothing. 

It is therefore clear that £5 was too large a sum to bo deducted 
for present payment. The interest should have been calculated on 
tliepremit worth of £100, and not on the worth of £100 at the end of the 

And since the present worth of £103 due at the end of a year is £100, 
the present worth of £100 due at the end of a year will be a fourth pi-o- 
pm-tionalto £105, £100, £100, which will he found to be £95. 4s. 9|<1., 
and the difference £4 15s, 2^., between this present worth of f 100, 
and £100 due at the end of the year, la the interest of the present 
worth for tho same time and at the same rate of interest. The interest of 
the present worth is also a fourth proportional to £105, £100, £5; 
which will he found to be £4. 15s. 2-Jd. 

By means of these principles, may be foimd tho time at which one 
payment may be made equal to the sum of several payments made at 
different times, at the same rate, or at different rates of intei-est. If 
the present worth of the different sums be found separately for the 
times and at the rates of interest given, then the time may be found 
when the sum of the present worths shall be equitably equivalent to 
the amount of the given sums at the given rate of interest. 

It may be added that the present worth and the discount of any 
sum due any number of years hence, m.ay also be calculated by com- 
pound interest by means of a proportion. 

7. The purchase and sale of stocks, whether they consist of the 
national debts of govommonts, or the nominal capital of trading com- 
panies, are all subject to the rule of proportion, as well as all questions 
which arise on the dividends of such stocks. The national debts of 
foreign governments in general consist of bonds of £100, or some 
multiple or submultiple of that sum. They ai'e contracted for a fixed 
rate of annual interest payable half-yearly, and are so arranged as to be 
gi-adually paid off within a certain number of years. Tliey are trans- 
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fei'altlo from one person to anotlior uiitU thoy are drawn and paid off. 
Tho value of tliese tonds may be worth more oi less than £100 
etorling. When a bond of £100 stock ie worth £100 Eterling, it is 
said to bo at par; and when it is worth less or more thnn £100 
sterling, it is said to bo bolow or aljove par. 

Tho national debt of Ihe United Kingdom consists of stocks called 
consols (consolidated annuities), of which the chief stock is called tho 
3 per cent, consols, which hear an annual interest of £3 sterling, 
payable half-yearly, for every £100 stock. This stock has no period 
fixed for its redemption like foreign stocks, but may be pm'chased and 
6old at any time at the ordinary rates of the market. 

The exchange of a snm of money of one nation into the equivalent 
to tlxat of another, is effected hy a proportion when the equivalent 
values of the units of the money of the two nations are given ; and 
when several exchanges are made in one transaction, these sepai-atoly 
constitute a repetition ot the same process. 

The computitions m all meicantile traaiaajjtions depend upon the 
pi-inciple ol proportion And the profit or loss on all sales and 
l>\irchase8 are in general computed at some fixed rate for eveiy £100, 
iis are ako all charges for commission, brokerage, &e., for the pur- 
ihase or sal^ of merchanilis" The equitable division of the profits or 
losses of a trading speculation can be effected by means of proportion ; 
and in cases where the element of time enters into the ti-ansaction, 
hoth the time and the capital employed must ho considered as con- 
stituting the efficient eftuse of the effect produced. 

In the same manner the assets of a bankrupt can be divided among 
his creditors accordinjj to tiie proportion of their claims on the 
bankrupt's estate. 
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1. Esplaia wliat is meant by ratio, and state under wliat eoii- 
<litions two concrete nuin'bers can have a ratio to one anotlier. 

2. Wliat ratio does 63 acres, 3 roods, 19 poles, 22-^ yards, bear to 
199 aci'es, 3 roods, 33 poles, 13| yards ? 

3. When are four ma^;uitudes said to be proportionals ? Apply 
4lie definition as a test to ascertain wlietier tbe four qnantities 3lb, 
2oz., Is. Ifd., Is. 7Jd., 41b. 2oz., can be so arranged as to form a pro- 

4. What number lias the same proportion to 3G0 as 2S1 has to 
72? 

5. Find a third proportional to f and ^. 

6. Determine a foiuth proporiional to 8-125, -000125, and -0732. 

7. Shew that 6yds. Sqva. bears the same propoi-tioa to TSyds. 2c[rs, 
as 5e. 3d. does' to £2. l7e. 2d. 

8. Findasumof money which shall be the same part of £61. 9a. Id., 
that 2cwt. 2qra. 101b. is of 36cwt. Ig^i-. 

9. Inci'ease £5. 4s. 6d. in the proportion of II to 19, and state how 
much per cent, is added. 

11. 

1. Find the cost of 4tons 'Icwt. Iqr. I lib. of merchandise at £3. l7s. 
per hundi'ed weight. 

2. If 5cwt. 3qrs. 14Ib. cost £6, what will be the cost of one pound ? 

3. What is the value of 39cwt. OcLr. 101b. at £1. 17s. lOd. l^er 
cwt. ? 

4. What is the cost of 17cwt. Iqr. 121b. at 9a. lid. per quai-ter? 

5. If f of a yard cost 9s. 4d., what number of yards will £100 
purehaae ? 

6. What is the rent of 347 acres of land for one year- and 146 days 
at£l. 13s. 6d. per acre? 

7. A merchant bought 4 pipes of wine and sold one pipe for £50, 
but by doing so he lost 5 per cent. ; at what rate must he sell the 
remaining 3 so as to gain 20 per cent, by the whole ? 

8. A man pays a corn rent of 5f[i-a. of wheat and S of barley 
Winchester measure ; what ia the value of his rent, wheat being at 
60s., and barloy at 543, tho quarter. Imperial measure ? supposing 33 
Wiaeheater gallons eq^uivalent to 32 Imperial ones, 

9. A tenant holds a fai-m oi 350 aci-es subject to a tax of 3a. 6d. 
per acre yearly, and a com rent of 100 c^iiai-ters of wheat, barley, 
oats, and beans respectively. Find the amount of his rent when the 
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s prices of wheat, barley, oats, and beans per quarter aro 
48s. M., 808. 4d., 2Ss. 6d., and 83a. 6d. i-espeetively. 

10. If the sixpenny loaf weigh 4-35lb. when wheat is at 5-75s. per 
biishel, what ought to be paid for 49-31h. of hread when wheat is at 
18'4s, per bushel? 

11. If 5 pipes of wine be bought for £300, and oue pipe bo 
damaged, at how much per gallon mast the remainder he sold so as 
neither to gain or lose by the transaction ? 



1 years 



III. 

1. What is the simple interest and amount of £30o i 
4^ per cent, per annum ? 

2. In what time will £305 amount to £387. 7a. at 4| per coat. 
per aumun simple interest? 

S. If £805 amount at simple interest in 6 years to £387. 7s., 
wbat is the rate per cent, per annum ? 

4. What principal put out to simple interest at 4^ per cent, for G 
years will amount to £387. 73. P 

IV. 

1. Eeijuired the amount of £o6. I3s. 4d. put out to simple intci-ost 
for -5 years and 4 months at 6 per cent, per annum. 

2. What is tlie commission on £529. 18s. 5d. at 2} per cent. ? 

3. The amount of £500 in | of a year was £520. Eer[uii-od t]ie 
rate per cent. 

4. What is the interest of £275. 10s. for 219 days at 5 per cent. 






I, of what s 



6. If money bear interest at 5 per cent, per a 
one groat the daily interest ? 

6. In tho year 1248 A..B., the money-lenders wero not allowed, to 
charge the scholars at Oxford a higher interest for the loan of money 
than twopence for the use of one pound for a week ; how much was 
that per cent, per annum? 

7. An estate is bought at 25 years' purchase for £16,000, two- 
thirds of the p\irchase-money remaining on mortgage at 3 per cent. ; 
the cost of repairs averages £100 a year. What interest does the 
IDiirehascr make on his investment ? 

8. If £5 be paid for the loan of £I00 for one year, what ought to 
be paid for the loan of £275 for 5 years ? 

0. If A lend E £150 for 7 months, and wheji B has occasion to 
hon'ow from A, the latter can spare only £70 ; how long may I! ieep 
the £70 until the interest is equal to the interest of A's loan? 

10. Which is the greater rate of interest, £7 for the use of £143 or 
£4J for the use of £91 5s. for a year ? 

11. Tho simple interest of £25 for 3J years was foimd to ho 
£3. 18s. 9d. ; i-equired the rate per cent, per annum. 
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12. If £960 put out for 6 yeai's at simple iatei'est amount to 
£1248 ; what is the rate per cent, per annum ? 

13. In liow many yeais wiU £800 become £1088 at 4 per eeiit. 
simple interest ? 

V. 

1. What sum of money is tiat which amoimts in 3 months to 
£249. 93., and in 9 montlia to £256. 3b. 8d., and at ^yhat rats of 
interest is it lent ? 

2. What was the interest of the national debt of Great Britain and 
Ireland for one hour, calculated at the rate of 3 per cent, per annum, 
if the amount iu 1872 was £730,986,800 ? 

3. What must be the rate of interest per cent, per annum, in order 
that the interest of fifty American dollars may be one cent, per diem ? 

4. What is the interest on 30-029 rupees, 4 annas, 6xDice, at 4} per 
cent. ? Give the result in English money -when the rupee is -wortli 
2s. l^d., the rupee containing 16 annas, and the anna 12 pice. 

VI. 

1. Explain the distinction between true discoimt and banter's 
disooimt. Does the creditor or the debtor gain by computing interest 
instead of discount? 

2. rind the discount on £100 due ono year hence, if money boar 
interest at 5 per cent, per annum. Calculafo the interest on this 
discount for the same time, and shew that it is ec[ual to the difference 
between the interest and the discount of £100. 

3. Find the present worth of £250 due 2^ years hence at 5 per 
cent, per annum ; and shew that the discount of the given sum is equal 
to the present worth for the same time and at the same i-ate of interest. 

4. A person agrees to discount a bill for £075 payable in 40 daya 
at the rate of 3-^- per cent, per annum interest. How much doeshe pay? 

5. What must be the rate of interest, in order tliat the discount on 
£2673 payable at the end of one year and seventy -three days may ho 
£93? 

6. Shew that the interest on £266. I3s. 4d. for three moniha, at 
4^ per cent, per annum, is ec[ual to the discount of £83 for 15 months 
at 3 per cent, per annum. 

7. If the discount on a bill due 8 montlis hence at 2^ per cent, per 
annum be £12. Os. lid., what is the amount of tlie bill? 

8. What sum of money must be placed out at simple iuterost 
for 5 years at 4J per cent, thtit the amount may be £1000 ? 

9. What is the present worth of £1275, payable as follows: 
£90 in 3 months, £735 in 7 months, and the rest in 11 months, if 
money bear interest at 5 per cent, per aiuium ? 

10. A man having lent £2,500 at 5 per cent, interest, payable 
half-yeai-ly, wishes to receive his interest in eijual portions monthly, 
and iu advance ; how much ouglit ho to receive every month ? 
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11. 1£ tlio pi-itieipal sum with interest at the rato of 5 in the lOO 
for a month amount in a year to 1000 ; tell the pi-inoipal and interest 
respectively {I/ilavati). 

12. rind the tliscount on £170. ISs. 5d. due 52 days heaoe, at 2^d. 
per £100 per day. 

13. If £10 be the interest of £110 for a given time, what shonlj 
be the discount of £110 for the same time ? 

14. Shew that the interest on the discount of £100 for one year at 
5 per cent, per aunnm is equal to the discouEt on the interest at ther 
Bame rato for the same time. 

Til. 

1. Find the amount of £320. lOa. for 4 years, at 5 per cent, com- 
pound interest, when (he interest is payable yearly and half-yearly. 

2. Find the amount of £819. 4a. in 6 years at £12. 10s. per cent, 
per annum compound interest. 

3. Find the amount of £62. lOs. in four years at 20 per cent, per 
annum compound interest. 

4. What sum must bo paid down to receive £600 at the end of three 
years, allowing 5 per cent, per annum compound interest? 

6. Find the compound interest of £250 at 3 per cent, per annum 
for 2 years and 195 days, 

6. What is the compound iutei-est of £410 for the tei-m of 2j yeai's. 
at 4^ per cent, per anniiin, the interest payable quarterly ? 

7. The difference between tJie compound and simple interest of a 
certain sum of money for 3 years at 4 per cent, is 10s. Find the sum. 

8. Find at what rate of simple interest in two years a sum would 
amount to the same sum as at 4 per cent, compound interest. 

9. Compare the simple and compound interest of £850 for 4 years 
at 4f per cent, per annum, 

10. In how many years will £1000 amount to £1123. 128. at & 
per cent, per annum compound interest ? 

11. A person put out to interest £2,000 at 4 per cent. ; he spends 
annually £75, and adds the remainder of his dividend to his stoclc. 
"What is he worth at the end of 5 years ? 

12. What sum of money put out to compound interest for 5 years- 
at 5 per cent, per annum will amount to £100 ? 

13. What ia the present value of the compound interest, 3 per 
cent, par annum, of £100, to be received five years hence ? 

14. Find the whole amount and the interest accumulated at the end 
of 4 years, by one who invests £200 at the beginning of each year at 
3| compound intei-est, 

15. If a legacy of £500 be left to a youth of 15 years of age, and 
invested at 4 per cent, per annum compound interest ; what sum 
would he receive when he becomes of age ? 

16. A person saves from liis income £100 a year, and invests liia 
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eavinga at 5 per cent, per annum eoinpound interest ; wliat amouut 
would ba accumulated in ten years ? 

17. An estate was moi-tgaged for £2079. 15g., upon which interest 
was payable at 4| per cent, per aumim. Supposing no payments 
made until the expiration of 7^ yeai's, when the whole debt was 
cleared off, find the acomnulated amount due at that time. 

18. If a sum of money were put out to interest at 5 per cent, per 
anmim, in how many years would it doable itself (1) at simple 
interest, (2) at compound interest ? 

19. A sum of money was put out at 5 ]3er cent, per annum com- 
pound interest; and the interest in four years was £107 .158. 0|d. 
Ay hat was the sum? 

Yni. 

1 . WJiat is meant when it is said tliat consols arc at 88^ ? What 
are they at when £9000 is paid for £10000 consols ? 

2. What sum. will be req^nired to purchase £250 stock in the 3 per 
cent, consols when they are at 95^ per cent. ? And conversely, what 
stock in the 3 per cent, consols can be purchased for £238. Ss. 9d.,wheii 
thi;y are at 95-|? What would be the difference in each case by- 
taking into the account the commission of the brofeer at -J- per cent. ? 

3. If the 3 per cent, consols are at 94, what should lio the price of 
the 4 per cents to give the same rate of intei'est ? 

4. If the 3 per cents be at 96, and the 3^ per cents at 103, which 
stock gives the greater interest ? 

5. A person invests £4600 in the 3 per cents at 91f, and sells out 
at 95-J- a year afterwards. What percentage does he get for his money, 
the broker chai-giiig J per cent, for both the purchase and sale ? 

6. Which is the better investment, bank stock paying 10 per cent, 
at 317, or 3 per cent, consols at 95 ? 

7. A perso.n holds as much stock of a certain kind as is wortli 
£879, the price being £97. 10s. for £100 stock ; there is also another 
stock which sells at £88. 58. for £100; find how much of the latter 
stocik he ought to receive in esohange for his property in the former. 

8. Whici is the m.ore profitable investment, the purchase at £96 
of 3 per cent, consols, or the purchase of sliarea in an insurance offico 
at £327 per share, the annual dividend on a share being £7. 10s. "? 

9. Shew that the interest obtained by investing a sum of money 
in Ihe 3 per cents at 82^, is to the interest obtained by investing the 
same snm in tlie 3j per cents at 93^, as 34 to 35. 

10. What amount of stock in the 3^ per cents will give the same 
annual income as £3560. 8s. of tfie 3 per cent, stook? 

11. What must be the price of stock in the 3 per cent, consols, that 
capital invested therein may produce 5 per cent, per annum ? 

L2. If £1000 be invested in the purchase of 3 per cent, stock at 
81{, at what rate must the stock be sold to gain £100 ? 
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13. A person ■bysclHng out oftlie 3 per cents at 99 realises £15,345, 
and gains 10 per cent, on hia inYestiaent hy the transaction. At 
■wliat pi'ice did he buy ? 

14. If £1000 be invested ia the 3 per cent, consols when they irore 
at 85, and some time after the stock was sold out, and it was found 
that £100 was lost in the sale ; what was the value of £100 stock ? 

15. A person buys £750 stock ia the 3 per cents when they are 
at 98f, and 6 months after sella it at 103 ; what did he gain? 

16. A having £2000, purchased (May 22) stock in the 3 per cents, 
then at 96f, but sold out again shortly afterwards when they had 
fallen to 94. What does A lose ; and what is the portion of the half- 
yearly dividend paid in July 6 that accrues after A'a purchase ? 

17. How much stock must be bought at 85| per cent., inorderthat 
by selling it out when stocks are at 90f, twenty guineas may be 
gained ? 

18. The thiee per cent, consols were at 98^, and £740 of this stock, 
including commiosion, cost a person £717. 8s. ; how much per cent, did 
he pay for eonunissioa ? 

IX. 

1. A peison sell-out of the 3 per cents at 96, and invests the money 
in railwaj 5 pei Cent stock. By this means hia income ia increased 
15 per cent. What is the pi-ice of the railway stock ? 

2. A person sells out of the 3 per cent, consols at 91^, £700 stock. 
After consols have fallen 2J per cent., he buys in again with the same 
money. What diEfereneo will thus bo made in his annual income? 

3. A invests £11,025 in the purchase of 3 per cent, stock at 87J, 
and _B invests the same sum in the purchase of 4 per cent, etoci: at 
94^; what will be the difference of the net incomes after doductiag 
income tax at 10 pence in the pound? 

4. How much 4 per cent, stock can be purchased by the transfer of 
£1000 stock from the 3 per cents at 72 to the 4 per cents at 90 ? 

p t t 1 and the 3^ per cents at 99J, 

b tt tm ti" How much is one investing 

n m 1 II g? 

t £lfOO t k from the 5 per cents to the 

tl f m t 110 nd the latter at 84 ; if, at the 

i th 5 J t h ve risen to 112, what must 

f fh 3 1 t that he may sell out without 

I t by t t f ? 

II £1200 t k th per cents, at £86, in order to 
invest in bank stock paying 3 per cent. ; what price must he pay for 
it to bo neither a gainer nor loser ? 

8. Would a persouiacreaseor diminish hia income by selling £1157 
3 per cent, stock at 83 J to purchase into the 3 J per cents at 83^ ? 

9. A person having his property ia the Great Eastern Railway 
£100 stock, whii;h is at 52j, aud pays a half-yearly dividend of 1^ per 
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cent. Ho sells out and invests in the 3 per cents at 95| ; will lio in- 
crease or diminish, his income ? 

10. Apersoasella out £153,000 stock, 3 per cent, consols at 92^, and 
invests the proceeds in a foi-eign 5 per cent, stock at 102^ ; when each 
stock has fallen 5^, he again sehs out, and reinvests in the 3 per 
cents ; by how much will the amiual income differ fi-om what it was at 
first? 

X. 

1. £400 is due at the end of two years, and £2100 at the end of 
eight years ; what is the equated time for one payment, reckoning 5 
per cent, simple interest ? 

2. K £40 be due at the end of 6 months, £60 at the end of 12 
months, and £80 at the end of 15 months; what is the equated time for 
paying the whole, allowiiig interest at 3 per cent, per annum ? 

3. Supposing £100 due now, and £1000 at the end of 10 yeai-s ; 
required the equated time of payment at 5 per cent, per annum. 

4. A is under an engagement to pay £ the sum of £400 at the end 
of 2 years, and of £2,100 at the end of 8 years. At what time may he 
pay both sums together without loss or gain, reckoning at 6 per cent, 
simple interest ? 

XI. 

1. Two persona contribute £8000 and £12,000 respectively to a 
joint trading stock; the gain is £5000 : what is the share of each? 

2. A hankrupt's estate is £500 ; he Jias three creditors whose 
claims are £154. lOa., £320. 5s., and £415. 5s. respectively; divide it 
among them. 

8. Three persons contribute £1000, £1200, £l780 respectively, 
and after trading 14 years, at tlie dissolution of the partnership the 
firm was found worth £180,000 ; what did each man receive ? 

4. The estate of a bankrupt worth £21,000 is to be divided among 
four- creditors ; the debts due to A and B are as 2 : 3, to .fi and C as 
4 ; 5, and to C and i) as 6 : 7 ; what must each receive ? 

6. A puts into a speculation £500 for 18 months, and £ £1000 
for 12 months ; they gained £250: find the share of each. 

6. Three mei-chants traded in partnership ; one put into the concern 
£1500 for 3^ years, another £1200 for 3 years, and the third £1000 for 
21 months, and they gained £1000 ; what was the gain of each 
pai-tner ? 

7. A, B, C enter into business with capitals of £625, £925, and 
£1200 respectively, and at the end of a year divide profits to the 
amount of £687, 10s. ; what is the share of each ? 

8. A and £ were partners for 12 months. A advanced £400 for 
the first 3 months, and then £750 more ; .B advanced £500 for the 
first 5 months, and then £450 more. They gained £1020; what 
should each receive? 

9. ^ and .B rent a field for £60. -4 puts in 10 horses for 1 J months, 
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30 oxeu for 2 montlis, and lOO sheep for 3^ montlis ; B puts in 20 
horses for 1 month, 40 osen for 1^ months, ami 200 eteep for 4 
months. If the food consumed in the, same time by a horse, an ox, 
and a sheep "be in the ratio 3 ; 2 : 1 ; find the portion of the rent of 
the field which each must pay. 

10. Three merchants A, B, 0, gain £5000 by trading in 2* 
months. A'a capital was £2400, B's £3500, and C's £4.^00. B put 
in his capital for the whole time, A having put in his for the last 15 
months, and C for the last 12 montlis ; Tcbat should each receive ? 

11. A, B, and C rent a pasture for a year for 20 guineas ; A puts in 
25 cattle for the ivhole time, B 30 for 9 months, C 45 for 7 months ; 
find the rent paid hy each. 

13. Three persons begin trade, each by investing £300 m the 
conoorn. A adds £50 moro at the end of every two months, B adds 
£75 at tlie end of every three months, and £100 at the end of every 
four months. If the profits be £661, 10a. at the end of the year, what 
is each partner's share ? 

13. A bankrupt has three ci-editora, to whom the sums due are as 
tho numbers 3, 4, 5 ; if his assets are valued at £6000, find the sums 
they will respectively receive. 

14. A and B contract to eseonte a certain order for £1245. A 
employs 100 children for 3 months, 80 women for 2 months, and 40 
men for I month; B employs 120 children for 2 months, 60 women 
for 1^ months, and 80 men for 2| months. If the work done in the 
same time by a child, a woman, and a man he in the ratio 1:2:3, 
find the sum of money which A and S must each receive. 

XII. 

1. The exchange between London and Paris is 25^ francs for 
one pound sterling ; between Paris and Amsterdam 117 francs for 55 
florins ; between Amsterdam and Hamburgh 11 florins for 13 marks ; 
what is the exchange between London and Hamburgh ? 

2. If 31h, of tea cost as much as l71b. of sugar-, and 101b. of 
sugar as much l^lb. cloves ; how many pounds of tea must bo given 
for 100 pounds of cloves? 

8. If 6 pounds of pepper be worth 13 pounds of ginger, and 19 
pounds of ginger be worth 4.^ pounds of doves, and 10 pounds of 
cloves be eq^nivalent to 63 pounds of sugar at 5d. per pound ; what is 
the value of one hundredweight of pepper ? 

4. If 7 oxen are worth 45 sheep, and 8 sheep cost 10 guineas, what 
will 8 oxen cost? 

5. If 7 oxen be worth 42 sheep, and 3 sheep be worth 16 turkeys 
or 40 geese ; how many oxen must be given in exchange for 290 
tui-kcys and 715 geese? 

xin. 

1. Twolici.uids cost 7 and 9 shillings a gallon respectively. At 
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how mucli per gallon must a mixture of two-thirds of tho former anil, 
cue-third of tho latter he sold for the dealer to gaia 20 per cent. ? 

2. A tea-dealer has teas worth 48. 6d. and 3s. Gd. per pomid 
respectively, which he mixes, taJtiag two pounds of the former to one 
pound of the latter, and sells the mixture at 4s, 4d, per pound ; what 
does he gain or lose per ewt. ? 

3. If 1000 pounds of sugar at 8d. a pound, 1100 at 7d., and 130ft 
at 6d. be mixed together : at what rate per pound sliould tho mixture 
he sold to gain 20 per cent, on the outlay ? 

4. A grocer mixes 91b. of eoffeo at 2s, 3d. a pound with Gib. of 
chicory at 7^d. a pound ; at what price must he sell the mixture to 
gain 25 per cent. ? 

5. A tea-dealer mixes together 31b. of tea at 5s., 41b. at 6s,, and 
51b. at 78., and sells the mixtui-e at Os. 9|d. per pound ; how much 
per cent, does he gain by tho ti-aDsaotioo. i 

XIV. 
1 . How much per cent, is 7^d. in tho pound ? 
3. If gain be 2|d. in the shilling, what is that per cent. ? 

3. How much per cent, is £8. Gs. 8d. in £26. 13s. 4d. ? 

i. A person paid a tax of 10 per cent, upon his incomo. "What 
must his iaeome have boon if, after paying the tax, ho had £1250 
left? 

5. What is the dear value of a legacy of £2000 in the 3 por cents, 
■when they are at 92J-, the bequest being subicot to a duty of 10 pet 
cent. P 

6. A legacy of £1000 is left to 3 individuals in the proportion of 
1, 3, 3; find tlio sums received by each after deducting the legacy 
duty of 10 per cent. 

7. If an estate be worth £1500 a year and (he land tax bo assessed 
at 23. 8Jd. in the pound ; what is the clear income? 

XV. 

1. If sugar bo bought at 9d. per pound; at what rate must it bo 
Bold to gain 35 por cont. ? 

2. If cloth be bought at 7s. 6d. a yard ; at what rates must it bo 
eald (1) to gain, (2) to lose 15 per cent. ? 

S. If an article which costs atradesman £18 he sold after 4 months 
for £25 ; what was the gain per cent, per annum ? 

4. If 208 yards of cloth be bought at 12s. 6d. a yard, and 80 yards 
be sold at !5s., and 98 at I4s. ; at what price must the remainder ho 
Bold to gaia 12 per cent, on the outlay? 

5. By selling an article which coat £14 per cwt. at 2s. 9|d. per 
pound, 6 per cent, more profit is gained than if tho whole was sold for 
£55. 15s. 3f d. What was the amount sold ? 

6. By selling tea at 5s. 4d. per pound, a gi'ocer clears one-eighth of 
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J)is outlay, ho then raises tlie price to 6s. ; what does ho deav per cent, 
by the latter price ? 

7. If 14 per cent, he lost in the sale of goods for 8s. ; ivhat was 
(he loss per cent, if sold for 7s. 6d. ? 

8. If 5 per cent, he lost in selling cloth at iOs. a yard ; how much 
is gained or lost per cent, by selling it at 12s. 6d. a yard ? 

9. la a sale of goods for £182 there is a loss of 9 per cent. ; for 
Tvhat must 3 times the quantity be sold in order to gain 7 per cent. ? 

10. K 20 per cent, be gained by selling an article for 10s, 6d. ; 
Tvhat is the gain or loss per cent, when it is sold for 89. ? 

11. "When goods are sold for £80, the gain per cent, is 10 ; what 
shoidd be the price of an equal quantity of the same article that the 
gain percent, might be 19 ? 

12. Ctaodaareboughtfor£142. 10a., aadsoldfor £163. ISs. ll^d.; 
what is the gain per cent. ? 

13. A gixieer had 1501b. of tea, of which he sold 50Ih. at 9s. per 
pound, and found he was gaining only 7J per cent. But ho wished to 
gain 10 per cent, on the whole. At what rate must the remaining 
1001b. be sold thathe may attain his wishes? 

XVI. 

1. A tradesman adds 35 per cent, to the cost price of his goods, and 
gives his customers a reduction of 10 per cent, on their bills ; what 
profit docs he make ? 

2. Amerehaat bought goods for £l70, and sold them again for 
£210 to be paid at the end of nine months. What was his gain in 
leady money discounting at 6 per cent, ? 

3. A tradesman finds that if he aaks for his goods 15 percent, 
above the wholesale pric% lie can sell his whole stock in 4 months, 
whereas if he aslcs 20 per cent, he requii-ea 6 months to sell the same 
amount. Which will he find the more profitable system at the year's 
end? 

4. A bill of £630 due a year hence can be taken up now at 
5 per cent, discount. Supposiog that a ti-adesman can employ his 
capital so as to obtain interest at the end of every quaiier at the rate 
of 4^ per cent, per annum, had he better so employ it, or take up tlio 
bin ? and what will be the difference to him ? 

5. A ti-adesman marks his goods with two prices, one for ready 
money, and the other for one year's credit, allowing discount at 5 per 
cent. If the credit price be marked 12s. 3d., what ought to be tlio 
cash price ? 

6. If a manufacturer sell an article of which the first cost is £100 
to a wholesale dealer at 10 per cent, profit, the wholesale dealer to tlio 
retailer at 16 per cent, profit, and the retailer to the consumer at 30 
per cent, profit; what sum is paid by the consumer as profits ia 
addition to tlie first cost of the article ? 
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XVII. 

1. E 5 per cent, be lost "by seUing a. horse for £38, at wliat prieo 
must 3 otliors, whioh cost eaoli the same as the first, bo sold ia order 
ia gain 10 per cent, on the whole ? 

2. Paper money is at a disconnt of £20 per cent. A man buys 
goods marked M. 10s. (paper money) and tenders that sum in gold. 
How much paper money must he receive in change, 5 per cent, being 
allowed foi present payment ? 

3. A labourer saves 2^ per cent, weekly out of his earninga, which, 
in money, were ISs. a weet. In consequence of a strike hia wages 
were raised 2e. a week, but he foxind his cost of living, with his 
weekly payment to the trades' union, were increased in the ratio of 
7 to G ; find how much his yearly savings were increased after he had 
joined the trades' union. 

4. How much stock must be sold out of the 3 per conts at 925- to 
pay a bill of £515 nine months before it becomes due, discount 
being allowed at the rate of 4 per cent, per annum ? 

5. If a cask of 142 gallons of wine purchased ton years ago for- 
£70 was found to have lost a quart each year by leakage and evapora- 
tion ; at what price per gallon should tho wino be sold to clear 10 per 
cent., allowing interest on the purchase-money at tho rate of 5 per 
cent, per annum? 

6. A horee bought for £88 sells for £110 ; what is the gain per 
cent.? If bought for £110, he had been sold for £88, what would 
have been tlie loss per cent. ? If the rates of loss and gain differ, 
explain why they differ. 

7. Eowght a quantity of goods for £150 ready money and sold 
them again for £200 payable f of a year hence ; what was the gain in 
ready money, allowing discount at 4-^ per cent. ? 

8. If goods be Bold on the condition to allow 10 per cent, discount, 
if paymont be made at the end of 6 months ; what discount ought to 
be allowed if payment be actually made (1) three months hefors, and 
(2) three months after the stated time, if money bear interest at 5 per 
cent, per annum ? 

9. A person pui-chases goods at 6s. per pound Troy weight and 
sells them again by Avoirdupois weight ; at what rate per ounce must 
he sell so as exactly to reimburse his outlay ? 

XVIIT. 

1. If an ounce of gold be worth £3. 17s. lO^d., and if silver bo 
worth 5s. 2d. ; what is the relative value of gold and silver? 

2. What is the value of a talent of silver, if silver be worth Ss. 
per oz., and a talent consist of 1000 shekels, each weighing 219 
grains ? 

3. A wedge of gold is worth £150 at the rate of £3. l7s. IO|d. 
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jiei' 0U51CB ; wLat is tlie wortJi of a piece of silver of the same woiglit 
at £2. Ua. 6d. per pound? 

4. If gold be at a pi-emiiim of 20 per cent., and a person buja 
:gooda marked 135 dollars, and ofEers gold to the amount of 135 
dollars, wliat change ought he to receive in notes, 5 per ceat. being 
abated for ready payment ? 

5. A gold coinage, of Tvhicli eacli piece weighs 132 grains, is 
alloyed with a metal of one-twelfth the value of gold ; and another, 
■each piece of 104 grains alloyed with a metal one tenth the value of 
gold ; find the relative value of the two pieces, if a thirteenth part of 
each coin bo nlloy. 

6. Find tlio proportion of the values of a gold coin and a silver 
coin, if 13 gold coins together with 12 silver coins are worth 3 times 
as much as 3 gold coins and 40 silvei-. 

XIX. 

1. If £39 are equal to 1000 francs, the Frencli hectolitre equals 
■344 ijiiarters. Is corn cheaper in England at 39 ahillinga a quarter, 
oi- in Tranoe at 17 franca the hectolitre ? 

2. If 8000 metres be equal to 5 miles, and if a cubic fatliom of 
water weigh six tons, and a cubic metre of water 1000 kilogrammes ; 
find the ratio of a kilogi'amme to a pound Avoirdupois. 

3. A block of mahogany in the form of a rectangular parallclo- 
piped measures along its edges 18^ feet, 5:^ feet, and 3 feet respec- 
tively ; detei-mine its value on the supposition that a cvibical block of 
the same wood measuring 7 inches along the edge is worth 3s. 6d. 

4. A beam is 5ft. 6in. long, lOin. wide and Sin. thiclc, and weighs 
Scwt. Iqr. ; find the length of another beam the end of which is 100 
square inches which shall weigh one ton. 

a. If apiece of land 375ft. 6in. long, and 75ft. Oin. in breadth, 
cost £1 18. 28. Cd. ; what wiU be the price of a piece of similai- land 
278ft. 9in. long and 167ft. broad ? 

6. If granite be sold at 2s. 7|d. the cubic yard ; find tho price of 
235 blocks of it, each of which contains 43i cubic feet. 

XX. 

1 . A piece of worli can be done in 50 days by 35 men working all 
-together; and if after working together for 12 days 16 of tho men 
were to leave the work, find the number of days in which the remain- 
ing men could finish it. 

2. The expense of 19 workmen for 35 weeks is £310. lOa. ; how 
many weeks must 43 workmen labour for £555. 7s. ? 

3. A person contracts to do a piece of work in 30 days and 
employs 15 men upon it; the work is half finished in 24 days : how 
many additional workmen must he then introduce in order to perform 
the contract ? 
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4. If 5 oxen or 7 hoi-sea eat up tlie grass of an enelosurs in 74 
(lays ; in ivliat time could 5 horses arid 7 oxen eat up the grass of the 
enclosure ? 

5. If £17. 10s. be gained by a principal of £75 in 9 monflis; at 
what rate ia tliat per cent, per annum ? 

6. If a ti'adesman with a capital of £2000 gaiu £50 in 3 months ; 
IV hat sum will he gain with a capital of £3000 in 7 months ? 

7. If 15 horses and 148 sheep can be kept 9 days for £75, I5s. ; 
what sum will keep 10 horses and 132 sheep for 8 days, supposing 
5 horses f o eat as much as 84 sheep ? 

8. If 5 men can reap a field whose length is 8.00 feet and breadth 
700 feet in 3^ days of 14 hours each ; in how maay days of 12 hours 
each can 7 men reap a field 1800 feet long and 960 broad? 

9. If 25 labourers can dig a ditch 220 yards long, 3ft. 4in. wide, 
and 2ft, Gin. deep, ia 32 days, when the day is 9 hours long ; how 
many labourers would be able to dig a ditsh half a mile long, 2ft. 
4in. deep, and 3ft. 6ia. wide, in 36 clays, when the day is 8 hours 
long? 

XSI. 

1. If a person travels over 120 miles in 9 days, when the days 
are 8 hours long ; in how many days of 16 hours each wiU he travel 
over 640 miles ? 

2. A is 20 miles behind B, A travels at tho rate of 6j miles an 
hour, and B at the rate of 3^ milos an hour ; after what timo will 
A overtake B ? 

8, If 54-33 Irish miles are equivalent to 0914 English; how 
many English coi-respond to 15^ Irish? 

4. What fraction of an inch on a globe of 60 inches diameter 
-would represent the altitudo of Cliimboraao, 21,424 foet high, the 
.highest point of tlie Andes, supposing the earth a sphere, and its 

diameter 8000 miles? 

5. If the shadow of a tower be 80ft. Oin., and that of a stick 3i:t. 
long placed perpendicularly at the same minute be Sit. 2iii. j find the 
height of the tower, and state the Prop, in Euclid which you employ. 

6. The ratio between the polar and equatorial diameters of the 
earth is 283-83 to 299 '33, and the length of the polar diameter is 
7899'114 miles; find the length of the equatorial diameter. 

7. Assuming that the circumference of a circle is to its diametei- 
as 22 to 7, and that the eh'ciimference of the earth is to its diameter 
as 160 metres to 167 feet, determine to five places of decimals tho 
ratio of a metre to a foot. 

8. How much lai-ger does the fttU eartli appeal' to the inhabitants 
of the moon (if there be any) than the full moon to the inhabitants of 
the earth, supposing the diameters of the eai-th and moon are 8000 
and 2000 miles respectively, and that the areas of circles are propor- 
.tional to the squares of tJieir diaiB.eters ? 
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EESULTS, HIKTS, ETC., FOE THE EXERCISES. 

I. 
I. Ai-t. 1. 2. The mtio ia 7 to 22. 3. See Art, 2, 4. 1155, G. A iramlier is 
called a tliiixl pi'opoi-tioniJ to two nnmliBrH, when tlie Becouil number forms tlie coii- 
seiLUGEt of the first ratio and the autccocleiit of tlio second. The third propottiotal 
is J|. 0. -00002928. 7. The first ratio is represented by jVfc ^^ seeond by j'W, 
each of which is equal to ^. 8. 2cwt. 2qr3. 101b.=^^g = -^ of 36cwt. Iqr. 
0. £5 49. 6d. ia angmented to £9 Os. fld„ which gives an addition of £3 ISs. This 
addition on £5 is. 6d. gives an addition of 72^^ pec cent. 

11. 

1. 4 tons 2owt. Iqr. llib. =92231b. and 1121b. cost 773. Let 92231b. cost xfi., 
thepvieca axe directly proportional to the weights, and hj^-tF?"' ^" — Tv> — ^' 
Sometimes questions of proportion may more readily be answered by the method of 
limctiee, aa it is called, by multiplying the price of the given wiit by tho number of 
units, and mailing the smaller units some aliquot part oi parts of the given unit, as 
in this case, lowt. ia the given, unit, liir. is J of lowt., 71b. is i of Iq., and 41b. ia 
^ of Iqr. If J of the price of lowt, J of the price of Iqr., and| of the price of Iqr. 
be added to 82 times the price of lewt., the same resnlt will be obtained. 

2. 2id. 8. £73 18a. lOJ^d. i. £19 19s. SJd. E. 160^. 6. f 414 14s. 3.}d. 
7, IQJ, SJd. pel- gallon, or £67^^ par pipe. 8. £22 8s. 9. £741 Es. 10. If a: 
denote tlie price of 49-31b. of bread whan wheat is at lS-4s, per bushel ; since the 
price of lib. of bread ia directly pi-oportional to the price of a bushel of wheat, the 
proportion -|_ ; -i^ : : iS'i ; 5-75 will give Us. IJd. the price of 43-31b. of 
bread. 11. IS^s- 

III. 

1, The simple interest is £S2 7a., and the amount £387 73. 

2. Let £82 7s. or B29J sixpenees = inteieat of 305for a^years. 

£13 Us. 6d. or B49 sixpences = interest of 305 for 1 yeav. 

8. £13 l-ls. 6d. or 543 sixpences = int. of 305 for 1 year. 
Let X =inl. of 100 for 1 year, 

_K 100 211 

e49""305°'ai 
ic=?i*l51£ = lS0 3ixpencea = £4! per cent. 
4. £I27or2540s. =nniount of£100in years. 
Let £337 7s. oi- 7747s. -amount of k in 6 years. 
j_ 7747 . 
10O"°254O' ^^' 



1. Amount £74 ISs, Id, 
^^8 = ^of 1 year. One year's ■ 



=£303 tlie principal. 



y Google 



irntrn. 7. £1 09. 8d. per cent. 8. £88 I5a, 0. 15 montlis. 10. The 
little gi'L'Oter -Hinn llie first. 11, 4J per Cent por annum, 12. 5 ptr 
num. 13, In 9 ycaia. 



1. Tlie Slim i3 £24S la. SH,, tlie rate per cent, is 51g3J. 3. ^2501 133. 3J,!. 
3. Therateofinterestis? doIlaraSOcentsper annum on 100 dollars. 4. Tjiecsact 
interest in English money is 2a, lOJd. -1240475. 

VI, 
1. See Alt 6, 2, The discount is £i 15s. 2?d., and tte interest of this dis- 
connt for ono year at 6 per cent, will 1m found to be 43. 9j-d., wliieli ia the difference 
between £5, ijie interest, and £i ISa, 2fd,, the disconnt of £100 for one yesr. 3. 
The present worth is £222 is, 6^tl., which, heing deducted from £250, leaves the 
disoonnt £27 iSa. 6p. And the interest of £222 43. 6Jd. at 5 per cent, at 21 years 
will he found squd to the discount of £250, i. M7Z 4a. ll^d, E, £S 23. Si. 
per cent, 7. £733 19s. 3d. 3. £100 amounts to £122J in five years, at ij per 
cent, per annum, Tha aum required is £816 63. 7i|d. 9. £1232 10s. 8Jd. 10. 
The interest dne at tl\o end of each half-year was £62 lOs. The question requires 
tlie present worth of one-t!ii:'d of this sum, S months, one-third 2 months, and oiio- 
tliird 1 month, hefore the respective sums hecorae dae. 11. 625. 12. I83. fljd. 
13. £9 Ss, 4d. 14. See qnestion 2 above, and Art. 6, 

vn. 

I. £330 lis. ili., amonnt when interest is payable ycra-Ij', £390 Gs. lljrl,, 
amount when interest is payable half-yearly. 2. The rate £12 10s. =^ of £100. 
The amount is £1660 15s, OJd. exactly, 3. £129 63, 4, Tlie amount of £100 for 3 
ycaia at 5 per cent compound interest is £115'7626. If £60 be considered the 
amount of which iK pounds is the present woi-th, the sum will be found by a propor- 
tion to be £61 16s. 7id. 

6, IE the third year's interest be fonnd, the interest for IflB days of the UiIkI 
year can be found by a ptojxiition, and when this interest is added to the second 
year's amount, the sum ivill bo the amount at the end of 2 ycaiB IBS daya, from 
which, if the principal be subtmctcd, tlie remauider is the compound interest for 
that time. Tills is only an approximation, not the trne result. See Art. 5, p. 6, note. 

6. Here the interest of £410 is required for 10 periods, at the rate of 1^ per cent, 
per annum for each period. 

7. The difference between the simple and '■ompound inteiest of £100 for 3 years 
at i per cent is £1 19s. Sd, And the difftienie betwe n the simple and compound 
interest of the sum required is 19b By a piopuitun the sum is found to be 
£47 173. llfd 

8. As the sum is not stated, let £100 he taken and the amount of £100 in 2 
years at compound interest is £103 16s The re luirement is to find at what rate 
simple interest £100 will amonnt to £108 16s 11s 2 yeaK 

S. rind the simple and compound mtcrest of the gn en s im foi 4 years, and 
reduce the ratio of the interests to its simplest form 
10. find the successive yearly amounts 

II. £2027 Is. 61d, 

12, The amount of £100 for 5 years at 5 per cent, is £123'813D55 ; by a propor- 
tion may be found the present woith of £100 6 years hence. 

13, Sec the last question. 14. To the first year's amount add £200, to make the 
principal for the second year, and so on in suooession for the ^ven numhei' of years. 

15. The legacy accumulates for 6 y^ars at compound interest. 

16. See question 14. 
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17. As the interest was not paid regukily, interest wna alao due on the interest 
iirpnid foi- the wliole of the period. 
19. £500. 

vnr, 

1. The mciiiiiig is tliat £100 atoek in the. 3 pei- cent, consols! is iVovth £83f 

£10,000 fitoek = £BOOOsteiling; let £100 stock=iB sterling, tlma 55^ = 1^855""'^ 
i!=£flO Btcrling, the price of £100 stock. 

2. Here £100 Etoek = f 95J sterling ; let £250 stoek-a: stei'ling, then ^t=^oS 
•=|iiiidE=JX95J=£23S Ss. 9d. sterling, Convei'sely, £lOO Btock=9oS sterling ; 
let 3!atock=-f23S Ss. 9d. sterling, and by n proportion the stock may bo found. 

Both in the pnroliaso and sale of stock, the pnrehoser and aeller always pay the 
tommissioii J per cent, to the broker. In the pui'ohase of stock, the J is on increase 
to the price of £100 stoek ; in the sole, it is a deduction from the suni received for 
£100 stock. 

8. Hero £08 sterling give £3 interest ; let m sterling give £i iiitci'cst, 
then ^=T. and 3;=-^^-£l25 63. Sd. 

4. If £100 sterling give x interest when invested in the 3 j'cr ooiits at 06 ; then 

If £100 sterling give y interest when invested in the 3^ per cents at 103, then 

£._i25 and a!=i^^ = £3 7s. lljd. inte^st. The 3J iwr cents give the gi'eata- 
3^ 103 103X7 

5. He gains £150 by interest of his stoek, and £150 by the transfer, so that ho 
gains £300 on f i,iiOO sterling, irliioii gives 6JJ iicr cent. 

G. The tinestion is answei-ed by finding which of the two stocks gives the greater 
iiitei'est for any fixed snm, as £100. 

7. £9713^ stock. 8. Consols give £3 23. fid. and insnranec sliares £3 61. 1 jd. 
]>Gr cent interesL 

9. Find the interest in each case, and reduce thoir ratio to the lowest terms. 

10. £3920^ stock. 11. £60. 12. £89|4. 13. £90. 

14. £70J. 16. £31 17s. 6d. 10. By his investment he loses £49 Es. 9d. The 
portion of tho half-yeaily dividend is tlio intei-est of the stoek fi-oni May 22 to July 
■e, at 3 per cent, per annum. 17. £400 stock. 18. £8 I4s. 6d. 

IX. 

1 106JJ per cent of railway stock. 2. Tho new stock £718 6a. 8^gd., and the 
iliCferenee of the yearly interest of the old and now stock is lis. nearly, 3. Income 
jiom stock in the 3 per cents is £381 8s. Gfd. : from stock in the i per cents, 
£46G I3s 4d The difi'ei'eneo of these, less lOd. in the ponnd for income tax, is 
£32 13s S^. i. £300 stock. 6. The 3J per cents is the better investment by 
5s. Oid. interest yearly. 6. At 84^| per cent. 7. £1200 stock in the 3 i>er cent 
consols is equivalent to £150 hank stock at 229^- per cent. 8. His income would ho 
iliminished by the transfer. 9. Eailway stock gives £3 Ss. yearly dividend on shara 
of £100 ; 8 per cent, consols give £3 2s. Bjd. on £100 sterling. 10. Annual iucoma 
incronBod by £l7 23. ijd. 

X. 
1. Tiie pii:sEiit worth of £400 due 2 years ]ionco = £363^. 
,, ,, £2100 ,, 3 „ =-^500 

"Whole pi'esent worth of £iS00 =£ISB3^ 
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Tho qnestion is, I:i wliiit time will ilSOSi^ nniount to 432SOO at 
:imple interest? 

If i: lie tlio mimW of yenve 

Tlieu £2500- 186.^^^ = £636^ interest of £1863^^ for a- yea 
ftud £96-lfit'T 71 I y^3 

Hcnc.?_J5^ = ™2, 
1 93-18-iV ^^025* 
OTE — ej^yeavs. 
Tho otTicr thiiie questions are solved in the same maimer. 



- auil3: = 2000, tlie fii'st slmro, nlso £5000-f 2OOO-£800O, tlie 

second share. 

2. Hero tlio amount of tlie 3 claims is £880, ivliieh piiys £500. Let &\M\ jiay 

X, tlicn TTT=-;77r7r. ^nil ,'>J = £86iJ, payment foi fii-st obini. Similnily for tlie other 
500 BSJU 

ehiiras. 

■i. The thvM shaies are, £45273^, £a4271-ftV, and £80452^%. 

4. Let A, B, C, D, denote the elaiuis ol A, £, C, B, lespeotively. 

i)„.|4 f ■ " • 

.1,.,, 0-.-5 o,B', .?, i,:.l .t o...|„f |.|. ..d A'^-l ,f i:-! or | 

Sum of the claims "I +-4-—+—,^ a, 
7 35^85 
Let I, denote tlie share of assets due to i), 
then _J^=-. and iCi = £7000=Z»'s share of osaeta. 



=^. iBi=£i800=B's sliaro. 
= ii, iE4-^£3200.= ^'e share. 



21000 S 7 7 ^ 



21000 



Sooo 

B. In tliis question, the time forms an element of tha clE:etive canso, 
.^'8 = 500X1^ = 750, £'s-1000Xl = IOOO. The whole effective cause, 1750, pw- 
duces £250. 

Let 700 produce effect x. 

_?-=,J^=? anda-£107|=^"a sliare. 
250 1750 7 
Ajid 250-107f-£142?-B'e share. 

6. Their I'cspective gains were £246^ £507V4-. and £246^- 

7. The sliai'es of J, B, C ai'S £156 6a., £231 Es., .ind £310 respeetively. 

8. A'a ^00X3 = 1200 -if's 500x5=2500 

750x9- 0750 450X7 = 3150 

■7950 565Q 

Here the sum of the efleetivo causes is 13600, which produces £1020. 
Let 7950 produce k, 
Then _5_ = I£^, a:=£596J5=-^'s share, and £423§i-B'3 share. 
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9. A imys £20 and S £iO. 10. A sl.oiiia receive iglOli-fi, B £2i011V ""i 
t'£lB21^. n. £J|S, £7|e. *t>Hf 
12. Efeclivc Games. 
^'sBOOx2-1000. 



550X2 


==1100 


GO 




600X2 


-J200 


50 




650x2 


"1300 


SO 




700X2 


-1400 


5Q 




760X2 


= 1500 




7500 



Ts 600 X£ 


1 = 1500. 


c'a mx'. 


1=2000 


75 
575 Xf 


1=1725 


100 
600 Xi 


1=2400 


75 
650 X J 


i=1950 


100 
700 X' 


t=2800 


75 

725 x; 


JSbtT 




T200 



The sum of the effeetire causes is 22050, wliich produces iCGl lOs. 
The poiinors' shiu'es fire iG225, £175 10s., and £226, 
13. Tliay receive £1500, £2000, and £2500 respectively, 14. ^ has to receive 
£524^, and B £720f ^. 

XII. 

1. £1 sttrliug = 25J francs, 

117 francs = 55 florins, tliou 1 fcanc = iYT florin. 

11 lloi'ius=13 morka, then 1 florin ■"■}! mark. 

Henco £1 stor]ing=25J francs. 

=^X-ft\fiorins. 

= 4^ X -^ X -{i- marks. 

2. Here IJlb. clovee — lOlb. stigar ; theit lib. cbves^^"'' sugar. 

I71b. fmgav = 31b. tea, and lib, stigiir=.^Ib. tea. 
Hence lib, clovc3=-iyx-iVIb, tea, and 1001b. cloTes = 100Xf?Ifa, tea. 

3. n21b. i)epper=112X-'siX^Xtilb. sugar at 5d. per pound. 4. £180. 
E, 18 oxen. 

XIII. 
1, lOJs, a gallon, 2, ISs, Sd, 3, Sifijd. per pound, i. 2a. per pouud, 5, dU 

XIV. 
I, Si pei' cent, 9, 20g per cent. 3, 81J per cent. 4. £1383 173. 9Jd- 
5. £1658 5s. 6. £150, £300, and £450 respectively. 7. £1306 17b, 6d. 

XV. 
1. "VVhcn £100 is prime coat, gain is £25, and selling price is £125 ; let a: be selHng 
price when prime cost is 9d, The selling price is lO^d per pound. 2, At 8s, 7^, 
to gain 15 per cent. : at 6s. ijd to lose 15 pei cent 3 116J per cent, per annum. 
i. The remaining 80 jai'ds mnst be xolil foi £17 5 S'-nt. 2qr3. 251b. 6oz, 
la^rlra, 6. One-eighth is eqmialeat to 13i per cent If selling at 53. 4d, per 
pound gJTes a gain of 12^ pev cent , what gam per cent does the sale at 6a. per 
pound? 7. 9f per cent, loss 8 18^ per cent gnm The prime cost of £182 
sales, with losa of 9 per cent,, is £200 And 3 times thi^ sum is £600, which at 7 per 
cent, gain gives £42, and if tha loss on the Erat ssle is fo be made good, the goods 
bought for £400 muat be sold for £473. 10. Loss of 8| per cent. 11. £86-t\. 12. 
Here a capital of £142 10s. gains £21 3s, ll^d.; tie requirement is, ^¥ hat does £100 
gain! 13, £i6i%- 
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XVI. 

1. He adds £35 to every £100 of the puvcbnse, %c1iich makes £13G the selUng 
piioe of £100 ; and 10 per cent, for prompt jjajmcnt on £135 is £l^, wMeli de- 
ducted from £185 leaves £111^, leitving a gain of £lli on £100 capital. 

2. The present mora of £210 is £200Jg§ ; his gaia ia the difference of 200Jgg 
and the prime cost, £170, which is £30fgf . 

3. Prime cost £100, with gain £15, gives £HS soiling piice in i months, and in 
] 2 months a sale of £3i5 is realised with £4,5 prafit Piinie coat £100 with gain 
£20 gives selling price £120 in 6 months, and in 12 months a sale of £240 is realised 
ii-ith a gain of £iO. 

i. The present value of tlie bill is £600, which if put out to compound inlei-est 
at ii per cent, per njiuuin, payable quartetly, would amount to £027 9s. 2|d. at the 
end of the year. 5. Making the dedaotiou by true discount, the easli piice should 
ha lli^s. 

6. The manufacturer's cost of an article is £100. 

Manufacturer adds 10 per cent, and sells to wholesale dunlcr for £110. 

Wholesale dealer adds 15 per cent, to £110, and sells to retail doaler for £126^. 

Betail dealer adds 30 per cent, to £126J, and sells to customer for £164^. 

Thus what was made for £100 is sold at last for a proSt of £G4 9s., or £54 9s. to 
the two middle men. 



1. The 3 horses must bo sold for £119 2s. 7d. to gtiin 10 jicr cent, on the prime 
i^ost of tliem. 

2. Here £100 paper mouey = £80 gold, and licuce £0 10s. gold ia eq^uivalent to 
£3 2s. 6d, paper money. 

The purchase ivas made for ; 

Deducing 5 per lent. 

Leaves sum to lie paid in paper 6 3 6 

Bnt valne in gold offered was 8 2 6 in paper money. 

Change in paper money received £1 !9 

3. Before the strike : 52 weeks' wages at 15s. "^^SOs. Od, 

2^ per cent, on yeai'ly wages IPs. 6J. 
52 ivceks' expense of liviug = 760s. fid . 

After the strike : 52 weeks' wages at 17s. =884s. Od, 

Exi)enses raised in ratio of fi to 7 ■ =887e. 3d . 
Instead of saving, he is in debt = 3s. 3d . 

I.i othev words, he was a poorer man by £1 23. 9d. a year, after the strike than he 
was before it. 

4. £540J? of 3 pernent. stoelt. 5. At 12s. S.j\d. per gallon. 6. The gain is 
25 per cent. ; the loss is 20 per cent. The dilferenee arises from the fact tliat tlie 
.gain and loss are calculated from different amounts of capital, the former from £88, 
-the latter from £110. 

7. £43fJ?- gcuned, 8. Suppose tlie value to be £100, deducting banker's dis- 
count at 10 per cent, leaves £90 to be paid 3 months hence. If tlio £30 be paid 
3 moiitlis before due, ti'ue discount ought to be dodacted; if 3 months after, 
■S mouths' interest ought to be added to the snm. 9. At O^Jd. per oz. Avoirdupois. 
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XYIII. 

1. The relatitfi ralties of gold and silver ave ns 1869 to 124 ; or golil is in value 
a Uttle moi'e than 15 times the aamo weight of silver. 

2. illi-iV- 

S. The weiglit of the wedge of gold is found by dividing its value by tlio value of 

4. Sec qaestion 7 above under XVII. 
B, The relative values ai'e as 726 to E7S 

0. The proportion ia 27 to 1, 

XIX. 

1. A C[Utiiter of eovn in France costs 38f5 shillings. 

3. Ono cuhio foot of water weighs 6x20x11 ponnds Avoirdupois, ancE 
lOOOXlOOOu, ,„, 

1131 " 

3. £256 7s. lOH i- 2U feet. B. £731 Is. 4i<X. 6. £50 Is. 3|d. 

XX. 
1, 70 d-jys. 2, 27|ii&-S wcelis. 3. 45 men to be added. 4. 15C}| days. 
0. £31^. 6. £125. 7. £50 10s. 8. lOS days. 9. 98 kboHters. 

XXI. 
1. 24 d^iys. 2. 11^ lioiivs. 5. 19-72 English miles. 4. -.^'i^f-^i of one incli^ 
which Js gitfltei' than ^j, but less than ^^. 5. 46Jf feet. Euclid VI. i. 
G, The Kiuatoriol diameter is cental to J 



X 7899.114^ 



7. The raUo of one metre t^i one foot is 3'28035, 

8. If lunanan ejcs have the same powers of vision as Kublnnarion eyas, tllo- 
apparent disks will he proportionftl to t!io squares of the diameters of the earth anct 
moo)i, and one will appear 16 times ss large as the other. 
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EDITED BY 

EGBERT POTTS, M.A., Trinity College, Cambeidge^ 

IIOX. LL.D., WILLIAM AKIl MAUY COLLEGE, VA., U.S. 

EUCLID'S ELEMENTS OF GEOMETRY. 

1. Euclid's Elements of G-eometiy, tho University Edition, witlj 
Notes, Questions, and Geometrical Exercises, selected from the 
Cambridge Senate- House and College Esnminatioa Papers, witli 
Hints for Solution of the Exercises. Demy 8vo., pp. 520, 10s. 

2. Tlie School Edition, with Notes, Geometrical T 



. also been published in the following 
portions, with tlio Notos, &c., to each book ; — 

3. Euclid, Books I.— IV. 12mo., 3s. 

4. Euclid, Boots I.— HI. 12mo., 23. 6i. 

5. EudM, Boots I., n. ]2mo,. Is. 5d. 

6. Euclid, Book I, 12mo., Is. 

The University Edition of Euclid's Elements was first published 
in 1845, and the fii-st Sohool Edition in 1840, Both Editions Jiave 
been enlarged and improved from time to time, and the total sales of 
copies of the work up to the present year amount to a number very 
considerably above half-a-milHon, 

In the year 1853, the Couneii of Education at Calcutta were pleased 
to order the introduclion of these Editions of Euclid's Elements into, 
the Schools and Colleges under tbeir control in Bengal. 

In tho year I860, ii Translation of the Geometrical Exercises was- 
made into the German Language, by Hans H. Von AUer, with a 
Preface by Dr. Wittstein, and published at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
owni-ded toE. Potts, "Tor the Excellence of his Works on Geometry." 
JiD-t/ AwardSf Class xxix., p. 313. 

" In my opinion Mv. Potts hoa made a valnable adclition to Geometrioal litevatEre bj" 
Ms Editions of Bnciid's Elements,"— i J'. Whtuieil, D.D., MaaUr oj Trlmlij College, 
Cainh-idge. (1848.) 

^i .r_ T,.i^_ !.__ J .. _ ^;gby tiia poblialiecl works in pi'omotlng tlie stndy of 



spirit and exactness of Uio Gie^ Beometij, and an acquaintimce •mth its bistorjr, a 
as by n loioviledge of the modem extensions of the Stnence. The Elements ore given in 
eucli a form as to preserve entire^ the spirit of the andant reasoniag, and hariiig been 
estensivBly used in CoHegea and Publio Schools, cannot tail to have the effect of keeping 
TO the study of GeomeMy in its oodnal puri^,"— J, CAnHis, If.Ay Pfemian /Vn/easoi' 
0/ JslivBoBH/ and Eiqienmeiital Philosophy in lAe tJiiiveraiii/ rjf Qaabridi/e. (IfiiS.) 

" Mr, Potts' Edition of Eodiil Is very generally nsed in both our TJniTer^ties and in 
oar Puhlio Bchools ; the notes ivhioh are appended to it shew great I'eseai'cb, and are 
aclmii'ablr calculated to introdnoe a student to a thorough knowledge of Geometrical 
prindplea and metboda." — Giorge Peacock, D.D., T.oicndea'a Prr^esior of MirtheTiiatica 
IB the Ummriiis of Cambridge, and Dean (fMh/. (1848 ) 

"By the putdioation of thosH works, Mi'. Potts has done veiy great service to tba 
cause of GeoEsetrioal Science. I have adopted Mr, Potts' work as the tent-book for my 
own Lectures in Geometiy, and I believe that it is recommended by aU the Mathematical 
Intora and Professoi^ in this Unireisity."— Ji. Walker, M.A., F.li.B., Reader in Exim-i- 
tiieiilal Philoscphi, in the Vnii^eriitij, midTvior of Wadkma College, Oxford. (1848.) 

lONDOSi LONGMANa & CO., PATEBHOSTEE ROW. 
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EDITED BY 

ROBERT POTTS, M.A., Teinity Colleoe, Cajibmdge. 



PALBY'S EVIDENCES OF CHRISTIANITY 

and tho Horro Paiilin^e, edited with Notes; with an. Analysis 
and a selection o£ Esammation Questions from the Cambridge Papers. 
■8to., pp, 538, lOs. 6d., cloth 

"Mr, Potts' i3 tlie most compltte ind useful edition yet published." — Eclectic 
Eeeiem. 

" We feel tliat this on^ht to hi. henccfoi'tli the Standard Edition of tlie Evidences and 
Gia Sotsi."— Biblical Esuiea. 

" The scope and contents of this new edit on of Paley ai'e pretty well espreased in 
the title. The Analysis is intended as a guide to Students not nccustomed to abstract 
their reading, aa well Bs an asaiatanoe to the mastery of Paley; the Notes consist of 
original passages referred to in the text, with illustratiye obaevvations by the Editor -.the 
questions Iiaye been selected from the examinations for the last thirty years."— iSj)e<:ia(or. 

A BRIEF ACCOUNT OF THE 
SCHOLARSHIPS AND EXHIBITIONS 
Open to competitioa ia tlie Uaiversity of Cambridge, witli Specimeas 
of tlie Esauiinatioa Papers. Fcap. 8vo , pp. 157, clotli. Is. M. 

LIBER CANTABRIGIENSIS, 

An aeeonnt of the Aids, Enoouragemonts, and Rewards open to 
Students in the University of Cambridge. Fcap. 8vo., pp. 670, 
bde., 4s. Qd. 

MAXIMS, APHORISMS, &c., FOR LEARNERS. 

Double crown, bds., pp. 192, Is. &d. 
LONDON : LONGMANS >t CO., PATEEKOSTBR EOW. 

KINa EDWARD VI. ON THE SUPREMACY, 

Willi an English Translation, and a few brief notices of his Life, 
Education, and Death. Double crown, clotli bda,, gilt edges, 2s. %d. 

This short treatise is printed fi'om the autograph copy of King Bdwai-d VI., preserved 
in the Cnmbridge University Librniy, and is rtiully a literary oiniosity, whether it be 
jEgarfed in reference to tlie author oi' the subject. 

CAJIBRIDGB: W. METCALFE & SON. LONDON; N. 8. DEPOSITORY. 

A CHAPTER OF ENGLISH HISTORY 
ON THE SUPREMACY OF THE CROWN, 

T.'itli an Appendix of Public Documents, Svo. 

CAMBRIDGE: W. METCALFE &. SON. 
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ELfflMTAET AEITHMETIO, 
WITH BRIEF NOTICES OF ITS HISIOEY, 



SEOnON XII. 
LOGARITHMS. 



BY ROBEKT POTTS, M.A., 



OAMBEIDGEi 

PUBLISHEB BT W. METCALFE ASD SON, raiWTT STREET. 

LOSDON : 

SOLD AT THE KATIONAL SOCIETY'S DEPOSn'ORY, WBSTMIKSTER, 
187G. 
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CONTENTS AND PRICES 
Of tke Twelve Sections. 



Sectiok I, Of Numbers, p[j. 28 

SBcrrioN II. Of Money, pp. o3 

Sbotios III. Of Weights aad Measures, pp- 28 . .2id. 

Section IV. Of Time, pp. 24 

SiiCTioK v. Of Logarithms, pp. 16 2d. 

SjiCTiON VI. Integers, Absti-aet, pp. 40 nd. 

Sectioh VII. Integers, Concrete, pp. 36 ^d. 

Section Till. Measures and Multiples, pp. 16 . . 

Section IX. Fractions, pp. 44 ^d. 

Seocion X. Decimals, pp. 32 4.d. 

Section XI. Proportion, pp. 32 

Sboiion XII. Logarithms, pp. 32. ... 

W. METCALFE AND SON, TRINITY STilKGT, CAMBKIDSE. 



NOTICE. 

As the Book-post affords great convenience for the prompt transmission 
of Books to persons living at a distance from towns, copies of Mr. 
Potts' publications can be supplied by Messra. W. Metcalfe and Son, 
through the Book-post, within the United Kingdom, on receiving 
orders with prepayment in postage stamps, post office orders, or 
otherwise. 
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THE PEOPEETIES AND CONSTEUCTION OF 
LOGARITHMS. 

AuT, I. Def. 1. Intlio equation « = «', where « is a constant mimbe:? 
^^eater than unity, and m any natural number, tbe index x is defined 
to be the logarithm of the number m to the base a. 

The notation assumed to denote " the logarithm of the number »( 
to the base a" is log'^u, so that a; = log„«, and the equation M = ii" 
may be written u — a'^S'". 

Def. 2. The base of any system of logarithms is any fixed number 
which, being raised to the powers denoted by the logarithms, pro- 
duces the successive natural numbers. 

Dep. 3. A system of logarithms is a series of the successive values 
of i» derived from the equation u = a', when the natural nunihers 

0, I, 2, 3, 4, &c., are successively substituted foi: «, the same base « 
being preserved.^ 

' Logai'ithma may be defineJ to be, as in fact they are, a series of immljcrs in 
Avitimiotical progression wliieli increase by a oommon differonoe, ooiTesjwndiug to 
aiiotUer aevies in Geomutiieal progression wliieh iiiereaso by a common multiliUor. 
for esfimple, lot 10 be made the base, 

If 0, I, 2, 3, 4, 6, . . n be a series iu A. P. 

andlO», 10', 10^ W, 10*, 10', ... 10" 1 be a ooiTespoudiug series in 
or 1, ID, 100, 1000, 10000, 100000 ... 10" J G- P- 
Then the numbers 0, 1, 2, 8, 4, &c., are tlie logarithms of the aeries of numbers 

1, 10, 100, 1000, 10000 Ac, respectively, to the base 10. 

Hence it is obvious that a negative number cannot be assumed as the base of any 
system of logarithms ; for tho odd powers of a negative number are negative, and 
tiio oven itowers are positive, and conseijueutly they are not subject to the law of 
toiiliiuity ill producing in order all the natural numbera. 

This definition of a system of logarithms suggests a method of flnding the 
logarithms of all the intermediate numbers ; for the Arithmetic mean hcEwecn any 
two consectitivo terms of the Arithmetic series will he the logarithm of thai 
Georoetiic mean of the two corresponding tarms of the Geometric serii;s ; 
Thus, the A. mean between and 1 is '5, 
and the G. mean betiveeu 1 and 10 is 8-162277/' j 
Hence '5 is the logarithm of 8-1622777. 
Again the A. moan between 1 and 2 is 1 o, 
and the G, mean between 10 and 100 is SI -8227760 ; 
Hence 1-5 is tho logarithm of 31-0227766 ; 
and so on for successive mean proportionals. 
Neit, the A. means can be found between every two consecutive tenns of the 
A. aeries 0, -E, 1, 1'6, &e., and the G. means between every two corresponding terms 
uf the O. scries 1, 3-1622777, 10, SI -6227766, 100, &c, ; and so continuing Uio souib 
pi-oecBS, may be found tlie logarithms of all nuinbei^, hut at very grcut expense of 
tinic and labour. 
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A system of logarithms may ho calculated to any base except 
uaity, and lieuce tliere may be an iudeiiiiLte number of systems of 
logaiithms, according to the differcut assumptions made for the bases. 
There are, however, only two systems of logarithms used by matho- 
maticianSj one for shortening numerical calculations and the othet in 
analytical reasonings. 

The following conseijiiences may bo shown to arise from the erju'a- 

The logarithm of 1 is 0, or logj = ; and the logarithm of the 
base is 1, or log„ffl= 1, 

If log„M be positive, and assume successively and continuously all 
possible values from to + =0 , it is obvious that u will receive all 
values from 1 to so . 

If logoM be negative, and assume all possible values from 
to— OS , M will receive all values from 1 to 0. 

Ilence, as log^a changes continuously from + to to — =0 , u 
changes continuously from + 00 to 0, and consocjaeutly produces all 
the positive natural numbers. 

If the base a be 10 and remain constant, and u be made to 
assume successively 1, 2, 3, 4, &c., the corresponding values of ,r in 
the equation n - 10", when computed and registered will ioim a table 
iif that system of logaritlims whose base is 10. 

2. Pjiop. To find the hgaritlim of the product of two munleis. 

Here Wi = (('"S""!, and is, = d^°«''"i, by dof. 

And log,{«i . Mj} =log„M, + logA by def. 
Or, the logarithm of the product of two numbers, is cqxial to the 
sum of the logarithms of the numbers themselves. 
Cor. In a similar way it may be shewn that the 

log„{Mi.i(5.«3. ;. .}=log„«, + log„% + logA + 

Or that the logarithm of the product of any number of factors, is 
equal to the sum of the logarithms of the several factors. 

3, Peop. To find the logarithm of the quotient of lieo numisrs. 

Here ti^ = a^^Si.",, and jfc = (^'^'"i by def. 
Then 2i = l!!!^ = rtios„-.,-iog„«,. 

.-. log„|'M = l0g,«l-lOg„7(i. 

Or, the logarithm of a quotient, is equal to the dififereuce arising 
from subtvactiug the logarithm of the divisor from the logaritlim of 
the dividend. 
Con. log. f -i I = lo- «,-log,.<3 = - {log„«,-log,ii,} = -Iog„ I '^ ] ' 



yGoosle 



Or, the logarithm of any fraction is cnjual to (he logailtlim of its 
reciprocal taken negatively-' 

4. Faop. To find tlie logarithm of amj power of a nmiher. 

Here m = a'<«°" by def. 
Tlien raising each to the n'^ power. 

.-. Iog,{«"} - n log.«. 
Or, the logarithm of any power of a number, is O(jualto tho product 
of the logarithm of tlio number and the index of the power. 

5. pp,op. To find the logarithm of my root of a numlcr. 

Here M = n^fS"" by def. 
Then «" = {<»'''='■"}" - ff"'"^"' 

And log„{!(""} = 5,log„!<. 

Or, the logarithm of any root of a number, is equal to the quotient 
arising from dividing the logarithm of the uumher by tho index of 
the root. 

Hence it appears that if a table of the logarithms of tho natural 
numbers be arranged in order ; by means o£ them can be perfoi-med 
the operations of multiplication, division, involution and evolution of 
all numbers within the limits of the table. Thus, if one number is to 
be multiplied or divided by another, by taking their logarithms from 
tlie table, and adding or subtracting them, and then by finding in the 
table the number whose logarithm is eijual to the sum or difference, 
the product or qiiotient of lie two numbers ia found. And the power 
or root of a number is found by taking the logarithm of tho number 
from the table, aad multiplying or dividing it by tho index of tlie 
power or root, and then by iinding in the table tho number whose 
logarithm is equal to this product or quotient, the powci or mot of the 
pi-oposed number is determined. Thus, by the aid of a table of 
logai-ithma, the ai-ithmetioal operations of multipbeation and division 
may be effected by addition and subtraction and tho^e of involution 
or evolution by multiplying or dividing the logaiithm by tlie index 
of tlie power or root. These are the ad^ant'igos of log-^rilhrns in 
effecting numerical computations. 



1 Caro iiiust bo talioii not lo confoiinJ tlic cxpvusaions logo j — j ami tz^ — - ■- tlie 
fonlier teing the logaiithm of the ([uotient of two numbers, wliioh has beea slieB-a 
ci^ual to tho (inference atudng from Bubtraetiu}; tlio logailtlim of the dtvlGor v^_ 
from the logarithm of tho dividend «j ; wliile the Intter Ja the quotient arising from 
dividing the logarithm of Mj by tlie logarithm of ii.^. 
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Def. Tho integi-al part of a logarithm is named its oliavact eristic, 
file docimal part its mantissa.' 

Ill all arithmetical computations by logarithms, the mantissa is 
always pastl!ve,hu.t the characteristic may he positive or negative. 

6. Prop. Tu explain the advantages of that system of logarithms loJiose 
luse is 10, the sara.9 as the radix of the scale of notation. 

By considering logi„(10'.«) and logio) TK- j ' 
Ioj,„fl0",a}=log,(,10"+logiu!( = wlogiol0 +log„« = w + 1o5u,j(, 
and logic | — I = log,o«-log,olO° = -»log,o10+logio«= -w+loff,(,7(; 
That is, the logig{10".«} and ^ogml^, [ are found from logic it, 

by simply moreming or diminishing the characteristic of logi„M by n. 

Henco, the logarithms of all numbers consisting of the same sig- 
nliioant figures, whether integral, decimal, or partly integral aad 
partly docimal, have the same mantissa ; the only difference being in 
the value of tho characteristic. 

7. Paop. To find the law of the charaeteristics of that system of loga- 
rithms whose iase is 10.' 

Lot any istegi'al number u consist of n digits. 
It lies between 10"~' aad 10"; 

' The word mantissa appears to Tio a Tnacau woTd, formerly employed ju oonimci'op, 
and meaiiiiig oTer-weasui'e oc over- weight, "additameEtum quod poiideri ndjicitui." 

The following logarithtna of tlie prime numbers less thaa 100 are here given to 
enable the student to obtain numerical results in the exoroisea. la the printed 
tables of logarithms, the charaeteristios are omitted, and only the decimal parts are 
given without the docimal point. Of the Mathematical tables published by Di. 
HnttoD, one table calculated to aevon places of decimals contains the logarithms of 
4ha natural numbers from 1 to 100,000. In the table published by Mr. Babbage, the 
logarithms of the numbers ai'e extended from 1 to 108,000, and very great caw vena 
titkcu by Mr. Babbaga to secure the accni'acy of them. 



Nos. 


Logarithms. 


Hos. 


Logarithms. 


Nos. 


Logarithms. 


2 


S010300 


29 


46339S0 


fil 


7853298 


3 


1771213 


31 


491S617 


fi7 


8260748 


7 


8450980 


37 


5682017 


71 


8512683 


11 


0413927 


41 


6127839 


7a 




13 


1139434 


43 


6334685 


7n 


8976271 


17 


2304489 


47 


6720979 


aR 


9190781 


in 


2787538 


53 


7242759 


89 


949S0OO 


23 


3817273 


50 


7708 J20 


97 


9867717 



^ IF iho number assumed for the base of a system of logarithms be the same as tin 
radix of the system of notation employed, a great advantage arises ; as in tho sjsterc 
■of notntion "-hose rauix is 10, the mantissa of any number composed of tlio s-imi 
digits will have the same mantissa, whether the nmnb(;r be integral, or dccinial, o' 
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between n — 1 and «, niid cor 
by some decimal : that if 



and therefore the logarithm of i 
sequently consista of n — 1 units i 
the characteristic of lognJ 

Nest, lot a' be a decimal having « — 1 ciphers between the decimul 
point and the first significant figure. 

'This decimal w' lies between ;-rpr "■^^ — Z' '^^ 10"''""" and 10~", 
/. the logarithm of «' Hes between — (« — 1) and — «, and conse- 
quently consists of — n, increased by some positive decimal part ; that 
is, the characteristic of logmw' is — re. 

Hence Iho general rule. For nunibers wholly or partly integral, tlio 
characteristic is always less by unity than the number of integral 
places of which the number consists ; and for decimals, the character- 
istic is the number (taken negative) which expresses tlie distance of 
the first significant figure of the decimal from the place of units, 

8. Pkop. The logarithm of a nnmher less than 1, being fwgatire, can 
always he expressed so thai its mantissa shall lie positice, and only its -cha- 
raeteristio negative} 

Let !S be a number leas than I, 
n the characteristic, m the mantissa of its logarithm. 

Then Iog,,M ^ ~ {n ^- m)= ~ n - m -{■ I - I 

= — (j! + 1) -I- (I —m) of which 1 — jw is positive. 

Hence a logarithm wholly negative may be transformed into ono 
whose characteristic only is negative, by increasing the negativo 
characteristic "by 1 and replacing the mantissa by its arithmetic com- 
plement, or its defect from 1 . 

And conversely. A logarithm whose characteristic only is negative, 
may be transformed into a logarithm wholly negative by diminisliiug 
the characteristic by 1, and replacing the mantissa or decimal part by 
its arithmetical & 



partly integral and partly deoimnl, m nil 

composed of tlie significant digits 6375. 

Numbers. Logoiithms. 

6375 8-S0il802 

63750 4'8044802 

637500 5-8044803 

6375000 6-8044802 


1.C seen in the logavitim 
N"uiiil)ei-s. 


a of the numtei 
LogirMimg. 


















637500000 8-8044803 


■006375 


3'8044802 



= 1-6039700, alogjiL'ithm with its mantissa positiy 
cliarnctevistio negativ 



Ex. 2. Logic, I - 1 "' ^"Z") 5-logio 9, irhieli is wholly negative. 

= (l + logiiiE)-l-logio9"(logiolO + log,o5)-l- 



+ log, 
+ {I.Si„5[l 
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In practice, a negative logarithm is always espressed so tliat its 
characterhUe only is negative, and the negative sign is placed over tlio 
cliaraetei-istic, wliich is separated by a point fi-om the decimal part, 
wHch 18 pcraitive. 

When negative logarithms are expressed in this manner, a proper 
dislinction must be made between the contrary signs of the eharac- 
teiistio and the mantissa, in the operations of their addition, subtrac- 
tion, ind multiplication by any number. Also, in dividing a logarithm 
■whose ciiararteristic is negative by any number, the negative charac- 
taisti'' laust bo made exactly divisible, by adding to it the least nega- 
ti^ e number ■which mates it so divisible, and this process miiat be 
conetted by the addition of an equal positive integral number to tho 
mantissa 

In the system of logarithms whose baso is 10, since the logarithms 
of all numbera not exact powers of 10, are incommensnrable, theii- 
values can be obtained only approximately by decimals 

Ilenee the logarithms ot all numbe s gieitei than I, not exact 
powers of 10, will consist of positive numbers paitly integral and 
pai-tly decimal, except the lo^mthms of numbers less than 10: ami 
"the logarithms of all numbei^ less than 1 will consist of negative 
mumbei'S partly integral and paitly decimal 

As the characteristics of the Ingantlima of this s\ stem can always 
be found by inspection, tbev are omitted and the mmtissis only are 
registered in the tables. 

9. Peop. Tojind the relation between the logarithms of the eame mtmler, 
Itit of different hoses. 

Lot X, z denote the logarithms of the number a to the bases a, e, 
.respectively. 

Then m = o' and x = log„u ; w^if, and a = log^M. 

"Whence a^ = c', and, taking the logaritlims of iJieso oqunls to 
Tsase e. 

Then w log„a = s log.c = z- 

but since x = log„M and % = log.^t 



and logaM= - 



That is i the logarithm of any number n to base a, is equal to the 
logarithm of the same number u to base e, multiplied by the reciprocal 
of the logarithm of a to base c. 

This multiplier is called the woMvs of tho system of logarithms 
■ti'hoss base is a. Per the logarithms of all numbers calculated to base 
c are converted into logarithms of tlio same number to base a 

by multiplying each logarithm ^y-]^--- 

Cor. If u^e, theii Jog,c= J^'^A and .-. log„i'.log,rt = log,.« = 1. 
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10. Puor. To find the modulus for transfomiing Mapic-r's hgaritlims to 
logarithmi whose hase is 10. 

Siace it has been pi-oveci genei'ally tiat lo^ji = "" - 
Let « = 10 and e = e the base of Napier's sjstom, 
lop;,M _ 

Hence the moduhis roquired is — - ; and logaritbms of Napier's 

ejstoin can be transfoi-med to logarithms whose base is 10 by multi- 
plying eacL, of Napier's logarithms by the modulus -, — . 

11, Paop. To express the numhr « in a series, in terms of the base 
I'.ud of tlie logarithm of the number; or m tlie equatmi u-a', to expand 
a' ill a series of ascending powers of a::.' 

Hei-eM = «'={l+(o-l)}' 

' Tlif. folloTving method of tlic expansion of a" by rauans of an iiidetei'iiiiuate 
Index, is taken from La Graugo's Calcul lie Fouctions. 
Let t be taij irambor snpiKisaJ to vary its value. 
lli«io'={l + {it- I)}' 

Ly collectins the co-effieieiita of i, and putliDg S, C, &c., wliicfi ave functions of a, 
for the to-eliioieiitsof i", t", ka., 

Amlif («-l)-'-^^+^^^''- ■ ■ ■ ■ =^, mli'i-=iM5+Ci+ ) 

... a" =a' ={a<y = [l -\- {^1- + I-t)t]'^ 



I.li.3 

ni; whatever niaj' be the value of (, for a' is obvionslj iiideiienilcnt 
■ ■ ° '-t--^^-l- 12 -T 12.3 ^ • ■ ■ • 
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.,+.(.,„+'fcj).(._.).+'fci)ei=?2.(»-i).+.c. 

by finding the terms of the eoefficient of x, and putting for 
the cociacients of jr=, ar', &e., B, C, H, ivMch involve numci-ical 
quantities and poirera of a only. 
And by putting^ for (ffi-l)-^i^% ^— " '^c. 

Now tliisoxpi-essionfor (ii'ia truOj wliatover yalne maybe assigned 
to X. lut X become x -\-s. 

Tlien a'+' = \ -\-A{x + z) + B{x + 5^)^+ G {^ +s)' + £e. 
but «*+' = «'■ «" = «'{! +^;r + &' + C«' + &o.} 
Enuating tbe coefficients of a: in these identical values of n'+', 
^ + 2 ^s + 3 03'+ 4ife' + &c. = ^fl- =^ {1+ Js + Si'+ (7s'+&c.} 
And, lastly, equating the coefficients of the same powers of a in 
Ihcse identical series, 

2B^A\ SC'^AD, W=^AC, &<i. 

WJicncoi- 1.2' A 1.1.3. 4 1.2. a. 4 

,.„.„. = ! +^, + ^ + _^^^+^^ + &e. 

in ^'hich A = {a--l)- ^^^-^ + ^^-^^' ~ &c. 
Con. If e denote that vnhie of a in the equation u~a^ whii.'h 
jimlics the aeries for A etjual to unity, then u - a" and log, w = x, and 
the series for « or ^ becomes 



prcs 



B* - 1 + X + Y~o "f" o + ^i^-i ■which is the number u 

tci-ma of iC the logarithm of e ; and mahing x = 
^1 + 1 +T2 + rTT"'" ^"^^ ^ 2.7182818...whith is the 



mcvicul value of the base s of Napier's system of logarithms.' 

12. Prop. Shio that the lase of the Mpiman sydcm of logarUlims 
is ineommeiwirable. 

Hoi-o ^ - 1 + 1+ -j-s'+TTiTs + T:2:ii:T+ ■ ■ • ■ 

evidently less than the series - +^ +— +-^ + . ■ ■ 

' It is suMom the volno of the base of Napiec's system of logaj-itTima is rpqiiii'eil 
in any ealcuUtioiis liej-oiid atven plticea of decimals. The following is the Talne of t 
calcuUttd to twenty places of decimals : ( = 27182ai,838459,045235,S6 
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which ia a geometrical series -whose sum is 1. 

Hence e is greater than 2 but less than 3. 

Again, tlie value of e cannot bo expressed by any finite fraction 
-, for then wo should have 

M ~ ^ "^ TT2 "^ 1.2.3 "^ TT2" s'.T +•■■"'' r."2".T7« 

+ 1 + . 

^ 1.2. ..«(«+!) + 
Multiplying both sides by 1 . 3 . 3 . . , «. 
... m.1.2.3 (jJ-l)-1.22.3....» = 3.4....)! + 4.G...;j + .. 

J- 1 4- . . J. 1 . + . . . . 

■■■■-^'^n+1^ {n + 1)(« + 2) ^ ■ 
Now the left side of this equat ion is an integer ; the right eide 
miist also be an integer. 

--^ l)(n + 2) +-- -is^essthanthosumof 

the series . ■ + r —^ + &c. . . . which is cqnal to -. 

.-. The right side cannot be a whole number. 

Hence there is no integer or fi.nite fraction by which tho exact 
value of e can be expressed. 

13. Peop. To find, the hgm-ithm of any number in a, series in tsi-ms of 
tlie iasB and of the nuniber itself ; or to find x from ihs equation v, = a", 
in terms of u and a} 



' Tlie folloiving is from Ln Grange's Cialciil db Fonctioua :— 
Here •» ■• af imd je ^ log„ ii. 

Kowl+(u- !)={!+ (a- \)\' 

.■. {l + |»-l)}'"{H-(a-l)}" 
ILipaiiding eacli side by the Mnomial tlieorem, 

1 + „„ _ „ + ifcj*- 1). + '-!i=Jl|:J,. - I,. + i.,. 

Bubtraetmg 1 from caeli side BJid dividing every term ty (, 

.-. ,.. - 1, + fc-J.,. - „. + «— «- 1 J- .(..-«. + i„, 

Tliis etiaation being tme ndiatevei' be tlie valae of i. Let t = o 



(« - 1) - 

ir log« u = 



wlilch is tlic logarithm, of the iraniter u in terms of w and the base a, 
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Siacc u = if,in wliieh « = log„«. 

And «' = 1 + ^^ + ^- + T^S + rro + ^'^ '' *™" ^^''^'- 

'61- values may bo assigned to a and x. 
Let a:, a, "bocome respectively a, w, and ^i the new value o£ A- 

T]xouu'=i + A^+ ix + t:2:3+t:2:x4 + ^'- 

mwliicli^, = (!f-l)-'-— ^— ^ + ^^-^-— ^— + &e. 
But since « = ft', 

But it liaB been shown above tTiat 

Hence, equating the coefficients of a in these identical aeries, 

and a; or log„!! = - ' = - 



(«-lJ 2 + 3 4 + '^''■ 

which is the logai-ithm of the number «, to hase a, esprosscd in terms 
of the number itself and the base. 

It is obvious that this expression is not adapted for the oalculatioji 
of tie logarithoia of natural numbers either to tlie base 10, or to the 
tase of Napier's system, because the seiies do not converge for 
numbers greater than 2, 

14. Pitop. To find a come^-ging series for calcuUUng ITapier^a logarithms. 
It has been proved, that log„« ;= ■ 



wliatevei- may be the assumed values of a smd u. 

Now in the Napierian system the base is denoted hj e; writing e ioxa. 

■ ■■ log.«=- 



(»-!)■ 



zSrA'-n_ 



But in Napier's system e is of such a value tliat the series 

Hence the expression becomes 

Iog,?c-(?f 1) ("~^)' |. ^"~^^ — &c., which is the Napieriai 
logarithm of Ji expressed in terms of the number u only. 
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11 

Tbia series -will be found dh-ev/jmit for all vahioa of i 
2, and is, tliei'efore, not adapted for tie calculation of Napior'a logu- 
litiiins. It must therefore be transformed into a series whicli shall bo 
coKoergeni for all numbers. 

To effect this object, for « -write 1 +m and 1 — wj respectively. 

Then lo^, (1+ «0 =- '« - '-^ + ^ - ~ + &e. 

.-.log, (l+f,0-lo8:«(l-«0oi-lo3:.{[^} =2{»i+^V-'^-+&c.} 
next let -^ — = . — ., then m = " ~-?. 

■■■'*{;}""'^-"-'*'-={S+5-CSJ4GS)+*«-} 



and 



'°""-'°=-"+={:^>H;it:)'+KIt-:)'+ *°- } 

which is a series converging for all numbers greater than uaity, and 
ia therefore adapted for calculating Napier's logarithms of the natural 
numbers.' 

15, Peop. To calculate to seven places of decimals the numerical i:ahie 



' By means of this formula, the logarithms of the prime numbers may be calcu- 
lated to tlie haeo e, and the logarithms of the composite nnmbers can ho found from 
the logaiithms of the prime numbers. 

For E.BCT.llylog,»=Iog,.+2 j ;i^+|(?^«) %|('i^)'+ &c. j 

«^B,..2.1c,.3^,og.2 + 2JJ4^4L^ + &c.S 
« = 5, .^i ■- log,S = log,* + 2 j ^+l-l,+|-i + &c. [ 

and so on for all the succeeding piime jiumbora. 

As comjjosite numbers are composed of the products of two ov mere piime 
numhers, the logarithms of all composite nnmbers may be found from tlie logarithms 



of their prime factors by means of Aiticles 3, i 


on p. 2 and p. 3. 


Tlius, iog,i=log,2==2 log,2. 




log.6 = log,(2.3)=log,2+loa.3. 




log^-log,2' = 3 1og,2. 




log,9=log,S'=31og.3, 




lo&10-Iog,(2.5)=los^+!og,5. 




Iog,J2 = log,{2'.3) = 2 Iog^+Iog,3. 
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e/ the iiiodtilus for tramforming Napier's logaritlt 
ifls^ h 10.' 



s to logarithms tehose 



andlog,10 = log,(2x5) = lo^,2 +log,5. 
Now log,!. = log,v + 2 { 'iri^ + if^")' + ^~ Y + &o. \ 
LetM = 2, «'=1, 

' The caleulatioii of kgrS iind log,5 may be tlnL5 exiiibitcd : — 





03703/037 


-i - 


ooiiisaac 


■;ii=^ 


O00457217 




000030305 




000005845 


'¥<-" 


000000627 


■sn = 


0000000(30 




■000000007 



■012345378 

■O00S23045 



■000005615 
■000000513 

•000000043 
■000000004 



Ix ■012345673 = ■001371742 
Ix ■000152415 = -000016935 
^>;-000001881 - ■00000020!) 



. ■111111111 
■ -000*57247 
. -000003337 
■000000029 
-111S71772 



iogilO == 2^302o85,092l)B4,0456S4,017fl01, . 
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.-. log,2 = log,l + 2 { i + i.^ + L.L^ + &c. I = -093147174 ... 

Let M ^ 5, !! = 4, 

loa,5 ^logA + 2 i ~ + -.i. + ~X + &<^. I =1-60943781)2... 

■n-heiice log,-2 + log,5 -log,10 = 2'302i850Gfi 

OB'l hence M= — ?— ^ = ■40429448 ... the mcKluhis. 

lojs.lO 2-802585066 

16. Peop. The difference Utwem the hgariihms of my two successive 
nujnben diminielies as the numbers increase. 

Lot !( and « + 1 be any two siiccessi\e numbers, 
m aiii! m + d their logai-ithms respectively. 

Xhen lo^'io (« + I ) = w + <?, aad Iog,„M = m 



and (j. 


. + *)- 


""'■ 


-logi 


.(» 
■i 


+ l)-log,,w 








J. 


■logi. 


{• 


-\} 




Ilenco .18 |< 


incroa. 


«, 


1 + 


- 


diminishes. 




„d.-.al=oloB„ 


.{.. 


l) 


diminishes: consequently 


d also diminishes. 



1 7. Peop. To fiud tlie mantissa of the hgarithn of a nvmher consisting of 
six dijits, having given the mantissa of the logarithm of ilie number composed 
of the first five digits, and the mantissa the hgarithn of the next greater 
number.' 

' E.t. 1. Given iogi„43n2 = 4-640600r, and logiijiSna = 4'6i06108; to find 
logioJ3712 8. 

Genernlly m = m,+{jn,—m,] ■"-. 

Keren =8, ?re-= -6406108, m| = "8406007 ; ,■. nij-WJi-'OOOOCSD; 
and (5rt2-«ii) ^ =-0C000B9x -. = -0000079, thainci-ementfoi 3; 
.■.i;i~tii|+("ia-Mi|) -^ = -0408007+ -0000079 = -8408080; 

and since the nwmljcr of intcgifJ places is 5, tlia characteristic is 4, 

anii consequently logio 4S713-S=4-8406088 the logaiithm required. 
Ex. 2. ConTerselj. Given 4-0406007 =logLo43712, and 4-6iOS100=logi„13713, 
to fliiii the iinmher coi-responding to the logarithm 4-6106086. 
Cmarnlly tt=Jl^' = ±. 

Here m ='6406086 OTj=.-B40ei0a 

mi ^ -0403007 in, ^6408007 

jH-iH, = -0000079 )/i3-7ii, = -oooooaa 

... a^Z!L.„:5^225Z£^l„-8 nearly, the sixth digit. 
Hence 43712+-8 -= 43712-8 is the nuiuber i-orinu-eil. 
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Lot m„ tih he tho mantisste of u, u + 1 reapeetlvely, auJ m tlie 
mantissa of M +yx. » being the sixth digit. 

Now since «, « -f 1 and u + -r^, are siipposed to have the same 
number of integral places, the charaoteristica of those logaiillims will 
Tie the same. Let this be e. 

Then e + m^=log,^it, e + OTi = logi„ (« + 1), 

an(lc + wi = logi„| M + ~|- 
.•...^™, = log.{« + ^}-log.«^%.{l-^J 

'^ log^lO ■ \ 10m 2 V 10m/ ■ i 

— . ■ ,^— . nearly (I).' 

~ log^lO 10m ■' ^ ' 

Again m. - m, = log,„(« + 1 ) - log.„« = Iog„ { 1 + - } 

^ ]_ f 1 1,1 .1 
" lo- 10 ■ 1 M 2«' "^ 3;.^ ^''- f 

= ^— .A nearly (II).' 

■ " ws - m~i " 10' 

' from tlie logsritiim tables of numbers consisting of fivs digits, ivliich are 
calculated to sevea plaeea of decimals, the logarithms of numbeiE consisting of sis 
digits may be fonnd oorreetly ita far as tba seventli place of decimals. 

In the iiiTestigatioD, the second and all succeeding teimsof the seriesfor m — m, 
and Mij — Jii, haye beeu omitted ; Mid it must be eliewu tliat tlieae omissions do not 
affect the seventh place of decimals in the logarithms. 

First to shew that the second term i ~ I of the aeiies foi' J)t — m . 

3log,10 llOul ' 

may be omitted. 

-. 1 1 1^1 2 

*"""* 2i^ao'=^ 3x3-303... "TaTT^Ts "' a' 

and the least value of u is lOOOO, and the gi-eateat value of - is , 

also a caji never exceed 9. 

Therefore 7-—— i ■ 1 ~- £ is less than | x -OOOOOOOOSl or -OOOOOOOOIS. 

And , ^ , . 4 is less thau ~ X '00000001 or -000000002. 
21og,I0 !{= S 

Whence, it appears that the second terms of the two series do not affect tho 
seventh place of decimals of tliB logarithm, and therefore may be omitted, and a 
fortim-l may the third and succccdijig teiins be omitted. 
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And m = Mi+(?N2— m,)---i °^ wbioh (%-s«,)-y^ is tlic iiierement 
to be added to m^; and it is called "the propoiiional pnrt," for 
a sixth digit of the number, being a fouith pi-opoi-tional to 10, 
a and m^—mi. 

OoB. I£ the given number consisted of seven instead of six digits, 
a boiiig the sixth and J the seventh digit : 

«"■"-»'+(■»■-»■)■{ fo+W'} ="'+''*""'''K + fo<'""-"''4 

in which expression, — {i7t^—m,) — is the increment to be added for 

the seventh digit, which is one-tenth of what should be added, if 5 
were the sixth digit. 

18, Prop. And conversely/, to find the natural number eorrespondmg io a 
gicen logwithm, hasiitg given fJie matiiissa of the logarithm of the mimher 
cmnposed of the first five digits, and the mantissa of the logarithm of the 
next greater numher than that which ts composed of its first five digits.' 

Employing the same notations, it has been proved that 

m^ln, " 10' 

and since m, m^, iiu, aio given, it fuUowa that j^ is tnown from 

— ■ -, and tho sixth digit a is known, and « + 77: is the number 

m, ■- m/ ° 10 

rec[tiired. 

To explain the method of eonsiracting tahks of proportional parts for a 

table of logarithms ealculated for all numbers which do not exceed five 

digits; aiid their uses (1) in finding, bg addition onlg, the logarithms 

of numlei's consisting of one or two digits more than the numbers for which 

the tables arc calculated; and (3) in finding, by siibiraetion onlg, tite 

numbers corresponding to given logarithms not found exactlg %n the tables.^ 

2 Ex. 1. Find the logarithm of 43712-86. 

Here logio 43712 = i-6406007 from tke Tables 

70 — prop, pai't for 8 
6,9" „ „ a 

.-. logio 437ia-Se°4' 640eQ 92" 
Ki. 2. Coivveiscly. Find the niitunJ number cori-eapondiiig to the logiirithm 



70 = prop. iLirt foi- f 



■responding to tlie logarithm 1-640GOS2 is 43712-E0. 



y Google 



16 



If OTj ba the mantissa of the logarithm of a numljer of five digits 
noxt greater than,, and »i, of that nest lesa than m tho mantissa of a 
uumbei' whose sixth digit is «: it has heen proved generally that tho 
mantissa of the logarithm of the'munber of six digits is 



-(„, 



»,) — , of whith Un 
"in' ^ ■ 



«i) — is the i 



th9 proportional part to be added to the mantissa of the logarithm 
of the next loss nnmber of fivo digits. 

Tho method will be beat shewn by an example. 

To conatrnct a table of proportional parts for the logarithms of the 
numhera between 43712 and 43713, consisting of eis digits, having 
given log,fl 437 12 = 4-6406007 and log,o 43723-4'6406IOG. 

Ilere !H; = -G406I06, )»,= '6400007, .-. iBj-)»i= 0000099. 

i'oi' a the sixth digit write 1, 3, 3, 4, 5, 0, 7, 8, 9, sncecssively : — 



. 


(«=-«,)l^ 


1 


■00000099 = 


0000010 n 


arly 


2 
3 


■00000198 = 
■00000297 = 


0000020 
00000-30 




4 


■00000396 = 


0000040 




5 


■000004M = 


0000050 




6 


■00000594 = 


OOO0059 




7 


■00000693 = 


0000069 




8 


■00000792 = 


0000079 




9 


■00000891 = 


0000089 





lu tho printrd tables of logarithms in general 
use, the ciphers in the rcsulta above found are 
omitted, and only the sigiiifti;ant fignrea of tho 
differeneo of the logarithms and the propor- 
tional parts are registered on the right of each 
figure which may oeoupy the place of the sixth 
digit of the number. Tor the logarithms whose 
difference ia 99, the table of proportional parts 
is given aa here oshibited. 

Since any digit in the seventh place of a num- 
ber, ia one-tenth of the same digit if it were in Uie 
sixth place, it follows that tables of proportional 
parts for digits in the seventh place wiU he one- 
tenth of what each would be in the sixth place ; 
and consequently that separate tables for the proportioned parts for 
tho seventh digits wiU be unnecessary. 



I>!>9 


1 


10 


2 


20 


3 


30 


4 


40 


5 


50 


6 


59 


7 


69 


8 


79 


9 


89 
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I. 

1. What proclioal oTjjeet had Napior in view wYion lie made the 
discovery of logai-ithma ? What improvement was suggosted by 
Briggs? 

2. Derive the word logarithm, and explain the terms of the 
eciiiution M = «*. 

3. Explain and exemplify what is meant by a sj^atem of loga- 
rithms, and describe the two systems employed by mathematicians. 

4. Find the numbers of wiioh 2, ft, 4, 5, are the respective loga- 
vitlims in that system whose base is 7. 

5. Determine the logarithm of 32 to base 3, and to base 4; of 
tOOOO tobaselO; and of 2078G to baso 12, and of 128 to base 2^/2. 

6. What aro the bases of the systems when the logarithm of 9 is 
equal to 2 ; the logarithm of 64 is equal to 12 ; the logarithm of 25G 
is ecLual to 8 ; and the logarithm of 2187 is equal to 7 ? 

7. Explain the advantages of the base of the system of logarithms 
being the same number as the baso of the denary system of notation. 

8. What ivould be the difference between a system of logarithms 
computed to baso 10, and another to base -^-u? 

IX. 

Having given logA logn,3, lo^ia'J, log,.!!, log,„13, log|„I7, 
logi„19. 

Calculate tlio logai-ithms of the following numbers: — log^jS, 
log,„I25, logi„-!e4, logi,504, iog,o44I, logio3240, logi„30, logi„1200, 
logio64000, log,oI4700, log,olU475, log,„-03, logio'0012, log,(,'00004. 

III. 

1. Find the values of logio'S, log,„-23, logi„-416, and logn>-42857i. 

2. Determine logjlO, logalO, logs-Ol, logjlO, and logulSOO. 

3. Given logi„l6, log,o7, log.o27, find logioI5, logi„56, log,„I764. 

4. Given log,(,15 = 1-176001, log,o21 = 1-322219. ami 
log,,35 = 1-544068 ; to fiad the logai-ithms of 3, 5, 7. 

5. Given log,o2, find the values of log,„('0625)-', log,^-012a)' K 

6. Given log,„7 = -8450980, log,„9-824394 = -9923057, fiad(-00007f H 

7. Knd Iogio27 and log|i,42V i"^ terms of logmlS and Iogn,16; and 
conversely, given logu)27, aad logii)45-'j[, find log^lS and logiol6. 

8. Given log|„8 = -90309 and log,„9- -0542425, find Iogn,15 and 
iogn,G; and conversely, given bgii,15 and log^G, find logmS and 
log,„9. 
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IT. 

Shew tie truth of the following ecLuiTalenifi reepsctiYely : — 

1. lo^io(l + 2 + 3)=log,ol + log,o2 + log,„3. 

2. 7 . logtoi ? + 5 ■ logical + 3 . logioll = log,o2. 

3- 7 . logi„|| + 6.1og„f + 5 . logiog- + log,„ifi- = log„8. 

4. I6.1ogi,jg4-I2.1og,„f4 + 7.1og,^-log,„5. 

V. 
ProTO the trath of the following expressions and find the loga- 
rithms of each. Logi„:39 = 2-1430148. 

1. log.„a)" = n{log;,2-log.„3}. 

2. log,„(f^)* = i{2 log,o3 + log,o7-log,»2-l}. 

5. logU^)t= |{logio33 - log,o3 -log.„l 39}. 

4. W,JlM:51^i. =iV{2 + 4log,cS-14W„2}. 

t (720)* > 

5. lagJ(*iMj*=^{19log,„2-141og,„3}. 

L 2(27)* ■• 

6. log J {3(60--15>_0lj_^ I =4(1 +2(log.3-log,2)}. 
*{(60 + 15)x(16x9)i^-' 



({(60 
5.2^ 
10^ 






VI. 
Find the numerical values of i» in each of tho following equations, 
having given log,o2, logmS, and log,ol7 : — 

5'' = 20: 100» = 2: 8' = 100: 25="=800; 8''+'.2'^+= = 5^'^+».20^+=: 
3" = 15; 12'=180: 2'^.3'*=10: 15'"=24"'+': 10^=102: 
2*+" + 2. 2*+* -2'=: S"^. I252-* = 2'*+'.5^: 6'-^"' = 2-"+^ 

VII. 
Solve the following equations : — 

ae'-id' = : a'"='b~a"^~' : a'" . l"^o: m"'+'—m'"^°----n: 
a" . e- = i"'-" : a^+Ki^+^^d"^ . d"-' : 2'+l- (2^- 1)-' =0 : 
(« + 6)V-2o=i» + i^)'-' = (a-S)^; a"'-! ' = i"'^"' : 



{;} ^ F- (' + '*•"■)• 



Till. 
Find the values of i» aaid 3/ in eaeli of tlie following sets of equa- 
tions ; — 

»-S'.p, «■,(■ = }: «-.5»-^,»". ,!"=»! o-f = J, !■»«': 

J.+.. J,-, ,■+.=,!: af+>=y-, y+>.af: o»-J> =.,»',»•- f = «: 



y Google 



IX. 

Determine tie values of x, y, z, in the follomug ectTiationa : — 

s. 

Find tlio values of tlio iinknowu quautiiy in oach of the qiiadratio 
equations : — 

fl^ + ia' + c^O: (f-^a-'^c: a' + «"' = «^ ; a'-Sa-'=2: 

4''- 8.4- + 7 = 0: 3'' + 3' = 4785156: 4*+= + 16' = 5120: 
lCF-60.10-'-4 = 0r 5=''= 100.5^-' + 5*"' : 27(3'+'-3=^+') = 2 : 
3^'~2.3^+' = 567: 2^- 100.2'+ '-= 14336 : 3'-^~3--'+* = 2, 

*'lv;i^T?^„J U + ^j^^J i-VT^T^ ' ^ 

XI. 

1. Prove that «' is greater than e, and a' less than e, when a; is 
any positive integer gL'eatGr than 2. 

2. If .i: and ij be positive, prove that x' is loss than y' when a: ia 
groatei- than y, and y greater than e : but a'' is greater than j/" wliou 
K is gi'eater than y, and y leas than e. 

3. Solve the equation x'= 100 by approximation to three places of 
decimala. 

4. Find X and t/ in whole mimbei-s from the equation a? = y'. 

5. Solve the equations x' = 500 and y'— 300, by approximation. 

6. Fiud the vahies of x in each of the four foUowiug equations : — 

7. Express the equation j»(log^+iF)-nlog^+l in an exponental 
foi-m. 

8. Find x and y in the three following sets of equations : — 

2"'' = 512, 2*' = 26fl: (2=')'"= 16, {3='}"=* = 3 ; (4')!' = 16, 3'.9= = 27. 

9. Shew whether log;{log,o25{ is equivalent to log,„{logi25}. 

10. Find ar* from 3^-21»='+147a'— 316 = 0. 

xn. 

1. If y = a", Unix, a and log,)/ be in hai-monical progression, find 
the values of x and y. 

2. Given log63 = »», and logs;24 = «; find log,„45. 

If - I 1 

3. Find log^x from the equation - 



4. In tiie equation-. 



--I^21og_5,^+3_, w,,^4( loff,10^1 W^. 
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5. The common lognritlim of ono number is greater ty unity than 
the log-nrithm of another, and the logarithm of their difference is 
one-half of the logarithm of their sum. Find the numbers. 

6. The ai-ea of a right sngled triangle ivhose hjpothenuso is 
x^' and sidoa x''' and j:', is Jv'2+ V5- 

xiri. 

1. Define nhat is meant by the charaderutio and mantissa of a 
logarithm. Show that the characteristics of the logarithms of mimbera 
to base 10 may always be determined by inspettion, and that tho 
mantissa depends oa the sequence of figures only, and not on the 
position of tlie decimal point. 

2. Explain why the mantissa of a logarithm is always in caloula- 
tien considered positive, while the characteristic may bo positive or 
negative. 

3. Given log,„81-123 = -9096256, wcite the logarithms of 81123, 
•81128, -0081123, 8112300, and 8112-3 respectively. 

4. Find tho charaeteilstiea of tlie logarithms of 300, -003, and 3-2 
to base 5 ; of 81 to base 3 ; of 81 to base ^/3 ; of 25 to base 100 ; of 
■003 to base 8. 

5. Having given logi„2 = -30103, logi„3 = -47712, log,o7 = 'SiSOO ; 
find the characteriatica of logijl200, logio7"'; log, Vgijo; logvj49: 

lOgionoisTTr} ■ 

6. Find the number of digits in 2^, 125"^°, lOOO^""", e'™ respectively, 
having given logi„2 = -3010300 and log,„«= -4342956. 

7. If 5-'°°°™ be expressed aa a decimal, how many ciphers will 
there be before the first significant digit of the decimal? 

8. Find the integral values between which io must lie, in order 
that tho integral part of (1-08)" may contain 4 digits. 

9. How many times must the number 2 be multiplied into itself, 
80 that the product may just exceed 1,000,000,000 ? 

10. Given J) the characteristic of log^N, what is tho charaotoristic 
of logjJV) when x = a^? 

11. If tho characteristics of the logarithms of any numbers be 
known, find the limits between which the characteristic of tho loga- 
rithm of theij: product will lie ; (1) if all the numbers be greater than 
unity, and (2) if a certain number of them be less than unity. 

XIV. 

1 . "What ia meant by the modulus of any two systems of logai-itliuis ? 
Pind a general expression for the modulus which connects any two 
eystema of logarithms, and apply it to find the moduli which connect 
tho systems whose baaes are 9 and 10; 10 and 20; and 5 and 7 
respectively. 

2. Pj-ove that the ratio ■ - ^ — is a constant quantity, and iocom- 

log„ar 
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mensurable; and sliew how its Taluo may be deteimincd fo any 
degree of accuracy wlioii i5= 10. 

3, Assuming lo^j3;~logj,K.log,a^, 
tlience ebew tliat log Ji .logi»= 1, and logi,a . log^i .log„fl = l. 

1. Shew that the exponontal espressiona a", a", y' may be put 
under the forms c''"^"", e*"^*", ^''''V respectively. 

5. If e'"^""' = h . e"^^, find an expression for i. 

6. Prove the truth of tlio tiiree following expressions : — ■ 

'log.™ log^i ■ log„y logty' 

7. Vei-ify the following equivalents : 

and («Sy''^° -'"«' = (flS - 'ys" + ">!'- ft'"?'', i - ">^». 

8 . If ^ = k"", prove that p logj,3 = 2 ^^S-^' 

9. Shew that log^j^'"^'} =log„H . log^p . log^i . login. 

XV. 

1. ProTO that log,« lies between nil — a"'') and »(»•" — 1), when 
n is assumed of such a value that rt"" is very nearly equal to unity. 

2. P.„, 1 = ±3 + ,-^^ + j^jjL__ + . . . . = .D0788 . . . . 

3. Shew that the value of (1 + ^Y = 2.7182 . . . when x is inde- 

4. Shew that log, (1 + ^) is less than n: for all positive values of x, 
whether greater or leas than unity. 

5. If a; he vei7 small, shew that e''=e(I + ai) nearly, 

6. Shew that log„lOl — log,99 = 5\r^S'T nearly. 

7. Prove that log,3; = »(a:~— 1) nearly, when n is very groat; 
and thence shew that log^B = {x- 1). ^ . _? !i_ . . . 

/ + 1 x^ + l a;'^ + 1 

8. Shew that(l+-l =-(!'M -~-| nearly when m is large, and find 

the nest term of the series of which the function on the second side is 
the commencement. 

9. Prove that logm < 1 4. — --j [ is less than and exemplify 

its truth when 11 is 3 and 4. 

XYI. 

1. If 6" = ^ + Vl + ji^ then i/=^}i{(^~e-^) and 

Vl + y = ^(i^+tf~')i iiid shew for what value of )/, e'' ia leas than 2. 

2. H (ftL& . 1, Blew tt.t -^ . '"g-t" +J). 

« + 4 l-« log.(»-S) 
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3. If c, s he tlie sums to infiuiiy imd to n terms of a decreasing 
geometrical progression whose first term is a ; 

ebew that » log ■! i _ - i = log J i — - | . 

4. If a, b, c be tLe p^, 2'", and r"-^ terms respectively, both of an 
arithmetical, and of a geometi-ical series, shew that 

{l).(i-c)hga+ (e-a)logh+(a-h)losc = 0. 

(2). g-^ '•-■?' y-g 

blogc — elogb eloga-aliige alogb-- bloga 

5. n(Iog,2/)^ = ^: 

shew that y-yO°g^y)^-i°g.('Qg^y ) = ,.^. , '""^ . Iz32££ . 

6. If !og„ ca, logit/, log, s be in arithmetical progression having unity 
for the common difference, shew that 



^g — jlogty— logcS loseS'+lOEfi 

log« logj/ logs 

prove that y". z" = s*. a;' = a^y*. 
8. Prove ^og^(^gg»^) _ logiC^og^-^) _^ logX^og^^) ^ logtCog^g ). 
■yiogoS Vlog^d \^log„i i/logirt 

XVII. 
Sliew the truth of each of the following series for log„a^ : — 

2. i{i^-l)-^{x''~iy + H^-lf - &<s.} 

4. 2 j £^ +^('^^Y + J-f^^T + &o. I . 

u + 1 ^ 3 Va^ + 1/ ^ n^ + 1/ i 

5. Jlog.(. + l)+4Io8-,(-l)-{5^_-j + 3^^ + fe.}. 

XVIII. 
1. Shew tliat the Tjase of Napier's system of logarithms diffen 
■om the Slim of the first n + 1 terms of the series 



1-2 ^ 1.2.3 
by a quantity leas thai 



+ &o., 



2.3.4:. ..(n-l).n^' 

2. Having given log,3 = -6931472; showthatlog.S- I'0986123. 

3. Given log54 = 1-38029; find log,5 to five places of decimals. 

4. Having given log,2 = 0-6931, log,10 = 2-3026; fiad 3og,5, and 
Iog.ll- 

5. Given log,32 = 3-46o73-60 and log,5 = l-G094379; find logi^a. 

6. Calculate logio99 to four places of decimals, having given 
logJ0 = 2'3026 nearly. 
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7. Given logi,12 = 1-0791812, IogisM31563 = 
logijl ■257915 = -0096512; find the value of {(l-4't)-^-(l'44)-'=S-T-'12. 

8. Solve the eaiiatioii 10'-= 101 haviDg given log,10==2'30258. 

XIX. 

1. If 0, i, f be three consecutive numbers, prove that 

iog.j = Slog,. + iiog.. - { 5iVi+s(5ir+lT-+5(2Sr5:i?+*''- } 

and explain the advantage of the use of this formula in. calculating 
the logarithms of prime numbers. Detei-mine how many terms of the 
series must be talcen that the logarithms may be correct for seven 
places of decimals, wlien tho numbers consist of 2, 3, 4 or 7 digits. 

2. Find tL.B coofRcieat of x' in the expansions of (1 + a:}'.e^, and 
of (I-:.)''..-. 

3. If A^_i, J.2,, be the coefficients of x^-', x^', in the expansion of 

log,{{l 4- iB)'"^-^}, according to the ascending powers of a; ; 
shew that 2» (-^ij.^i — -^20 = 1- 

4. \og,a+^f^ +Iog,(l-:.)'^ =^ + ^ + ^+ &c 

5. Shew that a! = e''"'°^' ai-isesfrom the elimination of j/ between 

the equations y = e'~''''"' and s = e'~"'^''; 

and if {log ^)' + (logj/X + {log^y=S,., 
prove that 3 + S3 + S3 + 5"^ 4 



. log.(.'"^ 



^ J- (''-i)'-Ki+i)("-i)'+i(i+i+i](«- 



XX. 

1. Point out any advantages derived from the use of e as the base 
for logarithms in analytical calculations,, and of 10 as the base in arith- 
metical calculations, 

2. Explain the terms, finite and infinite, definite and indefinite, 
and shew that though each of the series ^ + i + k + &'^-i s^d 
1 + -J- + i + &c- continued indefinitely, be Infinite, tlieir difference 
is finite, and eq^ual to log,2. 

3.Pro„a.t(l + l + ji+jAj+...)'.l+.+ jii+j^+... 

4. Ijog,i — : — J =; ic -\ — ^ + — "f" ■ ■ - ad iufin. ; hence calcrdato 

logi„4 to 5 places o£ decimals, having given logic^ = -43429. 

5. ExpandlogX*--(-03:+6)in a series of descending powers oi x. 

G. Log(a.-+H} = log« + logf i+^j+Wl-i- 7^)+ ■-. + ... 



log(l- 
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7. If iS., S3, .%, S„ Iq the sums to 2, 3, 4 n terms of 

any series A -\- 11 + V + 2> + . . ■ . ; shew that 

XXI. 

1. "What multiplo of ajmioata be, that a" may be equal to e"? 

2. Ji a, b, be in geometrical progi-ession, shew that log^a, logjir, 
and logJ> are ia aritlimotical progression and thoi 



3. If log'„Ji = logjJ2 = log(S3 = &c,, where a, f, c, &e., are ia geome- 
trical progression, show that &„ S^, Sj, &e., will also be in geometrical 
progression. 

4. If a'' = 7i'' = C = &(i,,aadx,i/,z, &e., be in hormonical progrca- 
sion, then shall a, b, 0, &c., be in geometrical progression : and con- 
versely, if a, b, c, &c., he in geometrical progression, then shall x, p, 
a, &c., be in hai-monical progression. 

5. If loga«, log^b, log^e .... be in arithmetical progression, show 
(hat log,)/, logiy, Iog,y .... are in hai'monieal progi-ossion. 

C. Shew that if tho bases of different sj-stema of logaritlims increase 
in geometrical progression, their modidi will decrease in hatmonical 
progression. 

XXII. 

1. By means cfthe expansion of «^, show that 

^^^" +«-'-'^= 2 { i-i^+tt^o-TTTOXg"^^} 

1 1.2.3^1.2.3.4.5 / 

2. Shew that whatever be the value of x, the series 

(a;_(K-i)_^(^-ar^) + l^^af'-w-') + &c. ^logy^^T 

3. Express log, {x + n"^ -I) inthofoi-m of n + J^- 1. 

4. The imaginary part of Iog,(rt + iV''^)'^' is -^-l^og^Vd' + b''. 

6. rind the value of bg,{(l + x){l + ax) (1 + x)} in a series 
where a, /I are the two impossible enbe roots of unity. 

6. Shew that log,(l+^+^)=«'+^-^+^+J-^+y-&c. 

7. Expand log, I ~-~i ) "^ ^ seriea of ascending poirsrs of ar, 

XXIII. 

1. Show how far the error committed in obtaining the logarithm 
of a number of six digits from the logaiithms of numbers of five digits 
by means of proportional paifs, can affect the first seven decimal 
places of tho requiied logarithm 

2. Explain the method of constructing the tables of propoi-tional 
parts for a table of loginthms Given los„22713 = 4'y5C2745, 
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log'io227H = 4-3562936; constract such a table for calculating tlie 
logarithmB of numbeta between 227130 and 227H0. 

3. If ]ogio67833 = 4-8314410, and logj„67832 = 4-8314346 ; fiad 
log,„67832800. 

4. Given logio71820 - 4-8562454, and log,o71821 = 4-85G2314; 
fiudlog,o-07182035. 

5. Having given log,„338I9 = 4-S29l608, and 

log,o33818 = 4-5291479; find the logarithm of 338-185. 

6. Having given logi„71968 = 4-8571394 ; diff. for 1 = 00; find 
the value of logio(-07I9686)5 to seven places of decimals. 

7. rind tho numerical value o£ log,„( -242447)", having given 
logi„242-14 = 4-3846043; diff. for 1 = 179. 

XXIV. 

1. Til e difference of successive integral numbers being invariable, 
shew that as those numbers inci-ease, the i3iffer6uee of their loga- 
rithms diminishes : also that the ditTei-ence of the logarithms of two 
consecutive numbers n and » + 1 is loss than - in the Napierian 

system, and less than — in the common sj'stcm. 
2m 

2. Shew how to find tho number corresponding to a given loga- 
rithm when it is not found exactly in the tables. 

Given logi(,37G49 = 4-5757534, and log,u37050 = 45757650; find 
the number corresponding to the logarithm 1-575638. 

3. Given logi„l -0686 = -02881517, and logi„l-0087= -02885581 ; 
find the number of which the logaritlim is -0288354D. 

4. If Iog,o4-3I25= -6347291, and Iogio4-3126 = -6347392 ; deter- 
mine tlie number whose logaiithm is 8-6347362. 

6. Given that e is 2-7182818, and that log,o2-7182 = -43423147 
and logi„2-7183 = -4343974; find logi„999995 correctly to twelve 
places. 

6. Apiproximate to the value of 5^'^', having given logi„2 = -30103, 
logio349485 = 5.543428, log,ol-562944 = -193943, Iog3-e55 = -5628fe7, 
logo3-6-56 = -563000. 

7. Find tho value of 10'" , having given logi„21544 = 4-33332'j3, 
log^„2i545 = 4 3333466, log,„14270 = 4-1544240, logi„1427: = M51. 

8. Given 9'^ = 1000, log,„2 = -30103, logigSOO = 2-4771213, 
logi„-47712 = 1-0786276, log-47713 = 1-6780367; shew that the 
value of .r lies between 1^ and l^^j. 

9. Could the results of calculation be depended on, which ai-o made 
by a system of logarithms whei-e tho value of the base cannot be 
exactly determined ? 

10. Was Napier led to the discovery of logarithms by geometrical 
or numerical considerations? Exphiin his method, and compare it 
ii-ilh the method by which No^vton was led to tho discovery of fmxiuns. 
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KESULT3, HINTS, ETC., FOR THE EXEI1CISE3. 



1. Sec Scition v., pp. i, 5. 2. Section V., p. 6, and SectionXII., Art.l, S. Art. 
1, note. i. Since 7''=49, 7 = '=343, 7-'=2401, T'^lGSo;, 2, 3, 4, 6 are the 
respeetiTo logaritlima of 10, 3 i 3, 2401, I6S07, to Tiaae 7. B. Since 2''-32, 4'=2=, 

10' -10000, 12* = 20738, 2^ = 2'; ,6 is the logarithm of 32 to base 2, 2i of 32 to 
base- i, i of 10000 to base 10, i of 20730 to base 12, and 4§ of 123 to base 2^2. 

6. Let a: denote the base ill eaoli iuatanee, tlicn^'^S^ a!''=2°, a;'-^2'', ai'=3', 
(mt\ the respective bases are 3, 2l, 2, S, 

7. See Art. 6, 7. 8- i^ being the same as 10~', suggests the answer. 

II. 

Express the given numbers in their prime factor's, or in quotients wlrielr involve 
10 or powers of 10 ; and employ the lognrithma of the prime numbers between 1 ond 
inO ill the not« p. 4, and the law of the ehavacteristics under Art. 7j esempliCed in 
tiro note. The results are- 
log G- ■6989700 : losl25 = 2-0969100; log 484 = 2-6848451: log 504-'2-7024305: 
log 441 = 2-6444389; log B2i0-'S'5105150: log 30 = 1-1771213: 
}ogl200 = 3'0791812: log 61000 "4-8061800 ; logll700 = 4-1678173: 
log 111475= 5-0471771: log -03=2-4771213: log -0012=40701812! 
log -00064 = 5-3061800. 

III. 

1. Log-3-Iog(^)-logI-log3 = -log3: Iog-23 = log(5-ij.) = log7-log3-l; 
103-416 = log(^Ti)=loS6-21og2-log3: Iog-42857l=log{4)=log3-bg7. 

2. Letlog,10=a, then 3' = 10, and a los3 = l, whence a: i3kno\vn. The otlier 
fonr csamples may be done in the siune way. 

3. Logl6=log2'=4Iog3, .-. log2-Jloglfl, log27=bg 3= = 3 logS : 

.-. log3 = Jlog27. 

Then Iogl5=log3+log6=log8+l-log2 = | log 27-J log 16+1. 

log 56 --3 Iog2+log7=^ IogI6+Iog7 : 

]ogl764=log(2=.3^7»)=alog2+21og3+2Iog7 = ilogl6+^log27+2iog7, 

i. Sincelugl5 = log3+log5, Iog21=log3+log7, bg35=log5+log7, 

fi-om these three equations log 3, log 5, log 7 can be readily found. 

5.LogC0625)-'^log(^)=log(Hl)=log24 = 4Iog3. 

logC0125)-^=log(:^)l=Iog(I0.2")^ = J-|-log2. 
6. log(-00007)^i''-siB log -00007«^j^ --1-9923057-. 



540 

Hence Since Iog{-00007)"i'=.]og{-09S24S91) 
therefore (-00007)'^" = -09321S94. 
7, First log 16 = 4 log 2, luid log2=}logl6. 

Kextlogl5 = log¥=l+log3-log2, andlog3=logl5-l-Jlo'0 
Then log 27=3 Iog3 = 3(logl5-l-ilogl6) ° 

ai.dlog45^=log(fi) = 41og3-l-log2 = llogl5-fJIogl6-6 
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27 

Conversely, 

log 27 = 3 log 3, a:nlIog3'=ilog2T 

Iog45'a = 41og3-l-log2, oiid Iog2 = J log27-l-lng4i>,. 

Tben log 16 = 4 log3 = 4{J]og27-l-log4Tb} 

Hncllogl6 = l+V>:3-log2=2+log4i\i-log27. 

8. As the preceding. 

ly. 

These equivalents ave shown to Ic ti'ii* l>y Ai-ts. 2, 3, 4, 



If tha lognrithms of the two meliilici's of eaeh equation ha taksn, tha yaliiea of x 
may be fonnd hy help of the logarithms of the prime nnmbevs given in. the note to 
Art. 5, p. 4. 

VII. 

By taking the logarithms of the members of these equations the values of the 
uiihnown quantities may bo found in t«rma of the quantities anpjiosed to be of 
known values. 

logn-t-alogo—IogS + ielogd: mj;log(l+a-i)=logi: nl3!loga+"j!losi = log c : 
(juilogtMlc — jjr-")=Iog«; a!loga+ji3:logc=(in3!— nllogJ : 

(3^+2) logB+(5j;+3)log6 = (a!-l) logc+(4;c-5) logd ■.^-2: 

xlog{a+h)~log{a^b): iB=(logi-%«)=l<.g«+]ogi: x^f. 

ifix logo = 7UU log i+Si log c+log(l+cJc''). 

Tilt. 
Here »loga+2/ log i=logy, a;logo4-!/logcZ=log9-, are two equations of the first 
degi'oe, with tivo unknown quantities. The same remark applies to the next two 
equations; Here a'+' =a' of ■=a' b' =b. By equating yaluea of x, (?>+y)''=n, and 
fli^i/™!. By equating vnlnea of e or y, (a+J/)'"^*"' and x=y'', from irhioh a; and 
1/ may be found. Divide the iii'st by the second equation. Taking the logarithms 
<jf each aquation, (logo) ^H-logo. logs = (logc)=+logi!.logi/ and loga:log<!=logaloa/, 
iiy substitution logiB and logy may be determined. 



-er 



1. Tii!;e the logarithms of cath equation, and (here results three equations witli 
tJirco unknown quantities. 

2. The same remark applies to the sets 2 and 3. 



From tie first equation a' may be found as from aa ordinary quatlratie. The 
me.'^t six equations when reduced are a^' — ca'=—l, a"'-a'—l, a^— 20^ — 8, 
(jiii_2u'!ogB = (log(t)S E'(logn;— logi— 9Iogc)+ii!clog6=(-!og([, 
log^(M log^-log^-log,i) = 0. 

4'-7andl. S'-21S7 and-218S. 4'=6i and -80. 10' = 10 and - 8. The 
reduced equation is C''-5' = 0, 3'.3'=2 and I. 8'-27 and— 21. 2' = 256 aud-uS. 

The equation log, \ —, —-■-— - ', =6, irhicli espvcssedin an eiponcntinl form 



1v„h:f 
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is '■' -^ Z- T -e' ; from nliich a-o and-— ; ■ a; = 9a7itl --. liie equatiiiii re- 
ilueed ia c'e^'-Se+l^O. 

xr. 

1. The base e of Napier's logaritlims ia grentcr than 2, but less than 3. Let 
a; — 3, thus iK'Da'ci, wliicli ia gi'eater thane ; and so a fortiori is a? greater than e 
tor any Talne of x greater than 2. In like manner (if is shown lo he leas than e. 

2. Fii'st, if a; be greater than;/, and j/ greater than e ;let ic=4, y = 2, then a!y=4' 
= 6i, endjy'-i3' = 81, aiwl av is less than j/*, in this paltiaular ease. 

Fext if 3! be greater than y and 3/ be leas than e ; let y = 2, a!=3, then j^= =9 
»^l;/'=2^"8, and a* is greater than >^, in tliis case. 

The resulta will be the same for gi'eater numbers, subject to the given eo 1 1 on^ 

3. There is no diteet method known for tlie solution of ex]M)uential ei it is of 
tJiia form. Dilforent methods of tiial haro been attomiited, of which tl loUo ing 
has the preference. 

Taking the logaiithms of both members of the equation 3^ = 100, x^ogx^i The 
question is thus reduced to finding a number sneh that tlio product of the nun be 
ivjquited and its logarithm shall be equal to 2. On trial, it will be found tl at i. is 
gi'eater than 3 but less than i, 

Ifm^a, 31og3 = l-4313839;BndifiB--t,ilog3 = 2i082i00. And tlie arithmetic 
mean between these two results being very nearly eijual to 2, it follows that the true 
value of K ia nearer to i than to 3. 

Ifa;-3-6, 3-61og3'S = l'9043386jaudifa!-S'6, 3-61og 3-6-'2-002a8BO. Henoo 
the true Talue of a: lies between 3 '5 ami 3-6. 

Since the difference is small, if the inBi-emcnta of the lognritlnns may be talieii 
proportional to the ineremeuta of the numbers (as in the proportional parts for tnliks 
of logarithms), a correction may be found for the eriot in the assumed value of x. 



mt o[ logarithm for '1, dilfcrence of 3'C and 3.5. 




t of logaritlim for y, 1 
reqnired value, 

"I yyo4&ut 

Hence K=3-C--0027303 = 3-59?2697. 

On trial this value of x will be found too small. 

A nearer approximation may be found by a similar process, taking 3'69r27 and 
3'E9728 instead of 8'5 and S"8, aud a second correction may be found, whicli will 
give a result correct to a greater number of decimal places. 

i, Tfie equation is iudeteiTQinale, and admits of an indeiinite number of solutions. 
Let jz-^nx, then X" = {ni£)', and x'-^ = n. If n. be successively taken equal to 2, 3, 
i, &o., a series of the value of k will he found, and from !/ = )ia% a corresponding series 
of the values of j/ will be kaown. The only solution in whole nnmbers is that in 
which s = 2, y t> i. 

5. S^c tlie solution of question 3 above. 

6. IjOt y=e', in the equation a'' = jn,, then a''=m ; and taking the Jog.irithms 
iogcV = X, j/log;,a = log,ra, and log^?/ = — log,(logta) + leg, (log,f«). Htiico 
X = log,y =log,(log,!j() ~ log.(log^). 

By a similar process the other three eiiuationa nan be solved. 
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8. Thojtrsl tuyo etiaatioas am reducible to 3^ = 9 aiid!/^ = 3, wliicli gire integral 
volm-soficand i/. 

By eliminating y between ikestctmd two ef[untions, x' log 2 — a,' log 6 + log 3 = 0. 
rrom the iAtrd sci of two equations a!j/ — 2 [oidai+y = 3. 

9. CouTerting the tivo expressions into their eqiiivolent exponential forms. 
Tliua, if logs!logKi25)— K and log,o25-j then logsS-a; : and 10' = 25, also 
6'-z, whence 10^^25. Also if !/-logio(logs26), then 5'«' = 25. 

If 10' =■ 5'", the expressions are equivalent. 

10. The eqnation may he put into the form (ic')"-21{i:0" + lW(^) — 316 = 0. 
Lot itf'=3, then the equation hecorneBz' — 21 s' + 147j — 310=0, an ordinary cqua. 
lion of tiie third degree, which has one integral root equal to 4. Tfio equatioa may 
la reduced to a quadratic and the other two roots can he found. The values of x' 
Meiandi[17±v^0l. 

XII. 
1. The condition leads to the equation 2 log, »;=!t (log^rt + l). 



2. Logio45 — 



3|w+l) +12mi 



«i+l)+2n 

3. Log^=-log.lO{«log,10+6}-^{(Iog,10)=-clos,10-l}. 
5. The question gives the equations - = I0 and (a:— j/)" = (.t+!/). 



he found the two sides 



6. By Euc. I. 47, K'"+K5'=a,«', wh 
the I'^t angle. 

XIII. 

For questions 1, 2, 3, see Arts. 6, 7, 8 and the notes. 

i. To find the characteriatic of the logatitlim of 300 to base 5. Let logs300 =a-, 

then 6' = 300 and a Iog5=log300, from which b-SS The characteiistie ia 

3, ivhioh also appeal's from the fact that 300 in the denary scale ia equal to 2220 in 
the quinary. 

E. These maybe found as in the preceding. Let Iogi:12000 = a;, then 12'- 1200(1, 
and iBlogl2=Jog 12000, whence x = i-2... : the characteristic is i, and so for the 

e. As the chameteiistic of the lognritlim of a nnmber is alirays less by unity 
than the number of integral digits of which that number partly or wholly consists ; 
this property caai be employed to dctorniine the number of digits in the high powers 
of numbers. 

Since logiu2''=631og]o2 = 18'964S9, the oliaracteriatic being 18, the nnmber of 
digits in 2<^ is 19. 

Similarly the number of digits in 123i™ is 210 ; in lOOli'*"' is 3001 ; and in 
e"*" is 435. 

7. In this example the characteiistie will bo negative. See Art. 7. 

8. Since 1000 is tlie least and 8099 the greatest numbOT of i digits, the values of 
a; determined from the equations (l-08>'=1000 and (l-01)'-9999, will suggest the 
limits required, k — 89 and 119 

9. If iBdenote tl numb -lo", and a!log2-9 whence iT=29-897...BMeh 
indicates that 2 must be mult j I d 30 times, and g«i=. 1,065,741,324. 

10. Here log„A'= + n m be ng f]io mantissa, logJf=-- "' " 



', and here x^ 



log^ = (?]og,(i, it f II 



tl at lo„ \ 



log,i«' ' 
=Mi.^.,M^^=^+'?.. The character. 



11. See Alts. 7, 8. 
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XIV. 
1. See Arts. 9, 10, 15. 3. Sco Arts. 0, 12, 15. Sec Aii. C. 
i. If (irlog/s) be auljstituted for a: ill the seiwsfol'o', the series beoomes L'.ciiti- 
cnl to the series for a'. 
5. See Art. 9. 

C. Let logom=3!, ]og^=yi then a'=ni and ar=n ■.■ {a«)'-'{a')e. The ofhcr 
two equations may be deduced from log„u.log^ = logcie. Avt. 9. Or tlius 
loS,m ^ lng,; i^ 1 
'' logsTO log^M^log.tt' 

7. In the verification, the fu?st of the three eqnations in question 6 is veqiiiied. 
In tliese vorifieationa, it must be romembcred tliat iili>g5=JloBO. 

8. Since Ji'—sp, than }log„;;=jJlogoS ; bnt logo!/.Ioarfi = l and Iogn;.lo~iT = l. 



?i.logcn = loEj5!.h 



whence Iog,{plos«'i}=log„ re. log,p. log„6. log; n. 



LoKrl?''''''''"} '=^'>Zi' "-logcl'. logtP= j-^^, logo c . logia. log^ 6 ■= 1, 



1. Gcucralljlca.»=(M-l) 



,(«-l)'>-l)^ 



.(— D- 


(''"■- n' ^^ 


> , 0-»""-) 


■ , i,\-^-v 



Loti; = (i5", then ]ogjO='iii(a- — 1)- 
andletw=ffi"", t]icnlog,oi^)t{(I-n~-)-|.i iZ^ ■}' _^ KV-x -} .^_^ ^^^ ^ ^^ 
in both which series v. is any nnmber vrhatever, and « ia a positive integer. 

Insoiiea(I), n" can always be found, so Uiat a'— 1 shall be a very small fraction; 
anil since tlic oggiegates of the second and third terms, the fourth and iilth, &o., are 
always negative, it follows that log,o is less than n(,a' — \). 

InB«ics(2), l-(t""is a still smaller fraction, biit as all the terms of this ssrics 
tiro positive, it follows that log,* is greater than, m(l— «""-), 

Hence log^lies between n[o"— 1) und n{l— a ")■ 
2. This is deduced from the expansion of e*, by taking s:= —1. 

8. |i+l,.=i+|+£&rJ).i^+*=a!^._L+,„. 

=1+1+^-5+=-^-^+ &e., ivlien a: is indefinitely inci'ea«cil. 

4. That is, the TJapiprian logaritlim of ally number increased by unity is nlwoya 
less than the number assumed. 

5. Since ic is very small (j'=l+a'4-~+ &c.-l+,i; nearly. 

andc<' = s'+'-«.fi' = o|n-a!+^+ fei. | =((1+k) nearly. 

., , iT— , , — |'+&o, = A nearly = —noarlv, 

7. Since at ia very great, as a: increases, a" doci-easns ; and when ia bei-om ;a iii- 
dcfinitely great, x may be considered eqaivalent to aii indefinitely great power of 2. 

Also 9!~l = (a^*-l)(j;^+l). j5~l = (i!'-l)[:t' + ll, &c-, whence the eixpc^sion 
for logijc may be deduced. 
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8. When ( 1+- ) >3 espandcd accovdiiig to the form hi Art. 11, 



d-S) 






XVI. 

1. Trauspose ;/ to tha left side of tlie equation and square eatli side. If c' = 2, 
then If = J ; theitfure ;/ must be lesa than $ in order thnts* may lo less than 2. 

2. First find tlie value of ai, next the Tfllno of 1— a^ 

3. Let K he the common ratio; then c=-2-, and -^-1-, also - = i_a^, i-".-.,^ 



_a( l-T.'-) a 1-a^ . 






1_1= (l-")'> and Io(./i_l) = nI<^ (i-?y 



t (1> Lot a;, 1/ he respectively the first tfiiins nnd common dilTeren 
aiithmctio Borios, and the first term and common ratio of the geometric series. 
Th.eax+{p-l).v=a. x+(q-1)ij=b, x+{r-l)y^c: 

From theaa oquationa itspectively, both expressions may be found. 

B. First {log,y)'>=a^ tlieulogsjz-a;', and logj[log,;/)=--^, aho ■1)=^'^' ■ 

nest l}og,y)'=x, log^^a^, (log,y)'-i=s ■ . 
0. Soo Art. 0, and eliminate log^i, log,,?/, and log^ 

7. First, taking the first and second espressions for the first equation. Cleo 
from fractions, it becomes ailogj(i/ + s— K)=s'log^(s + E — j), 

whence may be found pr:J^E<^r}l. (1) 

Jfcxt, 1:iking the second and tliird expi'essions for the second eqiiatio:i, 
I'fidncing as before, tliero wsulta 

logf? _ lo«< g i'y)» 
logs"' log(:J!C)'' 
Thirdly, tahuig the iirat and tliitd expressions for the third cqiiatioi 
it iTisulta 

loga^ Iog(B'j:')' 



S- (^) 



X. (3) 

Miiltiiilylng these tlivce resultiiig equations 

loH^' logi^ logjy''_ 1os(itfi)')' logl^rjv log(a-J^> 

log lev-- ' log v' ' log I" logSavj/")* ' legtyi(*J' ' log (i"*'/ 

^j losi'j't^Y log(i'y)» log(a--s-)' _^ 

log(!«a^)' 'log('/ai')»'log(si'y')' ' 

Hence ^^EilS^^,, l^p^^j, ,m p.(^^=i. 

log^2"J^)' ' log(y'aj*')'' ' logl!»y'>' 

Therefore ]og(yii!»)'=log(s"j!^', (icj,*)' -^ (s',-£=,', and 2/'^'=;^^'; 

Similflily los(t!'i/')i'=log{j':t*)!', (ifiJ V = (2('-^)*. "'"i a^J/'=J/'a.*; 

and Iog(i.^)'=log(:^i(')', (a^j' = (sV)'. and iCi'-^'J/*. 

Wherefore in'^ — y'V — i'i'. 

8. See Art. 9, and assume log„Af«-ai and kgiA'^i/, 
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